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Abstract: In this paper, we establish the local well-posedness results in sub-
critical and critical cases for the pure power-type nonlinear fractional Schrédinger
and wave equations on R?, namely

i0pu+ A%u + plul"u =0, Ulg=0 = ¥

and
O2v + A0 + plv|" v =0, Vjg=0 = @5 Opvj—g = &,

where o € (0,00)\{1},v > 1,1 € {£1} and A = v/—A is the Fourier multiplier
by [£|. For the nonlinear fractional Schrédinger equation, we extend the pre-
vious results in [22] for ¢ > 2. These results cover the well-known results for
Schrodinger equation o = 2 given in [4]. In the case o € (0,2)\{1}, we show
the local well-posedness in the sub-critical case for v > 1 in contrast to v > 2
when d = 1, and v > 3 when d > 2 of [22]. These results also generalize the
ones of [11] when d = 1 and of [18] when d > 2, where the authors considered
the cubic fractional Schrodinger equation with o € (1,2). To our knowledge,
the nonlinear fractional wave equation does not seem to have been much con-
sidered, up to [37] on the scattering operator with ¢ an even integer and [6], [7]
in the context of the damped fractional wave equation.
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1. Introduction and Main Results

Let o € (0,00)\{1}. We consider the Cauchy fractional Schrodinger and wave
equations posed on R? d > 1, namely

i0pu 4 A%u + plul”"tu = 0, U= = P; (NLFS)
and
ath + AQUU + :U‘|U|V71U = 07 Vjt=0 = ¥, at/U|t:O = ¢7 (NLFW)

where v > 1 and u € {&1}. The operator A = (v/—A)? is the Fourier
multiplier by [£|7 where A = Z?Zl 8]2 is the free Laplace operator on R
The number p = 1 (resp. u = —1) corresponds to the defocusing case (resp.
focusing case). When o € (0,2)\{1}, the fractional Schrédinger equation was
discovered by N. Laskin (see [26], [27]) owing to the extension of the Feynman
path integral, from the Brownian-like to Lévy-like quantum mechanical paths.
This equation also appears in the water wave models (see [23]). When o €
[2,00), the (NLFS) generalizes the well-known nonlinear Schrédinger equation
o = 2 or the fourth-order nonlinear Schrédinger equation o = 4 (see e.g. [30]
and references therein). In the case o € (0,2)\{1}, the fractional wave equation,
introduced in [8], reflects the Lévy stable process and the fractional Brownian
motion. In the other side, when o € [2,00), the (NLFW) can be seen as a
generalization of the fourth-order nonlinear wave equation (see e.g. [31]).

The study of nonlinear fractional Schrédinger and wave equations has at-
tracted a lot of interest in the past several years (see [9], [10], [11], [17], [18],
[20], [22], [23], [29], [30], [37] and references therein). It is well known that (see
[15], [24], [5] or [34]) the (NLFS) and (NLFW) are locally well-posed in H”
with v > d/2 provided the nonlinearity is sufficiently regular. The main pur-
pose of this note is to prove the local well-posedness for (NLFS) and (NLFW)
for v € [0,d/2). For the (NLFS), we extend the previous results in [22] for
o > 2. These results cover the well-known results for Schrodinger equation
o = 2 given in [4]. In the case o € (0,2)\{1}, we show the local well-posedness
in the sub-critical case for v > 1 in contrast to v > 2 when d = 1, and v > 3
when d > 2 of [22]. These results generalize the ones of [11] when d = 1, and of
[18] when d > 2, where the authors considered the cubic fractional Schrodinger
equation with o € (1,2). We also give the global existence in energy space,
namely H 9/2 under some assumptions. Moreover, in the critical case, we prove
the global existence and scattering with small homogeneous data instead of
inhomogeneous one in [22]. To our knowledge, the (NLFW) does not seem to
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have been much considered, up to [37] on the scattering operator with o an
even integer and [6], [7] in the context of the damped fractional wave equation.

Let us introduce some standard notations (see the appendix of [16], Chapter
5 of [36] or Chapter 6 of [2]). Let xo € C5°(R?) be such that xo(£) = 1 for
€] < 1 and supp(xo) C {¢ € R%[¢] < 2}, We set x(€) := x0(£) — x0(2€). It
is easy to see that y € C3°(R?) and supp(y) C {¢ € R%1/2 < |¢] < 2}. We
denote the Littlewood-Paley projections by Py := xo(D), Py := x(N~!D) with
N = 2% k € Z where xo(D), x(N~!D) are the Fourier multipliers by xo(¢) and
X(N7LE) respectively. Given v € R and 1 < ¢ < oo, one defines the Sobolev
and Besov spaces as

1y = {ue 7| fullg o= 1A e < o0}, () = VITAE
1/2
B] = {u e | lullgy = lPoul|Le + ( Z N2v||PNu||%q) < oo}’

Ne2N

where .’ is the space of tempered distributions. Now, let .#) be a subspace
of the Schwartz space . consisting of functions ¢ satisfying Do‘qg(O) = 0 for
all & € N? where © is the Fourier transform on .# and 7} its topological dual
space. One can see .7) as ./ /% where & is the set of all polynomials on R%.
The homogeneous Sobolev and Besov spaces are defined by

1= {u e A | ull g = [A7ulo < oo,

) 1/2
By = {ue | Julgy = (3 NVIPvullf,) " <o}

Ne2Z

We again refer the reader to Appendix of [16], Chapter 5 of [36] or Chapter 6
of [2] for various properties of these function spaces. We note that Hy, By, H]
and By are Banach spaces with the norms |[ul| g7, [[ull s, HuHH; and Hu”Bg

respectively. In the sequel, we shall use H? := HJ, HY = H J. We also have
that if 2 < ¢ < oo, then BﬂY C H'Y with the reverse 1nclus1on for 1 < ¢ < 2.
In particular, B] = H? and BY = HY = L?. Moreover, if v > 0, then H, =
LqﬂH'Y and By —LqﬁBﬂY

Before stating main results, we recall some facts on (NLFS) and (NLFW).
By a standard approximation argument, the following quantities are conserved
by the flow of (NLFS),

~ [lutt.0)ds
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Lo H v
Bu) = [ GIAPultn) + S futt, o).

