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Abstract: In this paper, we introduce hesitant fuzzy ideals on ternary semi-
groups and define hesitant fuzzy left (resp. lateral, right)ideals on ternary
semigroups. Here we define hesitant fuzzy point on ternary semigroups and
prove some interesting results on them. We also characterize regular ternary
semigroups in terms of hesitant fuzzy left, hesitant fuzzy lateral and hesitant
fuzzy right ideals using hesitant fuzzy points.
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1. Introduction and Preliminaries

The idea of investigation of n-ary algebras, i.e. the sets with one n-ary operation
was given by Kasner [4]. A ternary semigroup is a particular case of an n-ary
semigroup for n = 3, [5]. The ternary semigroups are universal algebras with
one associative operation. The ideal theory in ternary semigroup was studied
by Sioson [7].

Zadeh [11] introduced the concept of fuzzy set as an extension of the classical
notion of set. The fuzzy set theory can be used in a wide range of domains
to manipulate different types of uncertainties. Torra [8, 9] introduced hesitant
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fuzzy sets (briefly HFSs) as a new generalization of fuzzy set. Hesitant fuzzy set
is used to control hesitant situation which were difficult to handle by previous
extensions. Jun et. al. [2] applied the HFSs in semigroups. Abbasi et al. [6]
applied the notion of HFSs to ordered semigroups.

Kar and Sarkar [3] introduced fuzzy left (right, lateral) ideals in ternary
semigroups and characterized regular and intra-regular ternary semigroups by
using the concept of fuzzy ideals of ternary semigroups. Our main aim in this
study is to use the idea of Jun and Kar to introduce the notion of hesitant fuzzy
ideals in ternary semigroups and study their related properties. Here we define
hesitant fuzzy left (right, lateral) ideals of ternary semigroups and characterize
regular and intra-regular ternary semigroups by using the concept of hesitant
fuzzy ideals of ternary semigroups.

Definition 1. [5] A non-empty set S with a ternary operation S x S x
S — S, written as (x1,z2,x3) — [x1, T2, z3], is called a ternary semigroup if it
satisfies the following identity, for any x1, xs, 3, 24,25 € S,

[[x12023)Ts5] = [T1[X22324)25] = [[T122[232475]].
0 0 a
Example 2. Let S:{ 0 b 0 |:abece NU{0} } Then S is
c 0 O

a ternary semigroup under the usual multiplication of matrices over N U{0}
while .S’ is not a semigroup under the same operation.

If A = {a}, then we write [{a}BC] as [aBC| and similarly if B = {b} or
C = {c}, we write [AbC] and [ABc], respectively. For the sake of simplicity, we
write [x1zox3] as x1xexs and [ABC] as ABC.

Definition 3. A non-empty subset T" of a ternary semigroup S is called a
ternary subsemigroup of S if TTT C T.

Definition 4. An element a in a ternary semigroup S is called regular if
there exists an element z in S such that axza = a.

Torra defined HFSs in terms of a function that returns a set of membership
values for each element in the domain. We give some background on the basic
notions on HFSs. For more details, we refer to references.

Let S be a reference set. Then we define HF'S on S in terms of a function
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‘H that when applied to X returns a subset of [0, 1]. For a HFS H on S and =z,
y € S, we use the notations H, := H(x) and H, = Hy <& Ha € Hy, Ha 2 Hy.

Let H and G be two HFSs on S. The hesitant union H U G and hesitant
intersection H M G of H and G are defined to be HFSs on S by:

HUG: S —P(0,1), v — Hy UG,
and
HMG:S—P(0,1), x — Hy NGy

For any HFSs H and G on S, we define
HCEGiftH, CG, forallz e S.

For a non-empty subset A of S and ¢, § € P([0,1]) with € D §, define a map
[X(j’é)] as follows:

€, if xe A,

1.5 & P(0,1]), = —
[XA ) (0, 1)), @ 0, otherwise

Then [XEZ"S)] is a HFS on S, which is called the (e, d)-characteristic HFS.

The HFS [Xf;’é)] is called the (g, 0)-identity HF'S on S. The (e, d)-characteristic
HFS with e = [0,1] and 6 = () is called the characteristic HFS, and is denoted
by [xa]. The (e, )-identity HFS with ¢ = [0, 1] and 6 = 0 is called the identity

HFS, and is denoted by [xs].

