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Abstract: In this work, we are concerned with a nonlocal boundary value
problem of nonhomogeneous Sturm-Liouville equation. Then existence of at
least one solution will be proved. The spectral properties of the problem will
be studied. The multiple solutions of the nonhomogeneous equation with the
nonlocal boundary condition will be given.
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1. Introduction

A.V. Bitsadze and A.A. Samarskii considered a certain class of spatial nonlocal
problems [1]. Later, many authors used Bitsadze and Samarskii type condition
(see [3]-[7]).
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Here we are concerning with the nonhomogeneous differential equation
problem
2"(t) +m(t) = — Nz(t), t e (0,m) (1)

with Bitsadze and Samarskii nonlocal type boundary conditions
2(0)=0,  2/(§) +Ax(§) =0. (2)

The existence of at least one solution of problem (1)-(2) will be proved. As
spacial case of the problem (1)-(2) when m(t) = 0, we consider the Sturm-
Liouville problem of the second order-differential equation

—2"(t) = A z(t), t e (0,m) (3)

with Bitsadze and Samarskii nonlocal type boundary conditions (2).
We study the existence of eigenvalues and eigenfunctions.Then, we provide
the multiple solutions of the problem (1)-(2).

2. Existence of solution
Let m : [0, 7] — [0, 7] be continuous, and consider the nonlocal problem (1)-(2).
2.1. Integral representation

For the integral representation of the solution of (1)-(2) we have the following
lemma.

Lemma 2.1. The solution of the problem (1)-(2), if it exists, can be
represent by the integral equation

t

*0) =T3¢

3
/0 (14 X(& — 5))(m(s) + N2x(s))ds

t
- / (t — 5)(m(s) — \2a(s))ds. ()
0
Proof. Integrating both sides of equation (1) twice, we obtain

2'(t) — 2'(0) = —/O m(s)ds — )\2/0 x(s)ds (5)
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and

t t
2(t) — 2(0) — t2/(0) = — /0 (t — s)m(s)ds — A2 /0 (t — 5)a(s)ds.

For 2(0) = 0 we obtain

t t
2(t) = t2/(0) — /0 (t — s)m(s)ds — N2 /O (t — s)a(s)ds.

Applying the nonlocal condition (5), we obtain

§
(€)= 2/(0) /O (m(s)ds + N2 (s))ds
and c
Az(€) = A& (0) — A /0 (€ = $)(m(s) + \2a(s))ds.
Now from (8)-(9), we can get

1

PO =17 Y

3
/0 (14 A€ — ))(m(s) + A2a(s))ds.

Hence, from (10) and (7), we obtain (4).

3. Existence of at least one solution

37

(10)

Now for the existence of at least one continuous solution of the integral equation

(4) we have the following theorem.

Theorem 3.1. Let m : [0,7] — R be continuous, then a sufficient con-
dition for the existence of at least one solution x € C[0,n] of the nonlocal

boundary value problem (1)-(2) is

1
N<—.
< 1

Proof. Define the subset @, C C[0,7] by Q, ={z € C: ||z| < r},

B (372 4+ Am3)||m|
2 A2(372 4+ Amd)’
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Let x € Q,, then

13
Fa(t) = Hf . 5[ /O (m(s) + \2a(s))ds

13 t
A /0 (f—s)(m(s)—l—)\%(s))ds} - /O (t — $)(m(s) + A22(s))ds,

¢ 3
PalO)] < gl [ @ ME— slms) + V(s as

+ [ (= 9lmls) + Xa(e)lds < T ml+ el [ ds

+

Ml + X2l /0 (r = s)ds + (ml + A2lz]) /0 (r — 5)ds

< |:37T2 —i2— A3

](Hmn 2]y < r

Then F': Q, — @, and the class {Fz} € @, and is uniformly bounded in Q,.
In what follows we show that the class {Fz},z C @, is equicontinuous on

Qr-
Let t1,t9 € (0 7T) t1 < to such that |t2 — tl‘ < (5 then

Fa(ty) — Fz(ty) =

1+/\§ s) + A (s))ds

3 t2
—i-/\/o (€ — s)(m(s) + N2x(s))ds — /0 (ta — s)(m(s) + N2z (s))ds

3]

¢ g
EEY: /0 (m(s) + N2x(s))ds — )\/ (€ —s)(m(s)

0

2 noo 2
+X%x(s))ds —l—/ (t1 — s)(m(s) + X°z(s))ds
0

ty—t1 [*

2 "
=17 3/, (m(s) + \x(s))ds —/0 (ta —t1)(m(s)

2 b 2
+X%x(s))ds + / (t2 — s)(m(s) + X\"z(s))ds,
t1

then

|t — tl\/ 9
|Fz(t2) — Fa(t)] < Y; Im(s) + Na(s)|ds
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to t1
+/ (ta — 8)|m(s) + Nz (s)|ds + / (ta — t1)|m(s) + Nz (s)|ds.
t1 0
Hence the class of functions {Fz},z C @, is equicontinuous. Hence by Arzela
Theorem [2], we fined that F' is relatively compact.
Now we prove that F': @), — @, is continuous.
Let z,, C Q, such that x, — x, € Q,, then

t

A e y:

