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Abstract: In this paper first we prove Calderén-Zygmund-type integral in-
equalities for oscillatory integral operators and their commutators in the mod-
ified weighted Morrey spaces with variable exponent ij(')’)‘(fl), where 2 C R"”
are unbounded sets. After that we prove the boundedness of these operators
on the spaces ZIZ,(')’)‘(Q).
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1. Introduction

The variable exponent analysis is a popular topic which attract many re-
searchers. This topic is mainly focused on the Lebesgue and Sobelev spaces
with variable order of integrability and operator theory in these spaces. The
study of these spaces has been stimulated by problems of various fields, influ-
enced by many applications, for instance, mechanics of the continuum medium,
elasticity, fluid dynamics, calculus of variations and differential equations with
non-standard growth conditions, see [6], [23]. In particular, various results
on non-weighted and weighted boundedness in Lebesgue spaces with variable
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exponents p(x) have been proved for maximal, singular and fractional type
operators, we refer to surveying papers [8] and [25].

Morrey spaces in its classical version were introduced in [21] in relation to
the study of partial differential equations and the local behavior of solutions
to second order elliptic partial differential equations. For the properties and
applications of classical Morrey spaces, we refer the readers to [10], [21]. These
spaces were widely investigated during the last decades, including the study
of classical operators of harmonic analysis, maximal, singular, and potential
operators and their generalizations were studied.

Variable exponent Morrey spaces Ep(')’)‘(')(Q), were introduced and studied
in [2] in the Euclidean setting in case of bounded sets. The boundedness of
the maximal operator in variable exponent Morrey spaces £P()A()(Q) under
the log-condition on p(-), A(-) was proved in [2]. P. Hast6 in [14] used his new
“local-to-global” approach to extend the result of [2] on the maximal operator
to the case of the whole space R". The boundedness of the maximal operator
and the singular integral operator in variable exponent Morrey spaces £P()A()
in the general setting of metric measure spaces was proved in [16].

In the case of constant p and A, the results on the boundedness of potential
operators and classical Calderén-Zygmund singular operators go back to [1]
and [22], respectively, while the boundedness of the maximal operator in the
Euclidean setting was proved in [5].

A distribution kernel K(x,y) is a “standard singular kernel”, that is, a
continuous function defined on {(z,y) € Q@ x Q : = # y} and satisfying the
estimates

|K(z,y)] < Clz—y[™" forall z#y,

o
K(9) = Kla.)| < O o5 0, it fo =yl > 2ly — 4.
|z —&|° .
IK(x,y)—K(g,y)\SCW, o >0, if [z —y[>2[z—¢]

Calderon-Zygmund type singular operator and the oscillatory integral op-
erator are defined by

Tf(z) = /Q K(2,9) (v)dy, (1)
Sf(x) = /Q PN K (2,y) f (y)dy, (2)

where P(z,y) is a real valued polynomial defined on Q2 x Q. Lu and Zhang [20)]
used L?-boundedness of T to get LP- boundedness of S with 1 < p < oo.
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The commutator generated by the operator S for a given measurable func-
tion b is formally defined by

[S,01f = S(bf) = bS().

Let
T*f(z) = sup [T: f (2)|

e>0

be the maximal singular operator, where 7. f(z) is the usual truncation
7.f(0) = | K (2,9)f (5)dy.
{yeQ:|z—y|>e}

In this paper first we prove Calderéon-Zygmund-type integral inequalities
for oscillatory integral operators and their commutators in the modified Morrey
spaces with variable exponent £P0)A(Q), where O C R™ are unbounded sets.
After that we prove the boundedness of these operators on the spaces £P():2(€2).

We use the following notation: R is the n-dimensional Euclidean space,
Q C R™ is an open set, yp(z) is the characteristic function of a set £ C R"™,
B(z,r) = {y € R" : |z —y| < r}), B(z,r) = B(z,r) NQ, by ¢,C,c1,ca ete,
we denote various absolute positive constants, which may have different values
even in the same line.

2. Preliminaries on variable exponent
weighted Lebesgue and Morrey spaces

Let © be an unbounded set in R™ and p(-) be a measurable function on € with
values in (1,00). We mainly suppose that

L<p- <p(x) <py <oo, (3)

where p_ := ess igrzlfp(x), py = esssupp(z). By LPO(Q) we denote the space
z€ €N
of all measurable functions f(z) on € such that

L(f) = /Q |f (@) P®dz < co.

Equipped with the norm

1fllpey = inf{n >0: Iy (%) < 1},
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this is a Banach function space. By p/(:) = pg;(;vll, x € ), we denote the
conjugate exponent. In the one-dimensional case n = 1 we deal with the interval
(0,1] and the standart Lebesgue measure. (see e.g. [9]). We refer to [3] for
definition and fundamental properties of Banach function spaces.

