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1. Introduction

In this paper we continue the efforts from our earlier work in [7, 8] on the study
of Riemann problems for the unsteady transonic small disturbance equation us-
ing characteristic decomposition equations. We are interested in Riemann initial
data that results in interacting rarefaction waves and gives rise to Goursat-type
boundary value problems in self-similar coordinates.

The Goursat-type boundary value problems appear in the study of the ex-
pansion of a wedge of gas into vacuum and have been considered using two main
approaches: the hodograph transform and the direct characteristic decompo-
sition. An overview of ideas and results for various systems of gas dynamics
equations could be found in [15] by Zheng.

Li [10] modeled the problem using the unsteady isentropic Euler equations
and proved existence of a global smooth solution in the hodograph plane. In
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[12], Li and Zheng showed that the hodograph transform was non-degenerate
for non-simple waves and, therefore, the solutions in the hodograph plane in [10]
could be transformed back to the self-similar plane. The existence of a global
continuous solution to the problem of gas expansion into a vacuum was proved
for the pressure-gradient equations using hodograph transform in [14], by Yang
and Zhang. The interaction of steady rarefaction waves for the isentropic Euler
equations resulting in Goursat and generalized Goursat problems was studied,
also using hodograph transform, by Chen and Qu in [1].

The expansion of a wedge of gas into vacuum problem was considered using
characteristic forms for pressure-gradient equations by Dai and Zhang in [3],
where they proved the global existence of a smooth solution to the degenerate
Goursat problem up to the vacuum boundary. The characteristic decomposi-
tions for the isentropic Euler equations and potential flow were derived in [2], by
Chen and Zheng, in [11], by Li, Zhang, and Zheng, and in [13], by Li, Yang, and
Zheng. These characteristic decompositions were used to prove that any wave
adjacent to a constant state for the adiabatic Euler equations was a simple wave
and to prove existence of of a smooth solution to the interaction of two planar
rarefaction waves for the isentropic gas dynamics equations. The characteris-
tic decomposition approach was also utilized in the study of the Goursat-type
problems for the isothermal Euler equations in [5], by Hu, Li, and Sheng, for
the Euler equations for the generalized Chaplygin gas in [4], by Ge and Sheng,
and for the nonlinear wave system in [6], by Hu and Wang.

The goal of this paper is to establish the characteristic decomposition equa-
tions for the unsteady transonic small disturbance equation following the stud-
ies in [2, 11]. The paper is organized as follows. In §2 we state the unsteady
transonic small disturbance equation, we derive the characteristic form in the
self-similar plane, and in §3 we derive the second order differential equations
for the velocity u along the characteristic curves. The inclination angle of char-
acteristics variables are introduced in §4, where we derive angle forms for the
directional derivatives of u in the characteristic directions. In Theorem 6 we ob-
tain the angle form second order differential equations for u in the characteristic
directions. We conclude with §5, where we derive the second order differential
equations for the inclination angle variables.

2. Motivation and the characteristic form

An overview of two-dimensional Riemann problems for various gas dynamics
equations was presented by Keyfitz in [9]. In this paper we consider the un-
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steady transonic small disturbance equation

ut + uux + vy = 0,
−vx + uy = 0,

(1)

where t ∈ [0,∞), (x, y) ∈ R
2, and (u, v) : [0,∞) × R

2 → R
2 is the velocity

vector.
We are interested in Riemann initial data which results in interacting rar-

efaction waves and one such problem was posed in [8]. Two possible structures
of the solution were conjectured and both involve a Goursat-type problem in
part of the domain (see the region ABMB1 in Figures 3 and 4 in [8]). To study
existence of solutions to such Goursat-type boundary value problems, in this
paper we derive characteristic decomposition equations, following the ideas in
[2, 11].

We write (1) in self-similar coordinates ξ = x/t and η = y/t, and obtain

(u− ξ)uξ − ηuη + vη = 0,
−vξ + uη = 0,

(2)

which can be written as
[

u
v

]

ξ

+

[

− η
u−ξ

1
u−ξ

−1 0

] [

u
v

]

η

= ~0. (3)

The characteristic equation of the matrix in (3) is

(ξ − u)Λ2 − ηΛ− 1 = 0. (4)

We find the eigenvalues

Λ± =
η ±

√

η2 + 4(ξ − u)

2(ξ − u)
, (5)

and note that

Λ+ + Λ− =
η

ξ − u
and Λ+Λ− = −

1

ξ − u
. (6)

The left eigenvectors are given by

~l± = [Λ±(u− ξ), 1] = [Λ−1
∓ , 1].