[Aim@wav%@»m

3 t
2 2
—)\/O (&—=s)(m(s) + A xn(s))ds} — /0 (t —s)(m(s) + Azp(s))ds,

. . t s >
nh—>n<>lo Fux,(t) = nh—>n<>lo [1 v (m(s) + Axn(s))ds

3 t
— — S){mis 2.’13 S S — — S){mis 2$ S S|.
AA(& J(m(s) + A2z (s))d A(t J(m(s) + N2aa(s))d

Applying Lebesgue Dominated Convergence Theorem [2], we deduce that

¢ § §
nl;rgo Fx,(t) = : +)\£/0 m(s)ds — )\2/0 nlLrgoxn(s)ds

3 3
—)\(/0 (& —s)m(s)ds + /\2/0 (& —s) lim x,(s)ds)

n—oo

—t—SmSSZt—Siml‘SS
| = sim@s +32 [ (¢ =) tim ()0

n—oo

13 13 ¢
=1 _:)\5/0 m(s)ds — )\2/0 xo(s) — )\(/0 (& — s)m(s)ds

3 t t
2 2
+A /0 (& = s)xo(s)ds) — /0 (t—s)m(s)ds — A /0 (t — s)xo(s)ds.

Then Fz,(t) — Fx,(t) which means that the operator F' is continuous.

Since all conditions of Schauder Fixed Point Theorem hold [2], then F' has
a fixed point in @,, and the integral equation (4) has at least one solution
x € [0, 7).

Differentiating (4), we can obtain

2 (t) +m(t) = =N%z(t), ae te(0,7)
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and
z(0)=0,  2/(&) +Ax(§) =0.
This proves that the nonlocal boundary value problem (1)-(2) has at least one
solution = € C[0, 7] and = € C*[0, 7).
4. The homogeneous problem

Here we study the existence and some general properties of the eigenvalues and
eigenfunctions of the problem (3)-(2).

Lemma 4.1. The eigenfunction of the nonlocal boundary value problem
(3)-(2) is given by

1
xn(t) = e¢psin(n — Z)gt (11)
Proof. First, we prove that
1.7
An:(n—z)g, n:1,2,....
The general solution of (3)-(2) is given by
x(t) = c1 sin At + co cos At. (12)

Using the conditions of (2), then
2(0) = ¢18in A0 4 ¢ cos A0 = ¢5 = 0.
Differentiating (12) and keeping in mind that ¢y = 0, we get
2'(t) = c1 A cos At (13)
Putting ¢t = £ in (13), we get
7'(€) = c1 A cos AE (14)

and
Az(§) = ciAsin AE. (15)
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Now, from (14)-(15), we can get

2 (&) + Ax(§) :0:clk<cos)\£+sin)\§>, 1 #0

and

A(cos A+ sin)\£> =0.
Then 1

™
A= — =)=
(-

and )

zn(t) = cpsin(n — Z)%t

5. The nonhomogeneous problem

Here we study the existence of multiple solutions of the nonhomogeneous prob-
lem (1) and (2).

Let x1,x2 be two solutions of the problem (1)-(2). Let u(t) = z1(t) — x2(t),
then the function u satisfies the Sturm-Liouville equation

u(t) = —M\2u(t)
with the nonlocal conditions
w(0) =0, /(&) +Mu(§) = 0.

So, the values, eigenvalues \,, (spectral) for the existence of non zero solutions
of (3) and (2) have the same values, eigenvalues of \,, (spectral) for the existence
of multiple solutions (eigenfunctions) of (1)-(2) are given by

7r
-, n=12..
£

Theorem 5.1. The multiple solutions (eigenfunctions) x,(t) of problem
(1) and (2) are given by

tgin(t —
xn(t):cnsin/\t—i-/ sin(t — 5)
0

3 m(s)ds, n=12,.. (16)
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Proof. Here we use the variation of parameter method to get the solutions
of the problem (1)-(2) in the formula

xn(t) = c1cos At + cosin At + x,,(1). (17)
So, we have
xz(t) =cos At,  y(t) =sin At

are solutions of the homogeneous problem (3)-(2). The Wronskian W (z,y) = A,
then

tsin A ¢ A
x, = —cos)\t/ — Sm(s)ds—l—sin)\t/ cos Sm(s)ds.
0o A 0o A
Thus
Fsin A(t —
T, = /Mm(s)ds. (18)
0 A
Hence
b sin A(t — s)

ZTp(t) = 1 cos At + cosin At + / 3
0

Now, when 2(0) = 0 in the equation (19), we deduce that ¢; = 0.
Therefore the multiple solutions of the nonlocal problem (1)-(2) is given by

m(s)ds. (19)

1 Psin A(t —
X (t) = ¢ sin(n — —)Et + / Mm(s)ds, n=12...
0 €

4 6 1)7r

(n—7

To complete the proof, differentiating (2)-(3), we can obtain (1). Also equation
(18) we have x(0) = 0, and we can show that 2/(§) = —A\z(&).
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