Moreover, if we set for A > 0,
up(t,x) = )\_V%lu()\*"t, ALz,
then the (NLFS) is invariant under this scaling that is for 7' € (0, 4o0],
u solves (NLFS) on (—T,T) <= uy solves (NLFS) on (—=A7T,\7T).

We also have ..
ux(O)l gy = A2 7 =17 |0 g -

From this, we define the critical regularity exponent for (NLFS) by

_d_ e (1.1)

Similarly, the following energy is conserved under the flow of (NLFW),

1 1
Ey(v) = / §|8tv(t,x)|2 + §|Aav(t,x)|2 + y i 1|v(t,:c)|”+1d:c,

and the (NLFW) is invariant under the following scaling
u(t,z) = )\7%11()\*%, 2.

Using

20
el
2

g__
vl V”¢HH7*U?

we define the critical regularity exponent for (NLFW) by

ol

[oA(0) || g7 = A
10:uA(O) | gy = A

[NJisH

d 20

(1.2)

By the standard argument (see e.g [28]), it is easy to see that the (NLFS) (resp.
(NLFW)) is ill-posed if ¢ € HY with v < ~4 (resp. vo € HY,v; € HY~7 with
Y < 7w). Indeed if u solves the (NLFS) with initial data ¢ € H” and the
lifespan 7', then the norm [juy(0)[| ;. and the lifespan of uy go to zero as A — 0.
Thus we can expect the well-posedness results for (NLFS) (resp. (NLFW))
when v > s (resp. v = ).
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Throughout this note, a pair (p, q) is said to be admissible if
2 d

d
(p7 q) € [2700]27 (p7q7d) 7é (270072)7 ]_? +E < E (13)
We also denote for (p,q) € [1,0]?,
d d o
=g 47 _ 1.4
pamg 21 (1.4

Note that when o € (0,2)\{1}, then ~,, > 0 for all admissible pairs except
(p,q) = (00,2). Therefore, it is convenient to separate two cases o € (0,2)\{1}
and o € [2,00). Moreover, since we are working in spaces of fractional order ~,
s OT 74, we need the nonlinearity F(z) = —u|z|~!2z to have enough regularity.
When v is an odd integer, F' € C*°(C,C) (in the real sense). When v is not an
odd integer, we need the following assumption

['ﬂv ['Ys-| or PYW] <v, (1.5)

where [v] is the smallest integer greater than or equal to -+, similarly for [~s]
and [vw]. Our first result is the following local well-posedness for (NLFS) in
the sub-critical case.

Theorem 1. Given o € (0,2)\{1} and v > 1. Let v € [0,d/2) be such
that

{ v>1/2 —0o/max(v —1,4) whend =1, (1.6)

v>d/2—o/max(v —1,2) whend > 2,

and also, if v is not an odd integer, (1.5). Then for all ¢ € H7, there exist
T* € (0,00] and a unique solution to (NLFS) satisfying

we C([0,T%), H") N LY

loc([O7T*)’LOO)7
for some p > max(v —1,4) when d = 1 and some p > max(v —1,2) when d > 2.

Moreover, the following properties hold:

i. If T* < oo, then ||u(t)||gr — o0 ast — T,

ii. u depends continuously on ¢ in the following sense. There exists 0 < T <
T* such that if ¢,, — ¢ in H" and if u,, denotes the solution of (NLFS)
with initial data ¢, then 0 < T < T*(yp,,) for all n sufficiently large and
uy, is bounded in L%([0,T],H, '™") for any admissible pair (a,b) with
b < co. Moreover, u, — u in L*([0,T], H, ") as n — occ. In particular,
up, — w in C([0,T], H~¢) for all € > 0.
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Remark 2. If we assume that v > 1 is an odd integer or
[l<v-1 (1.7)

otherwise, then the continuous dependence holds in C([0,7], H") (see Remark
24).

As mentioned before, this result improves the one in [22] at the point that
Hong-Sire only give the local well-posedness for v > 2 when d = 1 and v > 3
when d > 2. This result also covers the one in [11] when d = 1 and in [18]
when d > 2, where the authors considered the cubic fractional Schrédinger
equation with ¢ € (1,2). When ¢ > 2, we have the following better result
which generalizes the case o = 2 given in [4].

Theorem 3. Given 0 > 2 and v > 1. Let v € [0,d/2) be such that
v > 7, and also, if v is not an odd integer, (1.5). Let (p,q) be the admissible
pair defined by

20(v+1) _ dv+1)
v—1)d-2y) T d+ -1y

Then for all ¢ € H”, there exist T* € (0, 00] and a unique solution to (NLFS)
satisfying

b= (1.8)

we C([0,7%), H') N LY

loc

([0,77),H]).
Moreover, the following properties hold:
i. If T* < oo, then |[u(t)|| 5, —+ o0 ast — T,

ii. u depends continuously on ¢ in the following sense. There exists 0 < T <
T* such that if ¢, — ¢ in H7 and if u,, denotes the solution of (NLFS)
with initial data ¢, then 0 < T < T*(yp,,) for all n sufficiently large and
uy, is bounded in L*([0, T, H)) for any admissible pair (a,b) with ~q3 = 0
and b < co. Moreover, u, — u in L*([0,T], L’) as n — oo. In particular,
up, — w in C([0,T], H'~¢) for all € > 0.

Thanks to the conservation of mass, we immediately have the following
global well-posedness in L? when o > 2.