We multiply (3) on the left by ~l± and we obtain the characteristic form

∂±u+ Λ∓ ∂±v = 0, (7)

where ∂± := ∂ξ +Λ± ∂η denote the directional derivatives along the character-
istic directions in the self-similar plane.
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3. Characteristic decomposition equations for u

In this section we derive the directional derivatives of eigenvalues Λ± along the
characteristic directions in the self-similar plane and we use the characteristic
decomposition (Theorem 2.1) from [15] to obtain the second order directional
derivatives for u.

Proposition 1. There hold

∂±Λ± =
(Λ±)

3Λ∓

Λ∓ − Λ±

∂±u and ∂±Λ∓ =
(Λ∓)

3Λ±

Λ± − Λ∓

∂±u+ Λ±(Λ∓)
2. (8)

Proof. We recall the characteristic equation (4) and we regard Λ as a func-
tion of ξ, η and u. Differentiating (4) with respect to u, ξ, and η we obtain

∂uΛ = −
Λ2

2Λ(u− ξ) + η
, ∂ξΛ =

Λ2

2Λ(u− ξ) + η
,

and

∂ηΛ = −
Λ

2Λ(u− ξ) + η
,

respectively. From (5) we have

Λ+ − Λ− =

√

η2 + 4(ξ − u)

ξ − u
= −Λ+Λ−

√

η2 + 4(ξ − u),

where the last equality follows from (6). Hence,

2Λ±(u− ξ) + η = ∓
√

η2 + 4(ξ − u) =
Λ± − Λ∓

Λ±Λ∓

.

Next, we note ∂±ξ = 1 and ∂±η = Λ±, and by the chain rule, we have

∂±Λ± = ∂uΛ±∂
±u+ ∂ξΛ

±∂±ξ + ∂ηΛ
±∂±η

= ∂uΛ±∂
±u =

(Λ±)
3Λ∓

Λ∓ − Λ±

∂±u,

and

∂±Λ∓ = ∂uΛ∓∂
±u+ ∂ξΛ

∓∂±ξ + ∂ηΛ
∓∂±η

= ∂uΛ∓∂
±u+

Λ∓(Λ∓ − Λ±)

2Λ∓(u− ξ) + η
=

(Λ∓)
3Λ±

Λ± − Λ∓

∂±u+ Λ±(Λ∓)
2.
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Theorem 2. There holds

∂±∂∓u+
Λ±Λ

2
∓

(Λ± − Λ∓)2
(Λ∓ − 2Λ±)∂

±u∂∓u

+
Λ3
±Λ∓

(Λ± − Λ∓)2
(∂∓u)2 − Λ±Λ∓∂

∓u = 0.

Proof. The result follows from Theorem 2.1 in [15], which gives the charac-
teristic decomposition

∂±∂∓u+
∂+Λ− − ∂−Λ+

Λ+ − Λ−

∂∓u =
Λ+Λ−

Λ+ − Λ−

(

∂−Λ−

Λ2
−

∂+u−
∂+Λ+

Λ2
+

∂−u

)

,

and by substituting the expressions in (8) for the derivatives of Λ±.

4. Characteristic decomposition equations for u in terms of the
inclination angle variables

We introduce the inclination angle variables α and β by

tanα = Λ+ and tan β = Λ−. (9)

From the second property in (6) we obtain

u = ξ +
cosα cos β

sinα sin β
, (10)

which expresses u in terms of these new variables α and β. In this section we de-
rive the characteristic decomposition equations for u in terms of the inclination
angle variables α and β.

Proposition 3. There hold

∂±u = 1−
cos β

sin2 α sin β
∂±α−

cosα

sinα sin2 β
∂±β, (11)

∂+v = −
cosβ

sinβ

(

1−
cos β

sin2 α sin β
∂+α−

cosα

sinα sin2 β
∂+β

)

,

∂−v = −
cosα

sinα

(

1−
cos β

sin2 α sin β
∂−α−

cosα

sinα sin2 β
∂−β

)

.
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Proof. We differentiate (10) to find

∂ξu = 1−
cos β

sin2 α sin β
αξ −

cosα

sinα sin2 β
βξ (12)

and

∂ηu = −
cos β

sin2 α sin β
αη −

cosα

sinα sin2 β
βη . (13)

Therefore

∂±u = uξ + Λ±uη = 1−
cos β

sin2 α sin β
∂±α−

cosα

sinα sin2 β
∂±β.