Let P(£2) be the set of bounded measurable functions p : Q — [1, 00);

Plo9(Q) be the set of exponents p € P(£) satisfying the local log-condition

Ip(e) — p(y)] < ——2

1
S —y| < = Q 4

where A = A(p) > 0 does not depend on z,y.

By A!9(Q) we denote the set of bounded exponents p :  — R” satisfying
the condition (4); by P!°9(Q) we denote the set of exponents p € P°9(Q) with
1 < p_ < py < oo; for © which may be unbounded, by Pao(R), PLY(1),
P29 (2), A%9(Q) we denote the subsets of the above sets of exponents satisfying
the decay condition (when € is unbounded)

(o) = (o0) < 15

_, c R", 5
2+ " (5)

where po = lim p(z) > 1.
T—r00

We will also make use of the estimate provided by the following lemma (see
[6], Corollary 4.5.9).

Xy Ollpy < CrPE0, z e Q, pe PRI(Q), (6)
h 9 . ﬁ? r S 1?
where 0, (z,7) = Zﬁﬂ“zl'

A locally integrable function w : Q — (0, 00) is called a weight. We say that
we Ay(Q), 1 <p < oo, if there is a constant C' > 0 such that

p—1
1 1 /
—_ w(x)dx —_ W TP (2)dx < C,
<|B(a:,t)| /E(x,t) (=) ) <|B(a:,t)| /E(x,t) (=) ) N

where 1/p+1/p’ = 1. We say that w € A;(Q) if there is a constant C' > 0 such
that Mw(x) < Cw(x) almost everywhere.

By w we always denote a weight, i.e. a positive, locally integrable function
with domain . The weighted Lebesgue space Lg(')(Q) is defined as the set of
all measurable functions for which

11l o) gy = If@llzoe @)
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Let us define the class A,.)(£2) to consist of those weights w for which
S%P ‘B|_1||W‘|Lp(~)(§(x,r))HW_IHLp%)(E(x,T)) < 00.

The extrapolation theorem (Lemma 1 below) are originally due to Cruz-
Uribe, Fiorenza, Martell and Pérez [4]. Here we use the form in [6], see Theorem
7.2.1 and Theorem 7.2.3 in [6].

Lemma 1. [6]) Given a family F of ordered pairs of measurable functions,
suppose that for some fixed 1 < py < oo, every (f,g) € F and every w € A,

[ Ir@ Ptz < o [ lg@Prutds.
Q Q
Then there exists a constant C' > 0 such that for all (f,g) € F,

Singular operators within the framework of the spaces with variable expo-
nents were studied in [7]. From Theorem 4.8 and Remark 4.6 of [7] and the
known results on the boundedness of the maximal operator, we have the fol-
lowing statement, which is formulated below for our goals for a bounded €2, but
valid for an arbitrary open set Q2 under the corresponding condition in p(z) at
infinity.

Theorem 1. ([7, Theorem 4.8]) Let Q@ C R™ be a unbounded open set
and p € P'9(Q). Then the singular integral operator T is bounded in LP*)(Q).

Let A(z) be a measurable function on Q with values in [0, n], [t]; = min{1,¢}.
The variable modified Morrey space Zp(')’)‘(')(Q) and variable modified weighted
Morrey space Zg(')”\(')(Q) are defined as the set of integrable functions f on
with the finite norms

pNED)
. — p(a) 4 —0p(x,t) _
£l zecr 200 () xeSQI?ItLo[t]l tP IO X Byl Leo (@)
2 [l
— p(w - _
HfHZg()/\(Q) - xGSQuI;>O[t]1 HWHLP(‘)(E(x,t)) HfXB(aj’t) HLE,(')(Q)’

respectively.
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Definition 2. We define the BMO(Q2) space as the set of all locally
integrable functions f with finite norm

£l = sup (Bl [ 170) = Fy i

xeQ, r>0 B(z,r)

or

Iflmo =inf sup (B [ 1#() - Clay

z€Q, r>0 B(z,r)

where f5, (@) = |B(@, )| [5,.0 f@)dy.

Definition 3. We define the BM O, ,(£2) space as the set of all locally
integrable functions f with finite norm

IO~ It Xt l120)

||f||BMOp(<),w = Ssup
z€Q, r>0 HXE(I,T)HLE,()(Q)

Theorem 4. ([18, Theorem 4.4]) Let Q@ C R™ be an open unbounded set,
p € P9(Q) and w be a Lebesgue measurable function. If w € Ap(y(82), then
the norms | - [ pmo,., , and || - [[Bmo are mutually equivalent.

Before proving the main theorems, we need the following lemma.