Corollary 4. Let 0 >2 and v € (1,1+ 20/d). Then for all ¢ € L?, there
exists a unique global solution to (NLFS) satisfying u € C(R, L*)N LY, (R, LY),
where (p,q) given in (1.8).
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Proposition 5. Let

o€ (2/3,1) whend=1,
o€ (1,2) when d = 2,
o€ (3/2,3) whend=3,
o€ [2,d) when d > 4,

(1.9)

and v > 1 be such that /2 > 74, and also, if v is not an odd integer, [0/2] < v.
Then for any ¢ € H°/?, the solution to (NLFS) given in Theorem 1 and
Theorem 7 can be extended to the whole R if one of the following is satisfied:

iopu=1,

. p=-1,vr<1+20/d,
ili. p=—-1,v=1+420/d and ||¢|| 2 is small,
iv. p=—1 and ||¢|| go/2 Is small.

We now turn to the local well-posedness and scattering with small data for
(NLFS) in the critical case.

Theorem 6. Let o € (0,2)\{1} and

{ v>5whend=1, (1.10)

v >3 when d > 2,

be such that vs > 0, and also, if v is not an odd integer, (1.5). Then for all
@ € H™, there exist T* € (0, 00| and a unique solution to (NLFS) satisfying
we C([0,7%),H*)N LY

loc

([0.77), By ™),

where p = 4,g = oo whend =1; 2 <p <v—1,¢ =p* = 2p/(p —2) when
d=2andp=2,q=2"=2d/(d—2) when d > 3. Moreover, if ||¢| ;. <€ for
some € > 0 small enough, then T* = oo and the solution is scattering in H",
i.e. there exists o+ € H such that

: _ ATt _
i [fu(t) = e " g =0,

This theorem is a modification of Theorem 1.2 and Theorem 1.3 in [22]
where the authors proved the global well-posedness and scattering for small
inhomogeneous data. Note that Strichartz estimate is not sufficient to give the
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local existence in the critical case. It needs a delicate estimate on Lj LL (see
Lemma 3.5 in [22]). The range v € (1,5] when d = 1 and v € (1, 3] still remains
open, and it requires another technique rather than Strichartz estimate. The
situation becomes better when o > 2, and we have the following result.

Theorem 7. Let 0 > 2 and v > 1 such that vs > 0, and also, if v is not
an odd integer, (1.5). Let

2d(v + 1)

p=v+l 4 dlv+1)—20

(1.11)
Then for any ¢ € H™, there exist T* € (0, 0o] and a unique solution to (NLFS)
satisfying

uwe C([0,7%), H*)N L

loc

([0,7%), H}").

Moreover, if ||| ;.. < € for some ¢ > 0 small enough, then T* = oo and the
solution is scattering in H.

We next give the local well-posedness results for the (NLFW). Let us start
with the local well-posedness in the sub-critical case.

Theorem 8. Given o € (0,00)\{1} and v > 1. Let v € [0,d/2) be as in
(1.6) and also, if v is not an odd integer, (1.5). Then for all (p,¢) € HY x H'™7,
there exist T* € (0, 00] and a unique solution to (NLFW) satisfying

veC(o,T%),H)nC ([0,7%), H" )N L},

loc

(0,77), L),

for some p > max(v —1,4) when d = 1 and some p > max(v —1,2) when d > 2.
Moreover, the following properties hold:

i. If T* < oo, then |[[v](t)||gr — o0 ast — T,

ii. v depends continuously on (p, ¢) in the following sense. There exists 0 <
T < T* such that if (¢n, ¢pn) — (0, ¢) in HY x HY=7 and if v, denotes the
solution of (NLFW) with initial data (., ¢p), then 0 < T < T*(¢n, ¢n)
for all n sufficiently large and vy, is bounded in L%([0,T], H) ") for any
admissible pair (a,b) with b < co. Moreover, v, — v in L*(I, H, '*") as
n — oo. In particular, v, — v in C([0,T], H'=¢) N CY([0,T], H'=7~¢) for
all e > 0.

We note that (1.6) is necessary to use the Sobolev embedding, but it
produces a gap between 7, and 1/2 — o/max(v — 1,4) when d = 1 and
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d/2 — o/max(v — 1,2) when d > 2. Moreover, if we assume that v > 1 is
an odd integer or (1.7) otherwise, then the continuous dependence holds in
C([0,T), H")n CY([0,T], H'~7).

The following result gives the local well-posedness for (NLFW) in the o-
sub-critical case.

Theorem 9. 1. Assume for d =1,2,3,4,

7€ (O’d;j—Q)’ v (d—an’Qde(;—cil—UZL) ]
oree [d+2 2>\{1} Ve (%’%) (1.12)

ford=5,...,11
7€ (0§> Ve (d—on’ 2d Q—d(;iazx)g]
o B e ]

oroe [— )\{1} ue(d d% 2+20); (1.13)

and for d > 12,

7€ (o%) Ve (d—an’ 2d id(;iazx)a]

oroe [%,2)\{1}, Ve (ﬁ,#]. (1.14)

Let (p,q) be an admissible pair defined by

20v

—_— = 2v. 1.1
(d—20)v—d’ 1= (1.15)

p =
Then for all (¢, ¢) € H? x L2, there exist T* € (0, oo] and a unique solution to
(NLFW) satisfying

ve (0, T%),H°) nC*([0,T*), L*) N LP

1oc(10,77%), LY).
Moreover, the following properties hold:

i. If T* < oo, then |[|[v](t)||go — 00 ast — T,
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ii. v depends continuously on (¢,¢) in the following sense. There exists
0 < T < T* such that if (o, ¢n) — (¢, ¢) in H” x L? and if v, denotes the
solution of (NLFW) with initial data (py,, ¢p), then 0 < T < T*(¢n, ¢n)
for all n sufficiently large and v, — v in C([0,T], H") N C*([0,T], L?).

2. Let

e [2, g) Ve [ddfa,a*), (1.16)

where * := (d + 20)/(d — 20). Let (p,q) be an admissible pair defined by

2do*
— 95* — . 1.17
p=20", p= (1.17)

Then the same conclusion as in Item 1 holds true.

This theorem and the conservation of energy imply the following global
well-posedness for the defocusing (NLEW).

Corollary 10. Under the assumptions of Theorem 9, for all (¢, ¢) € H x
L?, there exists a unique global solution to the defocusing (NLFW) satisfying

veCR,H)NCHR, L*) N I} (R, L9),

where (p, q) are as in Theorem 9.