From the characteristic form (7) we have

∂±v = −(Λ∓)
−1∂±u,

implying

∂+v = −
cosβ

sinβ
∂+u and ∂−v = −

cosα

sinα
∂−u,

which completes the proof.

Proposition 4. There hold

∂̄+α = sin3 α−
sin2 α

sin2 β
∂̄+β and ∂̄−β = sin3 β −

sin2 β

sin2 α
∂̄−α.

where ∂̄+ := cosα∂ξ + sinα∂η and ∂̄− := cos β ∂ξ + sin β ∂η .

Proof. Using the definition (9) of α and (8) we have

∂+α = ∂+(arctan Λ+) =
1

1 + Λ2
+

∂+Λ+

=
1

1 + Λ2
+

Λ3
+Λ−

Λ− − Λ+
∂+u = −

sin3 α sin β

sin(α− β)
∂+u.

Substituting (11) we obtain

∂+α = −
sin3 α sin β

sin(α− β)

(

1−
cos β

sin2 α sin β
∂+α−

cosα

sinα sin2 β
∂+β

)

,

implying

∂+α =
sin3 α

cosα
−

sin2 α

sin2 β
∂+β.
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Multiplying this equation by cosα, we obtain

∂̄+α = sin3 α−
sin2 α

sin2 β
∂̄+β.

Similarly, we obtain the expression for ∂̄−β in terms of ∂̄−α.

Remark 5. Note that using the previous proposition in (11) we can
express derivatives ∂±u in terms of directional derivatives of only one inclination
angle variable. More precisely, we have

∂+u = 1−
cosβ

cosα sin2 α sin β
∂̄+α−

1

sinα sin2 β
∂̄+β

= 1−
cos β

cosα sin2 α sin β

(

sin3 α−
sin2 α

sin2 β
∂̄+β

)

−
1

sinα sin2 β
∂̄+β

=
sin(β − α)

sin β cosα

(

1−
1

sinα sin2 β
∂̄+β

)

and, similarly,

∂−u =
sin(α− β)

sinα cos β

(

1−
1

sin2 α sinβ
∂̄−α

)

. (14)

Theorem 6. There hold

∂+∂−u = sinα sin β ∂−u

{

1

cosα cosβ
−

1

sin2(α− β)
×

(

sin β(sin(β − α)− sinα cos β)

cosβ
∂+u+

sin2 α cos β

cosα
∂−u

)}

and

∂−∂+u = sinα sin β ∂+u

{

1

cosα cos β
−

1

sin2(α − β)
×

(

sinα(sin(α− β)− sin β cosα)

cosα
∂−u+

sin2 β cosα

cos β
∂+u

)}

.

Proof. The results follow from Theorem 2 and definitions (9) of α and β.
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5. Characteristic decomposition equations for the inclination angle
variables

We derive the second order differential equations for the inclination angle vari-
ables α and β along the characteristic curves.

Proposition 7. For any I(ξ, η) there holds the identity

∂̄−∂̄+I − ∂̄+∂̄−I

= ∂̄+I

{

1

cosα

(

cos β

sin(α− β)
− sinα

)

∂̄−α−
1

sin(α− β)
∂̄+β

}

+ ∂̄−I

{

−
1

sin(α− β)
∂̄−α+

1

cos β

(

sin β +
cosα

sin(α− β)

)

∂̄+β

}

.

Proof. Using the definitions of the derivatives ∂̄± in Proposition 4 we have

∂̄+∂̄−I = ∂̄+(cos βIξ + sin βIη)

= (− sin βIξ + cosβIη)∂̄
+β + cosα cos βIξξ

+ sin(α+ β)Iξη + sinα sinβIηη .

Similarly,

∂̄−∂̄+I = (− sinαIξ + cosαIη)∂̄
−α+ cosα cosβIξξ

+ sin(α+ β)Iξη + sinα sin βIηη .

Therefore,

∂̄−∂̄+I − ∂̄+∂̄−I

=
∂̄−α

sinα cosα

(

− sin2 α cosαIξ + cos2 α sinαIη
)

+
∂̄+β

sin β cos β

(

sin2 β cos βIξ − cos2 β sin βIη
)

= −
sinα

cosα
∂̄−α ∂̄+I +

sin β

cos β
∂̄+β ∂̄−I + Iη

(

∂̄−α

cosα
−

∂̄+β

cosβ

)

, (15)

where we substituted cos2 α = 1− sin2 α and cos2 β = 1− sin2 β in the first and
second lines, respectively. Next, using the definitions of ∂̄±, we express Iη as

Iη =
1

sin(α− β)

(

cos β ∂̄+I − cosα ∂̄−I
)

.