Lemma 2. ([15]) Let b € BMO(Q2). Then there is a constant C' > 0 such
that

t
i) ~ V| < Clblle I for 0<2r<t,

B(z,r)

where C' is independent of b, x, r, and t.

We will use the following results on the boundedness of the weighted Hardy
operator

»g(t) == /tOO g(s)w(s)ds, 0<t< oo,

where w is a weight.
The following theorem was proved in [11].

Theorem 5. Let vy, vo and w be weights on (0,00) and v1(t) be bounded
outside a neighborhood of the origin. The inequality

sup va(t) H,,g(t) < C'sup v (t)g(t)
t>0 t>0
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holds for some C' > 0 for all non-negative and non-decreasing g on (0, c0) if and

only if
e d
B:= supvg(t)/ _ wis)ds < 0.
t

0 ess sup vy ()
S§<T<00

3. Oscillatory integral operators in Eﬁ(')”\(Q)

In this section we prove Calderén-Zygmund-type integral inequalities for os-
cillatory integral operators S and the commutators generated by S, [b,S], in

the modified weighted Morrey spaces with variable exponent ij(')’)‘(fl), where
Q C R™ are unbounded sets. After that we prove the boundedness of the
operators S and [b, S| on the spaces Eg(')’A(Q) by the help of these Calderén-
Zygmund-type integral inequalities.

Lemma 3. ([19]) Let K be a standard Calderén-Zygmund kernel and
the Calderén-Zygmund singular integral operator T is of type (L*(Q), L?(Q2)).
Then for any real polynomial P(x,y) and w € A, (1 < p < 00), there exists
constants C' > 0 independent of the coefficients of P such that

1Sfllze ) < Cllfllze @)

Theorem 1. Let © C R" be an open unbounded set and p € P2(1).
Then the operator S is bounded on the space Lg(')(Q).

Proof. From Lemmas 1 and 3, we obtain that the operator S is bounded
on the space Lf,(')(Q). O

The following theorem gives the Calderén-Zygmund-type integral inequality
for oscillatory integral operators S.

Theorem 2. Let Q C R"™ be an open unbounded set, p € Pé%g(Q), w €
Apy(Q) and f € Lff,(')(Q). Then the following inequality

o ds
1
150120 5y < Clllmioiony | 1105y 9k 5 D

holds, where C' does not depend on f, x € Q) and t.
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Proof. We represent f as
f=h+f 1) =FWXB@an @) L2(0) = FW)Xq Baon®)s >0, (2)
and have
ISF1 20 By = WS PNz 0,07y F 15521 120 (-
By Theorem 1 we obtain
IS Full o (Bayy < 15 F1ll 20 ) < CllA 20 g

SO
1Al 0 Bay = O 120 B2y

Taking into account the inequality

ds
< (@) / 5 Op(@.5) ds
1120 e < O | 1911260 Gy
we get
ds
1S F1ll o) gy < Cllll o) (B HfHLp() N s By s O

To estimate ||S fa] , we observe that

LD (B(x,t))

y)| dy

-z’

Sh()| < C t/

O\B(z,2t)

where 2z € B(x,t) and the inequalities |z — 2| < ¢, |z —y| > 2t imply [z —y| <
|z — y| < 3|z — y|. Therefore we get

ISfa() <C [ =yl "|f(y)ldy,
O\B(z,2t)

To estimate S fo, we first prove the following auxiliary inequality

[ e sl
O\B(z,t)

b(o) [ g—bp(w9) =
< il s Pl ||f||Lp<»>(§(:v,s))?' W



OSCILLATORY INTEGRAL OPERATORS AND THEIR... 529

With this aim we choose § > 0 and proceed as follows

[ e sl i@y
O\ B(x,t)

[ee]
<[ eyl [ s
Q\B(z ) |lz—yl
<o s 7 w)ldy
{yeQ:2t<[o—y|<s}
—n ds
<€ [0 g e ey o
ds
< [T 1 500y Wl s 10y )
Hence by inequality (5), we get
o ds
—0p(x,s
||Sf2||L5(A)(§($7t)) S CHXE(:BJ)HLE()(Q)/; S p( )Hf”Lg()(E(:B,s))?
& ds
~1
From (3) and (6) we arrive at (1). O

In the following theorem we prove the boundedness of the operators S on
the spaces Eg(')”\(Q).

Theorem 3. Let Q C R"™ be an open unbounded set, p € Pé%g(Q), w €
Apy(Q2) and 0 < A(x) <n

Then the singular integral operator S is bounded from the space Eff,(')’)‘(Q)
to the space Eg(')’)‘(fl).