The next result gives the local well-posedness with small data scattering for
(NLFW) in the critical case.

Theorem 11. 1. Assume for d > 1 that

d 4o
—,d) 1, [1 7 ) 1.1
06[d+1 Vi) ve i+ ——o (1.18)
and also, if v is not an odd integer,

<v-—1. (1.19)

[l =5

Let p,a be defined by

(@d+o)v=1) _2d+0)

. 1.20
20 ’ d—o ( )

p:
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Then for all (¢, ¢) € H™ x H' =9 there exist T* € (0, c0] and a unique solution
to (NLFW) satisfying

ve C([0,T%), H™)nCH([0,T*), H*=°)n LY ([0,T*), LP)

leoc([O T*) H 2 )

Moreover, if ||[v](0)|| 4, < € for some e > 0 small enough, then T* = oo and the
solution is scattering in H™ x H™~% j.e. there exist (¢*,¢t) € H™ x H™w =
such that the (weak) solution to the linear fractional wave equation

OPvt(t,x) + A2vT(t,z) = 0, (t,r)€RxR?
U+(0,$) = (er(x)’ atUJr(va) = ¢+($), WIS Rda

satisfies
lim |[[v(t) — v ()]l g = O

t——+o0

2. Assume for d > 1 that

d2+4d 4o(d+2)
o [gd )\{1} Ve [1+m,oo>
d & +4d
oro e [d—+1’ 3d+4)\{1},
do(d +2) do(d + 2)
Ve [H dd+o) " d2—3da+4d—4a]' (121)

Then for all (¢, ¢) € H™ x H' =7 there exist T* € (0, 00| and a unique solution
to (NLFW) satisfying

ve C(0,T%), H™)nCY (o, T%), H* )N L

loc

([0,77), LP),

where p is as above. Moreover, if ||[v](0)|| -, < € for some € > 0 small enough,
then T™* = oo and the solution is scattering in H™ x H 7.

Finally, we have the following local well-posedness and scattering with small
data for (NLFW) in the o-critical case.

Theorem 12. Let

7e

‘g

){1} when d = {1,2,3,4},

d
272
1.22
%) when d > 5, ( )

ol +

ol
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and v = 1440 /(d —20). Then for all (p,$) € H? x L?, there exist T* € (0, o]
and a unique solution to (NLFW) satisfying

v e C(0,T%),H°) nCY(j0,T*), L*) N LY, ([0, T*), L*).

Moreover, if ||[v](0)|| ;o < € for some € > 0 small enough, then T* = oo and the
solution is scattering in H x L?.

The rest of this note is organized as follows. In Section 2, we prove Strichartz
estimates for the fractional Schrodinger and wave equations. In Section 3, we
recall the fractional derivatives of the nonlinearity. Section 4 is devoted to the
proofs of the local well-posedness in the sub-critical case and the local well-
posedness with small data scattering in the critical case for the (NLFS). We
finally prove the local well-posedness in the sub-critical case and the local well-
posedness with small data scattering in the critical case for the (NLFW) in
Section 5.

2. Strichartz Estimates

In this section, we recall Strichartz estimates for the linear fractional Schrodinger
and wave equations.

Theorem 13 (Strichartz estimates [12]). Letd > 1,0 € (0,00)\{1},7 € R
and a (weak) solution to the linear fractional Schrédinger equation, namely

. o t . o
u(t) = et (p+/ =N B (s)ds,
0

for some data ¢, F. Then for all (p,q) and (a,b) admissible pairs,

HUHLP([&B;) S ”‘P”Hvﬂp,q + HFHLG’(R,BZ,MP’Q_W“"V_G)’ (2.1)
where 7, 4 and v, are as in (1.4). In particular,
Hu”Lp(R’B;f*WP,q) S ”90”H7 + ”F|’L1(R7H7)v (2‘2)

and

[ull poo 7y + 1ull 1o g, 0y S 10l 7w + HFHL“/(R,BS/)’ (2:3)
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provided that

VYp.g = Ya' b T O (2.4)
Here (a,d’) is a conjugate pair.
Sketch of Proof. We firstly note this theorem is proved if we establish
H eitA‘T

Proll ooy S 1Pl 2, (2.5)

t
H/ =90 PR (s)ds
0

< , ,
Lr(R,L9) IPLE | ot g, 1) (2.6)

for all (p,q), (a,b) admissible pairs. Indeed, by change of variables, we see that

HeitAUPN(P”LP(R,L‘?) = N_(d/Q+U/p)HeitAUPupNHLp(R,Lq)a

IPionllz: = N2 | Pyl e,
where ¢y (7) = p(N~1x). The estimate (2.5) implies that
16" Pyl Lo Loy S NP7 )| Paepl 2, (2.7)

for all N € 2%. Similarly,

t
H/ ¢! t=5A Py F(s)ds
0

Lr(R,L9)

t
_ N—(d/ato/pto) / (9N P (s)ds

0

LP(R,L7)
where Fiy(t,z) = F(N~9t, N~'x). We also have from (2.6) and the fact
\|P1FN||La’(R,Lb/) — N(@/V+o/a )HPNFHLa/(R,Lb/)

that

H /Ot ei(t_S)AUPNF(S)ds‘

S N'vaq*'ya/,b/fo'”PNF”LG/(I&Lb/), (28)

LP(R,L)
for all N € 2%. We see from (2.7) and (2.8) that

N Pyullpo,zay S NV Pyl e + NYPa =% v || Py F|| par g vy
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By taking the ¢2(2%) norm both sides and using the Minkowski inequality, we
get (2.1). The estimates (2.2) and (2.3) follow easily from (2.1). It remains to
prove (2.5) and (2.6). By the T'T™*-criterion (see [25] or [1]), we need to show

T2z S 1, (2.9)
IT @)z S (14 )™, (2.10)
for all t € R where T(t) := €A P;. The energy estimate (2.9) is obvious by

using the Plancherel theorem. The dispersive estimate (2.10) follows by the
standard stationary phase theorem. The proof is complete. O