2. Hesitant Fuzzy Ideals on Ternary Semigroups

Definition 5. A non-empty hesitant fuzzy subset H of S is called a
hesitant fuzzy ternary subsemigroup on S if Hypw 2 Hy N Hy N Hy, for all u,
v, w € S.

Definition 6. A non-empty hesitant fuzzy subset H of S is called a
hesitant fuzzy left (resp. lateral, right) ideal on S if Hypw 2 Huw (Huvw 2 Ho,
Huyww 2 Hy) for all u, v, w € S.
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000 0 01
Example 7. LetS:{O 0 00 <0 0 0],
0 00 0 00
0 00 0 00 0 01
Y={010 |, Z=|{ 0 0 0 |, W= 0 1 0) . Then S'is a ternary
0 00 1 00 1 00

semigroup under the usual multiplication of matrices.
Consider L = {O, Z}. Then L is a left ideal of ternary semigroup S.
Now we define a HFS £ on S by:

0.7,0.9 ifx= OorZz
L£:S P01, = — (0.7,0.9), e or 2
0, ife= XorY oW

Hence we can easily show that £ is a hesitant fuzzy left ideal on S.

We say that H is a hesitant fuzzy two sided ideal if H is both a hesitant
fuzzy left ideal and a hesitant fuzzy right ideal on S. H is called a hesitant
fuzzy ideal if H is a hesitant fuzzy left ideal, a hesitant fuzzy lateral ideal and
a hesitant fuzzy right ideal on S.

Lemma 8. Let S be a ternary semigroup. If A is a non-empty subset and
[X(j’é)] is a (g, d)-characteristic HF'S on S. Then,

(1) A is a ternary subsemigroup on S if and only if [x
fuzzy ternary subsemigroup on S.

(2) A is a left(resp. lateral, right) ideal on S if and only if [ij’é)] is a
hesitant fuzzy left(resp. lateral, right)ideal on S.

(.9)
A

is a hesitant

Proof. The proof is a straightforward. U

Definition 9. Let H,Z, K € HF(S), where HF(S) is the set of all HF'S
on S . The product of H, Z, K denoted by H & Z & K is defined as, for any x
€s,

(HT oK), —
U {HuNZynKy}t if 3 u, v, w € Sst.z = wow

T=Uuvw
0 otherwise.
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Lemma 10. Let H € HF(S) such that H, C ¢ for all w € S and [ng,a)]
be a (e, 0)-identity HF'S on S. Then,

(1) H is a hesitant fuzzy ternary subsemigroup on S if and only if H & H &
HC A

(2) H is a hesitant fuzzy left ideal on S if and only if [x 5] & 5] & H
CH.

(3) M. is a hesitant fuzzy lateral ideal on S if and only if [x£%] 8 H & [} 5]
CH.

(4) H is a hesitant fuzzy right ideal on S if and only it H & [x V] & [}\&)]
CH.

Proof. (1) Let H be a hesitant fuzzy ternary subsemigroup on S and z €
S. Now we have following two cases:

Case 1: If h # uvw for any u, v, w € S, then (H & H & H)p =0 C Hp,.
Case 2: If there exists h such that h = wvw for some u, v, w € S, then

HoMHoH), = U {HaNHoNHo}

h=uvw

1N
C=C
—_ o~
X
=, &
- g
——

Hence in all the cases H S H & H C H.

Conversely, suppose H & H & H C H for any H € HF(S) and let u, v, w €
S. As S is a ternary semigroup, we have uvw € S. Let h = wvw. Then,

Huvw = Hh
> (HsHSH),
= U {H.nHsNHs}
h=rst
O HyNHy N Hy-

Therefore H is a hesitant fuzzy ternary subsemigroup on S.

(2) Let H be a hesitant fuzzy left ideal on S and h € S. Then we have

following two cases:

Case 1: If h # uvw for any u, v, w € S, then ([XE;"S)] S [ng,a)] SH), =10

C Hp.
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Case 2: If there exists h such that h = wvw for some u, v, w € S, then

ST et = U AR n SV nHw)

h=uvw
= U {enen Hy}

h=uvw

= U Mo} as(E = D5 =€)

h=uvw

- U {Huvw}

h=uvw

= U {#Hn}

h=uvw
= Hp.