Proof. Let f € Eg(')”\(Q). Then the following equality

15z = sup I8 P10 15 Bz
holds. We estimate HSfXE(x t)HL,,(J(Q) in (7) by means of Theorems 2, 5 and
obtain

1S5 F 1l zotrngy <€ sup 7wl
e Tre

) s 100 B 191220 (B,t9)
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o ds
M0 By e ey
Az)
<C sup [ ] e ||wHLp( (B(x,t))HfHLf,(‘)(E(;B,t)) = CHf”ﬁf}(‘)x)\(Q)

x€Q, t>0
O
The following theorem gives the Calderén-Zygmund-type integral inequality

for the commutators [b, S].

Theorem 4. Let Q C R"™ be an open unbounded set, p € Pé%g(Q), w €
Apy(R2) and b € BMO(S2). Then the following inequality

10 S1F1 120 By < ClHPIMN 2oy Bty

z,

1 =

holds for every f € Lﬂ(')(Q), where C' does not depend on f,x € Q) and t.

Proof. We represent function f as in (2) and have
10, 1150 5y < 105 Sl 30 3y + 1062 51l 30 5
Since [b, S] is bounded on the space Lff,(')(Q), we obtain
H [bu S]fl HLP(‘)(E(:B t)) < || [b7 S]fl H[&(‘)(Q)
< Clbll [l f1ll o0y ) = ClBINFI 1260 (B 20y (9)
where C' does not depend on f. From (9) we easily obtain

10, S1F1ll 50 By < CUONN L) (Bt

o ds
1 — 10
) U a9 iy 5 (10)

from the fact that HfHLp( Blz2t) 120 (B(a.2))
on the right-hand side of ( ) is dominated by the right-hand side of (10). To

estimate ||[b, S]f2||Lp(.)(§($ by We observe that

is non—decreasmg in t, so that || f|]

by )|\f( y)ldy

ly — 2"’

b, S]fo(2)] < C / b(z) -
O\B(z,21)
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where 2z € B(x,t) and the inequalities |z — 2| < ¢, |z —y| > 2t imply [z —y| <
|z — y| < 3|z — y|. Therefore

b, S1f2() <C [ fz—y|7"b(z) = b(y)[ | f(y)ldy.

O\B(z,2t)

To estimate [b, S] fo, first we need to prove the following auxiliary inequality

[ =l b - M) wldy
Q\B(z,t)

ds
<Clpl. [ (1 03) 10 gy Wb 5 D

To estimate [b, S]f2(z), we observe that for z € B(z,t) we have
[ el b~ W) wldy
Q\B(z,t)
<[ ey ) < b 1y
Q\B(z,t)
[ eyl - b Wy = I+ I
O\ B(z,t) '
To this end, we choose § > 0, by Theorem 4 and Lemma 2 we obtain

B= o=y ) ~ b @)y
O\ B(z,t)

o
<o [ el ) b Wy [ s
Q\B(,t) | o
<C/ Pl 1/ \b(y)—bg(x,t)Hf(Z/”dyds
{yeQ:2t<|z—y|<s}
<C / S TOR ||Lp/<<>(m If ”Lp(‘né(x,s»ds

+C/ s 1|bB(m (29) \/ y)|dyds

< CHbH*/t SiniluwilHL;D/(‘)(E(%S))||f||L5(‘)(§(x7s))d8

>~ —n—17_ 5 -1
+C||b||*/t s I w0 L (Basy 1 1 120 (50,6938
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e’} ds
< O (14 103) Bl Mg ey -

To estimate I3, by (4), we have

= 1b(z) = b5 / el Wy

o ds
-1 . ~ -1 -
< O|B(a,1) /g@,t)'b(” by |1z 0 0y
o ds
< M) [ 11550 50y Wl s ey o
where C' does not depend on x,t.
Hence by inequality (11), we get
106, 5172l 0 30y S Xy 20 01
o ds
<[ (1) W iyl 0 o
o ds
= bl gay [ (1107 10yl ey - (012
From (10) and (12) we arrive at (8).
]

In the following theorem we prove the boundedness of the operators [b, 5]
on the spaces Ef,(')’)‘(Q).

Theorem 5. Let @ C R" be an open unbounded set, p € Pé%g(fl), w €
Apy(R), b€ BMO(R2) and 0 < A(z) < n. Then the singular integral operator
[b, S] is bounded from the space ij(')’)‘(Q) to the space EZ(')’)‘(Q).

Proof. Let f € EZ(')’)‘(Q). We have

11581 gy = S0 17 11 i 1 110

By Theorems 5 and 4 we obtain

106,81z
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A=)

() (| 1—1 N
<Ol st [ 15 i I
o s 1 ds
[ 10 3) 110 5y Wl o s
A(z)
p(z) -1 —
<Ol s [ 15 0 11120 @iy = OIS 20
which completes the proof. O
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