Corollary 14. Letd > 1,0 € (0,00)\{1},7 € R. Ifu is a (weak) solution
to the linear fractional Schrodinger equation for some data o, F', then for all
(p,q) and (a,b) admissible with ¢ < oo and b < oo satisfying (2.4),

”uHLp(R7H;/_7p7q S ”(p”Hv + ”F”Ll (R,H")? (2.11)

HUHLOO(R,va,q) + llull e @,zay S el g + 1Ml por (R,LY')" (2.12)

Corollary 15. Letd > 1,0 € (0,00)\{1}, v > 0 and I a bounded interval.
If u is a (weak) solution to the linear fractional Schrédinger equation for some
data ¢, F, then for all (p,q) admissible satisfying q < oo,

ell o -y S ol + 1 E sy (2.13)

Proof. We firstly note that when ~y, , > 0 (or at least o € (0,2]\{1}), we can

obtain (2.13) for any v € R and I = R. To see this, we write HuHLp(R Yy =
g

| (A)"" "% || p(w,a) and use (2.11) with v = 7, 4 to obtain

el o g gzt S IEAY 7 @l g + 1AV ™ Pl 1 -

This gives the claim since ||v| gy < [|]|gowe using that 7, 4 > 0. It remains
to treat the case 7,4 < 0. By the Minkowski inequality and the unitary of etA”
in L2, the estimate (2.13) is proved if we can show for v > 0, I C R a bounded

interval and all (p, ¢) admissible with ¢ < co that
"
1€ 0l 1 yz-rmny S il (214)

Indeed, if we have (2.14), then

| [ et e

LP(I,H;_Wp’q)
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< /1 1o (5)e N F(s)]| (1.1~
< /I e F(s)]], (1m0
< 1P s = 1Pl
We now prove (2.14). To do so, we write
(AT N o = (D) (A) 79 ™ o 4 (1= ) (D) (A) 70 ™,

for some 1 € C§°(R?) valued in [0,1] and equal to 1 near the origin. For the
first term, the Sobolev embedding implies

(D) (A) 79 ]| o S [[9h(D) (A) 77 € | s,

for some § > d/2 — d/q. Thanks to the support of ¢ and the unitary property
of ¢ in L2, we get

[1(D) (A)T~Pa eitAU(P”LP(I,Lq) Slellee S llellan-

Here the boundedness of I is crucial to have the first estimate. For the second
term, using (2.12), we obtain

1L = )(D) ()7 €Y ol por ey S N =) (D) (M) 0| oy
S llella

Combining the two terms, we have (2.14). This completes the proof. O

Corollary 16. Let d > 1,0 € (0,00)\{1},7 € R and a (weak) solution to
the linear fractional wave equation, namely

w(t) = cos(tA”)p + Smj(%a)gb +/0 WG(S)@,

for some data ¢, ,G. Then for all (p,q) and (a,b) admissible pairs,

1Tl Lo, 57) S 1O frram.a + (1G] DTl =20 (2.15)

Lo (R,B,,

where

Ml 2o ) = 10 o) 1000l o 3y
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11O grpa = el grtvma + 101l grtam.a—a-
In particular,
I o e, gz =eay S NNy + NGl 21 v (2.16)
and
101l oo (g, greay + 0]l o 9y S NONO s + Gl por e oy (217)
provided that
Ypg = Yo' b + 20. (2.18)

Proof. It follows easily from Theorem 13 and the fact that

itA” —itA?
cos(tA?) = %, sin(tA%) =

itAT _ —ith”

21

e

O

As in Corollary 14, we have the following usual Strichartz estimates for the
fractional wave equation.

Corollary 17. Letd > 1,0 € (0,00)\{1},7 € R. Ifv is a (weak) solution

to the linear fractional wave equation for some data ¢, ¢,G, then for all (p,q)
and (a,b) admissible satisfying ¢ < co,b < oo and (2.18),

1l o w0y S MOIOM g7y + 1G 1 g, 112-2): (2.19)

Nl e sy + 0l ooy S NN jop + Gl gy (220)

The following result, which is similar to Corollary 15, gives the local Strichartz
estimates for the fractional wave equation.

Corollary 18. Let d > 1, o0 € (0,00)\{1}, v > 0 and I C R a bounded
interval. Ifv is a (weak) solution to the linear fractional wave equation for some
data ¢, ¢, G, then for all (p,q) admissible satisfying q < oo,

1l o7 ry=oway S NO1OM ey + NGl 1,159, (2.21)
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Proof. The proof is similar to the one of Corollary 15. Thanks to the
Minkowski inequality, it suffices to prove for all v+ > 0, all I € R bounded
interval and all (p, q) admissible pair with ¢ < oo,

H COS(tAO—)SOHLp(I’H;_“/Pa‘Z) S ”()D”H'Y? (222)
sin(tA7)
< . .
‘ A° ¢‘ Le(1,Hy ) ™ ol (2.23)

The estimate (2.22) follows from the ones of e**A”

(2.23). To do this, we write

. We will give the proof of

_. . sin(tA%)
ANY ™ Vpa
(e 22
in(tA? in(tA°
— w(D) <A>7—’Yp,q % + (1 _ w)(D) <A>W—Wp,q %’
for some v as in the proof of Corollary 15. For the first term, the Sobolev
. sin(tA7) .
embedding and the fact ||~z Lo < |t| imply
sin(tA7)

(D) (= o | S IwD) ()R g,

Ao
for some § > d/2 — d/q. This gives

o) ayrms R

< —o.
I

Here we use the fact that |[o(D) (A)°T"%4 |5, ;> < 1. For the second term,
we apply (2.14) with the fact sin(tA%) = (™" — e=™A”) /2i and get

i S 10 =) DA

S 1l

sin(tA?) ‘

[ = vy (ayr e 22

Here we use that ||(1—v)(D) (A)” A= ;2,2 < 1 by functional calculus. Com-
bining two terms, we have (2.23). The proof is complete. O
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3. Nonlinear Estimates

In this section, we recall some estimates related to the fractional derivatives of
nonlinear operators. Let us start with the following Kato-Ponce inequality (or
fractional Leibniz rule).