Therefore H & H & H C H.

Conversely, suppose [ng’é)] $ [XE;"S)] S H C H for any H € HF(S) and let
u, v, w € §. As S is a ternary semigroup, we have uvw € S. Let h = uvw.
Then,

Huvw = Hh
£,0
(6510 ™) o 70
U (S N0 )

h=rst

S N S N He
Ho (A5 DG = bl = o).
Hence H is a hesitant fuzzy left ideal on S.
(3) and (4) are analogous to (2). O

U

Example 11. Consider S as given in the Example 7. Let [xg &, 6)] be a
(,0)-identity HFS on S, where e = [0,1], 6 = (). Now we define HFS R on S
by:

0.5,0.8 ifr= OorX
R:S—P[0,1], = — (05,0.8], _lx or
0, fx=YorZoW
Then it is easy to verify that R ¢ [xg e 6)] 3 [ng’é)] C R. Hence R is a hesitant
fuzzy right ideal on S.

Example 12. Consider S as given in the Example 7. Let [XE;’&)] be a
(,0)-identity HFS on S, where ¢ = [0,1], § = (. Now we define HFS M on S
by:
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07,08, ifz= 0,
M:S P01, = — { (05065, ifer= XorY
0, fa= Zor W
For Z € S, Mz = (). Now
0 00 0 0 1 0 0 1 0 0 1
Z=10 0 0] =10 1 0 0 0 0 01 0
1 0 0 1 0 0 0 0 0 1 0 0
It implies Z = W XW. Hence we have
o MoEM7 = %JV M 0 My 0 GV}
= {5 Iw N Mx 0w
= e N (0.50.65 N e
= (0.5,0.65].

Then it can be seen that ([ng-’é)] SMS [XS )z € Myz. Hence [xg © )] SMS
[X(Sa’é)] notC M. Therefore M is not a he51tant fuzzy lateral ideal on S.

Lemma 13. IfH and G are two hesitant fuzzy ternary subsemigroups on
S, then H M G is also a hesitant fuzzy ternary subsemigroup on S.

Proof. The proof is a straightforward. O

Lemma 14. IfH and G are two hesitant fuzzy left(resp. lateral, right)
ideals on S and [xg (&, )] be a (g,d)-identity HFS on S. Then H M G is also a
hesitant fuzzy left (resp. lateral, right) ideal on S.

Proof. The proof is a straightforward. U

Definition 15. Let S be a non-empty set and h € S. Let ¢ C [0, 1] such

that € # (. A hesitant fuzzy point h. on S is a hesitant fuzzy subset of S
defined by:

_ € ifz=nh
he)y =< ' , where z € S.
(he)e {@, otherwise
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We will denote the set of all hesitant fuzzy points by HF P(S).

Proposition 16. Let «, ¢, 8 € P([0,1]) and ga, he, ig € HFP(S) such
that o N e N 3 # 0, then go  he & ig = (ghi), A . 4 -

Proof. The proof is a straightforward. O

Proposition 17. Let h, € HFP(S) such that o C e. Then for any x €

S,
5 5T a,  if xeSSh,
(l) ([Xge’d)] °© [Xg?ﬁ)] < ha):v - .
0, otherwise.
@) (x5P] 6 ha 3 WS =4 if = € ShS,
0, otherwise.
7o @0 5 1y (E:0) a, it x € hSS,
3 ha & S . =
(3) (e 6 1K) 6 (G { o s

Proof. (1) Let x € S. We have following two cases:
Case 1: If © # rst for any r, s, t € S, then ([ng’d)] Sxg) o he)z = 0.
Case 2: If x = rst for some r, s, t € S, then

E 6 WM 8 ha)e = U S 0 ETs 0 (o))

r=rst

Subcase 1: If x # uvh for any u, v € S, then ([XE;’(S)] s [ng,a)] 5 ha)z = 0.

Subcase 2: If there exist x such that x = wvh for some u, v € S, then z
€ SSh and hence

£,0)7 4 £,0)1 ~ T £,0 £,0 T
(5716 g™ e hade = U AKE 0 G 0 (Raded-
= 05 0§l 0 (Radn
= eNeNa«
= .

Hence the result is proved.