The result follows from substituting this last expression in (15).
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Theorem 8. There hold the second order equations

∂̄+∂̄−α+ (M1 +N1 ∂̄
−α+ P1 ∂̄

+β)∂̄−α = Q1 +R1 ∂̄
+β

and

∂̄−∂̄+β + (M2 +N2 ∂̄
+β + P2 ∂̄

−α)∂̄+β = Q2 +R2 ∂̄
−α

for some functions M1, N1, P1, Q1, R1,M2, N2, P2, Q2 and R2, depending on α
and β .

Proof. By the first result of Theorem 6 we have an expression for ∂+∂−u
in terms of α, β, and derivatives ∂±u. We use Remark 5 and we express ∂+u
and ∂−u using ∂̄+β and ∂̄−α, respectively, to get

∂+∂−u = (16)

1

cosα cos β

{

−2 sinα sin β +
3

sinα
∂̄−α−

1

sin3 α sin β

(

∂̄−α
)2

−
sin(β − α) − sinα cos β

sinα sin β cos β
∂̄+β

(

1−
1

sin2 α sin β
∂̄−α

)}

.

On the other hand, we differentiate (14) along Λ+ characteristics and we ob-
tain an expression for ∂+∂−u involving α, β, ∂̄+α, ∂̄+β and ∂̄+∂̄−α. We use
Proposition 4 to express ∂̄+α in terms of ∂̄+β and, finally, we obtain

∂+∂−u =
sinα sinβ

cosα cosβ
+

(

2 sin(α− β)

sinα sin β cos β
−

1

sinα cosα cos β

)

∂̄−α

−
sin(α + β)

sinα cosα sin β cos2 β
∂̄+β −

sin(α− β)

sin3 α cosα sinβ cos β
∂̄+∂̄−α+

(

sin(α+ β)

sin3 α cosα sin2 β cos2 β
−

sin(α− β)(2 sinα cosα− sinβ cos β)

sin3 α cosα sin3 β cos β

)

× ∂̄−α∂̄+β.

Setting the right-hand side of the above expression to the right-hand side of
(16), we obtain

∂̄+∂̄−α =
sin2 α

sin(α− β)
×

{

3 sin2 α sin2 β + (2 sin(α− β) cosα− 4 sin β)∂̄−α+
1

sin2 α
(∂̄−α)2

− 3 sinα∂̄+β+
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1

sinα sin β

(

3−
sin(α− β)(2 sin α cosα− sin β cos β)

sinα sin β

)

∂̄−α∂̄+β

}

,

which could be rewritten as

∂̄+∂̄−α−
sin2 α

sin(α− β)

{

2 sin(α− β) cosα− 4 sin β +
∂̄−α

sin2 α

+
1

sinα sin β

(

3−
sin(α− β)(2 sin α cosα− sin β cos β)

sinα sin β

)

∂̄+β

}

× ∂̄−α

=
sin2 α

sin(α− β)

(

3 sin2 α sin2 β − 3 sinα ∂̄+β
)

.

The second results follows similarly and we obtain

∂̄−∂̄+β −
sin2 β

sin(β − α)

{

2 sin(β − α) cos β − 4 sinα+
∂̄+β

sin2 β

+
1

sinα sin β

(

3−
sin(β − α)(2 sin β cos β − sinα cosα)

sinα sin β

)

∂̄−α

}

× ∂̄+β

=
sin2 β

sin(β − α)

(

3 sin2 α sin2 β − 3 sin β ∂̄−α
)

.

6. Conclusion

The main purpose of this paper is to derive characteristic decomposition equa-
tions for the inclination angle variables (Theorem 8). Our future work includes
analysis of these equations in order to utilize them to show existence of a so-
lution to the Goursat-type boundary value problems arising in interacting rar-
efaction waves formulated in [8].
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[13] J. Li, Z. Yang, Y. Zheng, Characteristic decompositions and interaction of
rarefaction waves of 2-D Euler equations, J. Differential Equations, 250
(2011), 782-798.

[14] H. Yang, T. Zhang, On two-dimensional gas expansion for pressure-
gradient equations of Euler system, J. Math. Anal. Appl., 298 (2004),
523-537.

[15] Y. Zheng, The compressible Euler system in two dimensions, In: Contem-
porary Applied Mathematics, World Scientific and the Higher Education
Press, Lecture Notes of 2007 Shanghai Mathematics Summer School.