Proposition 19. Let v > 0,1 < r < oo and 1 < p1,p2,q1,q2 < o0
satisfying% =L L — L1 Then there exists C = C(d,v,r,p1,q1, D2, q2) >

1T p2 g

0 such that for all u,v € .¥,
17 @o)ller < € (1Al ol on + Il oz A7) 222 ) (3.1)

[1{A)7 (uv)l|zr < C(H (M) ull o [[oll zon + [l ez | (AW@HL@). (3.2)

We refer to [21] (and references therein) for the proof of above inequalities
and more general results. We also have the following fractional chain rule.

Proposition 20. Let FF € C'(C,C) and G € C(C,R™T) such that F'(0) = 0
and

[F'(0z+ (1 -0)0)| < w(0)(G(2) +G(()), z¢eC, 0<60<1,

where p € L'((0,1)). Then for v € (0,1) and 1 < 7,p < 00, 1 < ¢ < o0

satisfying % = 117 + %, there exists C = C(d,p,v,7,p,q) > 0 such that for all
u €S,

[ATF(u)||r < O F' (u)||Lall A7l L, (3.3)

(A F(w)||r < CIIF" (u)|[Lall (A)7 ul| o (3.4)

We refer to [13] (see also [32]) for the proof of (3.3) and Proposition 5.1
of [35] for (3.4). A direct consequence of the fractional Leibniz rule and the
fractional chain rule is the following fractional derivatives estimates.

Corollary 21. Let F € C*(C,C),k € N\{0}. Assume that there is v > k
such that ‘ ‘
|ID'F(2)] <Clz]"™", z€C, i=12,..,k.
1

Then for v € [0,k] and 1 < r,p < 00, 1 < q < oo satisfying % =5+ ”T_l, there
exists C' = C(d,v,~,r,p,q) > 0 such that for all u € .7,

IAYF(u)llr < Cllullzs 1A ulle, (3.5)
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(A Fw)llor < Cllullzg ' (A) ull - (3.6)

The reader can find the proof of (3.5) in Lemma A.3 of [24]. The one of
(3.6) follows from (3.5), the Holder inequality and the fact that

A wllzr ~ [lullzr + [[Aul|zr,

for 1 <7 < oo, > 0. Another consequence of the fractional Leibniz rule given
in Proposition 19 is the following result.

Corollary 22. Let F(z) be a homogeneous polynomial in z,%Z of degree
v > 1. Then (3.5) and (3.6) hold true for any v > 0 and r,p,q as in Corollary
21.

Corollary 23. Let F(z) = |z]""'2 withv > 1,y >0and 1 < r,p < oo,

1 < g < oo satisfying % = 1% +VTl‘

i. If v is an odd integer or ' [y] < v otherwise, then there exists C' =
C(d,v,vy,r,p,q) > 0 such that for all u € .7,

IF @)l gy < Cllullzs lull g -

A similar estimate holds with H,' ,HI;Y -norms are replaced by H,, Hp-
norms, respectively.

ii. If v is an odd integer or [v] < v — 1 otherwise, then there exists C' =
C(d,v,v,7,p,q) > 0 such that for all u,v € .7,

[ (w) = F)ll gy < C((IIUHZ1 +lollza )l = vll
+ (ullze® + ol ) lul gy + ol )l — vHLq)-

A similar estimate holds with H,' ,H; -norms are replaced by H,', Hp-
norms respectively.

Proof. Item 1 is an immediate consequence of Corollary 21 and Corollary
22. For Item 2, we firstly write

see (1.5) for the definition of [-].
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1
Flu) — F(v) = /0 (aZF(v +t(u — ) (u — v)
+ O=F (v + t(u — v))(u — v))dt,

and use the fractional Leibniz rule given in Proposition 19. Then the results
follows by applying the fractional derivatives given in Corollary 21 and Corollary
22. O

4. Nonlinear Fractional Schrodinger Equations
4.1. Local Well-Posedness in Sub-Critical Cases

In this subsection, we give the proofs of Theorem 1, Theorem 3 and Proposition
5.

Proof of Theorem 1. We follow the standard process (see e.g. Chapter 4
of [5] or [3]) by using the fixed point argument in a suitable Banach space. We
firstly choose p > max(v — 1,4) when d = 1 and p > max(v — 1,2) when d > 2
such that v > d/2 — o/p and then choose g € [2,00) such that
2 d _d
-+ -< .
p q
Step 1. Existence. Let us consider

X :

{u e LI, HY) \ LP(1, H) ") -
el g,y + il gy < M,
equipped with the distance
d(u, v) = [lu = vllpeorr2) + llu =0l o ynays

where I = [0,7] and M, T > 0 to be chosen later. The persistence of regularity
(see e.g. Theorem 1.2.5 of [5]) shows that (X, d) is a complete metric space. By
the Duhamel formula, it suffices to prove that the functional

D(u)(t) = ™ ¢ + i /0 =N () [P u(s)ds (4.1)
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is a contraction on (X, d). The local Strichartz estimate (2.13) gives
12wl zoo (1,17) NP 1y prr-may S ol + IE @l 2,y
and
[00) (0l 1.22) + 1900) = 2Oy
SANF@) = Fo)llera,r2),
where F(u) = |u|"~tu. By our assumptions on v, Corollary 23 gives
[ £ (u )HLl(I H") S HUHLU 1(1,L) HUHL“’(I,HW)
ST 77HUHLp 1 pooylell oo (1, m7), (4.2)
and
[ F'(u) — F()|l1(1,02) (4.3)
S (Nl ey + 10152 1 oy )l = 0l oo 2y
ST (lulldy ooy + 100ads ooy Ml = Vlliqrzy (44)

Using the fact v — v, 4 > d/q, the Sobolev embedding implies LP(I, H] ™) C
LP(I,L%). Thus, we get

1)) + 1By g o=

S el + T 5 ull e lloeqr,

)
1-r=2 1 1
Sk (i g | Pt Tt

This shows that for all u,v € X, there exists C' > 0 independent of ¢ € H”
such that

-1
l@ @) + 19 g 7wy < Clilar +CT' 5 MY,

d(®(u), ®(v)) < CT" % M*Ld(u, v).
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Therefore, if we set M = 2C/||p| g+ and choose T" > 0 small enough so that
C’Tlf%lM”_1 < %, then X is stable by ® and ® is a contraction on X. By
the fixed point theorem, there exists a unique u € X so that ®(u) = u.