Proofs of (2) and (3) are analogous to (1). O
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Corollary 18. Let h, € HFP(S), then for any x € S,

R R Ui
Proof. 1t is easy to show that ha LI ([xg (&, 5)] [qu )] $
left ideal on S containing ha. If 2 = h, then (hq U ([
(ha)n U (Ds™] & X" 6 ha)p = a U0 = a
If z = uwvh € S for some u, v € S, then (hy L ([ng’é)] [XE; 6)] 5 h ))
(Pe)uon U (X571 8 5] 8 hia)uon = B U a(by the Proposition 17(1)) =

If # # h and x # uvh for any u, v € S, then (hy U ([Xg’é)] 2 [X(E )] 2 B ))
= (). Hence proof the result.

h) is a hesitant fuzzy
,0) £,0)1 ~ T
6 [ 6 Ra))e =

D

Definition 19. Let # € HF(S) and h, € HFP(S). Then we say h, €
Hif (H)p 2 a.

Proposition 20. For any H € HF(S) and hq, §s € HFP(S). Then,
(1) he € H if and only if ho & H.
2)H= U ha
B ha€H
(3) ha C gp if and only if h = g and o C B.
(4) ha $H3gs = U ha d 2y % gs.
Z,EH

Definition 21. (1) Let S be a ternary semigroup and h, be a hesitant
fuzzy point on S. Then the hesitant intersection of all hesitant fuzzy left ideals
on S containing h,, is a hesitant fuzzy left ideal on S containing h,, denoted
by < he >1, and defined as

< hg>p = M H,
ha€HEHFLL(S)

where HFLy(S) is the set of all hesitant fuzzy left ideals on S. < hy > is
said to be hesitant fuzzy left ideal generated by hesitant fuzzy point he.

Analogously, we can define < hy, > and < hy, > g respectively, the hesitant
fuzzy lateral ideal and hesitant fuzzy right ideal generated by the hesitant fuzzy
point A

Proposition 22. Let h, € HFP(S). For any x € S,



536 A.F. Talee, M.Y. Abbasi, S.A. Khan

(< ho >1)e = a, if x e<h>p,
o b 0, otherwise.
Proof. As we know that < h, >; = [ H. Hence for any x €
- ha€HEHFLL(S)
S(<ha>e=( [ HWe=( N e
ha€HEHFLL(S) _ ha€HEHFLL(S)
If 2 = h, then (< hg >1)z = (< ha >1)n = ( N Y(H)p = a (As
ho€HEHFLL(S)

Ba c H, (H)h D) a).
If x = uvh for some u, v € S, then for any hesitant fuzzy left ideal H on 5,

Huvn 2 Hp 2 a and therefore (< hg >1)z = ( N )(H)uwn = a.
ha€HEHFLL(S)
If x # h and = # uvh for any u, v € S, then by the Corollary 18, we have
(< ho >1)z = (0. Hence the result is proved. O

Proposition 23. Let h, € HFP(S). For any = € S,

- Q, if x €< h >y,
(1) (< ha >ar)e = Y
0, otherwise.
- «, if x e<h >p,
(2) (< ha >R)s = { .
0, otherwise.
Proof. Proofs of (1) and (2) are analogous to Proposition 22. O

Proposition 24. Let Ba € HFP(S). Then,

T T £,0)1 4 £,0)1 A T
(1) <ha>p =ha (") S 06 0 ). o
(2) < ha > = ha U (XS] 8 b 8 DU (IEY] 8 5] 6 g
A 1 (60)1 A 1. (€,6)
o [Xs_ ] o [Xs _]) B
(3) < ho >R = ho U (Re & [x57] 6 (5],

Proof. It is easy to show that ha U ([xg &, 5)] [qu )] & hy) is a hesitant fuzzy
left ideal on S containing h,. Now it remains to show that it is the smallest
hesitant fuzzy left ideal on S containing h,. For this let G be another hesitant

fuzzy left ideal on S containing h, such that G C hq U ([xg (= 5)] [ng’&)] 5 hq).
As h, € G, we have [y (85)] [XEq )] & he C [XEq )] S [x (85)] GLCG (As
G is a hesitant fuzzy left ideal on S). It implies hg U ([Xf; 6)] S [Xg’a)] S Ba)
C G. Therefore G = h, U ([x§ €, 5)] S [ng’&)] & hy). This shows that h,
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([XE;"S)] S [ng’é)] & hg) is a smallest hesitant fuzzy left ideal on S containing

hesitant fuzzy point hq. Therefore < ho >1 = ho U ([xg e 6)] S [Xg’é)] 3 hy).
Proofs of (2) and (3) are analogous to (1). O

Definition 25. A ternary semigroup S is called regular if for each element
a of S, there exists an element z in S such that axa = a.