Step 2. Uniqueness. Consider u,v € C(I,H") N LP(I,L*°) two solutions of
(NLFS). Since the uniqueness is a local property (see Chapter 4 of [5]), it suffices
to show u = v for T is small. We have from (4.4) that

Au,v) < CT' T (Il poey + N0l ooy ), 0).

Since [[ul|p(1,00) is small if T" is small and similarly for v, we see that if 7' > 0
small enough,

1
d(u,v) < Ed(u,v) or u=v.

Step 3. Item i. Since the time of existence constructed in Step 1 only depends
on |l¢|lzr. The blowup alternative follows by standard argument (see again
Chapter 4 of [5]).

Step 4. Item i. Let ¢, — ¢ in HY and C,T = T(p) be as in Step 1. Set
M = 4C||¢| g~. It follows that 2C|py | gr < M for sufficiently large n. Thus
the solution w,, constructed in Step 1 belongs to X with 7" = T'(¢) for n large
enough. We have from Strichartz estimate (2.13) and (4.2) that

provided (a,b) is admissible and b < oo. This shows the boundedness of u,, in
Le(I,H)"™"). We also have from (4.4) and the choice of T' that

v—1
s~y < el + T [l ooy el oo )

1
d(unau) S C”‘Pn - QOHLQ + Qd(unvu) or d(umu) S 20“‘:071 - QOHL?'

This yields that w, — u in L>(I,L?) N LP(I,H, ™). Strichartz estimate
(2.13) again implies that w,, — w in L%(I, Hb_%’b) for any admissible pair (a,b)
with b < co. The convergence in C(I, H"~¢) follows from the boundedness in

1_€ 3
L°°(I, H7), the convergence in L°°(I, L?) and that [[ul| gv—c < [Jull g [|ull fo- O

Remark 24. If we assume that v > 1 is an odd integer or
[V <v-1

otherwise, then the continuous dependence holds in C(I, HY). To see this, we
consider X as above equipped with the following metric

d(u,v) = [[u — vl poo (1, 57y + [l — UHLP(LH;_W,,Q).
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Using Item ii of Corollary 23, we have
1 (w) = F()llr 1,8
S (Il g ooy + 0 oy ) = Ol a1

(a2 g ey + 0052 1 1)

505

X (Nllzoer iy + ol zooqr i ) e = oll sz,

Using the Sobolev embedding, we see that for all u,v € X,
A(@(w), ®()) ST'F M d(u,v).

Therefore, the continuity in C (I, H") follows as in Step 4.

Proof of Theorem 3. Let (p,q) be as in (1.8). It is easy to see that (p,q) is

admissible and 7, 4 = 0 = 7 ¢ + 0. We next choose (m,n) so that

1 1 v-1 1 1 v—1
+ + .

It is easy to see that

-1 -1 —1)(d—2 d
vo1 vol | weDde) o dg
m P 20

The Sobolev embedding implies

=1)d-2y)
HuHLm IL" < ’1’1 H |Lp(] HA’

Step 1. Existence. Let us consider
X = {ue (L) |l o iy < M
equipped with the distance

d(u,v) = [lu— U||LP(I,LQ)7

(4.5)

(4.6)

where I = [0,7] and M, T > 0 to be determined. One can easily verify that
(X,d) is a complete metric space (see e.g. [4]). The Strichartz estimate (2.12)

implies

0@ g1z S Il + IF @ 1
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1 (w) = @)l Lr(r,L9) S 1 (W) = F)ll 1 (1,147
It follows from Corollary 23, (4.5) and (4.6) that

w=1)(d—27) 1)(d 2v)

1) o) S Nl + T Vol 17, (4.7)

and

[®(u) = @)l v (1,L9)
(v-1)(d-29)

ST (Il oy + 1002 ) e = lliarey . (48)

This implies for all u,v € X, there exists C' independent of p € HY such that

D(d—2v)

(7
@)l o117y < Cllpllygn +CTH MY,

p1- 0=

d(®(u),®(v)) <C MY Yd(u,v).

If we set M = 2C||¢|| z;, and choose T' > 0 small enough so that

(v—1)(d—2~)
Tl_ 20 =

c Mv1

L\’)I»—t

then @ is a strict contraction on X. Thus ® has a unique fixed point in X.
Since ¢ € HY and u € LP(I,H,), the continuity in H7 follows easily from
Strichartz estimates (see e.g. [4]). This proves the existence of solution u €
C(I,HY) N LP(I, H]) to (NLFS).

Step 2. Uniqueness. The uniqueness is similar to Step 2 of the proof of
Theorem 1 using (4.8). Note that ”“HLP([,Hg) can be small if T is taken small
enough.