Theorem 26. Let S be a ternary semigroup. Then the following state-
ments are equivalent:

(1) S is regular;

(2) REMSL=ROMMNL, for every hesitant fuzzy right ideal R, hesitant
fuzzy lateral ideal M and hesitant fuzzy left ideal £ on S and R, My, L, C
¢ forallu € S;

(3) <Ta>Rp & <Ma >y & <loy>L =< Ta>RMN < Mg >N <ly>1
for all 7, m, l € S and a C ¢ such that o # 0;

(4) <ha>p & <ha>m & <hg>L =<ha>rRN < hg >y M < hy >1
for all h € S and o C ¢ such that o # ).

Proof. (1) = (2).

Let S be a regular ternary semigroup and let R, M, L be hesitant fuzzy
right ideal, hesitant fuzzy lateral ideal and hesitant fuzzy left ideal on S respec-
tively. Now

R6MSLERS X)) 6 oY) C R,
RoMsLE N 6 MsEY T M,
RoM3 LT 56 D)6 £ C L. Tt implies R 6 M & £ C ROMML.

As S is regular, hence for any z € S, there exist h € S such that x = xhzx
and so x = xhx = xhxhx. Now

(R S M ['):t = ;v:Lquw{( ) n (M)v N (‘C)w}
:_> (R)x ( )hxh N (E)ac
2 (R)e N (M) N (L)s

(RAMN L),

Therefore R MMNLEC RIMSI L Hence REMSL=RNOMML.
It is easy to verify (2) = (3) and (3) = (4).

(4) = (1)
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Let h € S. Then hy € < hg >r M < hg >m M < hg >r. Given that

<ha>r & <ha>wu & <ha>L=<ha>rM < hg >y MN<hy >r. Now

he € <@Q>RI‘I<B9>M|‘|<B%>L
= <hy>R O <hy>yu & <hy>L

—_ N 76 -

ha 8 XS] 8 o

1

(ha
EWG[XE;’J)]

<O

Z, & hy)  (By the proposition 20 ).

Hence from the above expression there exists z, € HFP(S) such that he C
ha & Zo & hy = (hzh)q. Thus by Proposition 20, h = hzh for some z € S.
Hence S is regular. O

Definition 27. Let S be a ternary semigroup and H € HF(S). H is said
to be idempotent if H = H & H & H.

Lemma 28. Let S be a regular ternary semigroup. Then every hesitant
fuzzy lateral ideal on S is idempotent.

Proof. The proof is a straightforward. O

Definition 29. A ternary semigroup S is called left (resp. lateral, right)
simple if S contains no proper left (resp. lateral, right) ideal of S.

Definition 30. A ternary semigroup S is called hesitant fuzzy left (resp.
lateral, right) simple if every hesitant fuzzy left (resp. lateral, right) ideal on S
is constant function.

Theorem 31. Let S be a ternary semigroup. Then S is left (resp. lateral,
right) simple if and only if S is hesitant fuzzy left (resp. lateral, right) simple
ternary semigroup.

Proof. Suppose S is left simple and H is a hesitant fuzzy left ideal on S.
Let h, k € S. Then SSh and SSk are the left ideal of S. As S is left simple,
it implies SSh = S and SSk = S. So there exists t, u, v, w € S s.t. k = tuh
and h = vwk . It follows that Hir = Hiun 2 Hr = Howr 2 Hi. Hence Hp =
Hy, for all h, k € S. Therefore H is a constant function and hence S is hesitant
fuzzy left simple.

Conversely, suppose S is hesitant fuzzy left simple and A is a left ideal of
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S. By Lemma 8, [XS’J)] is a hesitant fuzzy left ideal on S. Now by assumption,

[ij’é)] is a constant function. As A is a left ideal, it is non-empty. If a € A,
(,0)

then [ij’é)]a = ¢. Therefore for any element h € S, [x,"']n = €, which implies
h € A. Hence S C A. Consequently S is simple. O
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