Step 3. Item i. The blowup alternative is easy since the time of existence
depends only on ||¢|| 4 -

Step 4. Item ii. The continuous dependence is similar to that of Theorem 1.
We have from Strichartz estimate (2.12) and (4.7) that

_(wr=1)(d=27)
el or, iy S Nellgr + T2 llull oy,

lellznr ooy S llle + TS5 2l o oz,

provided that (a,b) is admissible, b < oo and 7, = 0. This gives the bound-
edness of w, in L%(I,H;). The convergence in L%(I,L’) and H7~ follows
similarly as in Step 4 of Theorem 1 using (4.8). O
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Proof of Proposition 5. The assumption (1.9) allows us to apply Theorem
1 and Theorem 3 with v = 0/2 and obtain the local well-posedness in H /2,
We now prove the global extension using the blowup alternative. Item i follows
from the conservation of mass and energy. For Item ii and Item iii, we firstly
use Gagliardo-Nirenberg’s inequality (see e.g. Appendix of [34]) with the fact
that

1 1 9 —
=———orf=——%
v+1 2 2d o(v+1)

and the conservation of mass to get

dw=1) d(v—1)
lu(@) 75 S A7 u(t )IILz lu(@)ll
pg1- D)

d(v—1)
= Hu(t)HHa/z el 2

Note that here the assumption v < 1+ 20/d ensures that § € (0,1). The
conservation of mass then gives

1 v
S0/ = Es(u(t)) - V—H u(t)l[7
d(v—1) g1 dw=1)
S Es(p) — V+1H ()HHU/Q lell 2

If v e (1,1 + 20/d) or @ € (0,2), then |[lu(t)||go2 < C. This together
with the conservation of mass implies the boundedness of ||u(t)|| jo/2 and Item
ii follows. Item iii is treated similarly with [|¢|| 2 is small. It remains to show
Item iv. By Sobolev embedding with § < V+_1 + 35, we have

el < Cliel gose-

This shows that E(p) is small if ||¢|| o/2 is small. Similarly,

%Hu( t)30/2 = Es(u(t)) — lu@75 < Bs(e) + Cllu(®) 55

+1

with v+1 > 2. This again implies that ||u(t)|| 0,2 is bounded provided ||¢|| jo/2
is small. This completes the proof. O

4.2. Local Well-Posedness in Critical Cases

In this subsection, we give the proofs of Theorem 6 and Theorem 7.
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Proof of Theorem 6. Let us recall the following result which gives a good
control for the nonlinear term.

Lemma 25 ([22]). Let o € (0,2)\{1}, v be as in (1.10), 75 as in (1.1).
Then we have

I H4 s U [y ey When d =1,
1—
HUHL” I(R Loo) S HUHZP(R B’Ys*"/pp )H ”V pB'ys) When d = 2’
%
||uHi (R B"rs 2, 2* || ‘LOO(R B’YB) When d Z 3’

where 2 < p <v—1,p* =2p/(p—2) and 2* = 2d/(d — 2).

This result is a slight modification of Lemma 3.5 in [22] which generalizes
Lemma 3.1 in [14]. The main difference is the exponent power in R%. The proof
is similar to the one given there, thus we omit it.

Step 1. FEuzistence. We only treat for d > 3, the ones for d = 1,d = 2 are
completely similar. Let us consider

X = {u € Lo(I, H™) N LA(I, B %)

s~ Y2 2%

. < N},
(I,B,s =

HUHLOO(I,HWS) <M, HUHL2 )

equipped with the distance

d(u, ) := |lu =l r2) + lu—vll ,  20r

L2(1,B,,>*")’

where [ = [0,7] and T, M, N > 0 will be chosen later. One can check (see
again [4] or Chapter 4 of [5]) that (X, d) is a complete metric space. Using the
Duhamel formula

t
B0 = g i [ ) o)
0
= uhom(t) + uinh(t)a (49)
the Strichartz estimate (2.2) yields

Huhomn Vs =2 2 N HSOH T7s *
H

L2(1,B,,

A similar estimate holds for [[tnom|| e (7 fre)- It is easy to see that

HuhomHL ~“rs—v2,2*) <e

2(I7B2*
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for some € > 0 small enough which will be chosen later provided either ||¢|| ;-
is small or it is satisfied for some T > 0 small enough by the dominated conver-
gence theorem. Therefore, we can take T' = oo in the first case and T be this
small time in the second. On the other hand, using again (2.2), we have

L L L ey
A same estimate holds for ||uiyy|| Lee(1, ). Corollary 23 and Lemma 25 give

HF( )HLl([ Hns) < HUHLV 1(I,L%°) Hu”LOO (I,H7s)

Sl e 2y (4.10)
Similarly, we have
|F () = F(0)ll 21,22
S (Il g ey + 102 g oy ) = 0l 1,22 (4.11)
S (N [ o P
Lo P s Py [ TR Py

This implies for all u,v € X, there exists C' > 0 independent of ¢ € H" such
that

2 2
1B gy g raary < 2+ ON2MY

[ (u )”LOO(I,H"/S) < Clloll s + CN? MV 2,
d(®(u), ®(v)) < CN*M"d(u,v).

Now by setting N = 2¢ and M = 2C||¢|| ;.. and choosing € > 0 small enough
such that CN2M"~3 < min{1/2,e/M}, we see that X is stable by ® and ® is
a contraction on X. By the fixed point theorem, there exists a unique solution
u € X to (NLFS). Note that when [|¢]| ;- is small enough, we can take T' = oco.

Step 2. Uniqueness. The uniqueness in C>(I, HY*) N L*(I, By %) follows

as in Step 2 of the proof of Theorem 1 using (4.11). Here HuHL2 N

(I,B,,
be small as 7' is small.

Step 3. Scattering. The global existence when ||¢|| ;. is small is given in Step
1. It remains to show the scattering property. Thanks to (4.10), we see that

le™"2% u(ta) — ™A u(t) ] o
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to o
= iu/ e (lu" ) (s)ds

t1
<@ g1 oty

H’Ys

S ”22([7&1@} B,y %) L HL“J([tl ] Ee) 0 (4.12)
as t1,ty — +0o. We have from (4.11) that
le™"2 % u(ta) — =N u(t)]| 2
S lu H;([t B I ‘Lm([t17t2]7Hys)Hu”L"o([tl,tg],LQ)v (4.13)

which also tends to zero as t1,t9 — 400. This implies that the limit

+ — —itA?
L t—gl-nooe u(t)

exists in H7%. Moreover, we have

. o +m . o
u(t) — e ot = —iu/ !9 B (u(s))ds.
t

The unitary property of €7 in L2, (4.12) and (4.13) imply that |lu(t) —
e ot ||gvs — 0 when t — 4o0. This completes the proof of Theorem 6.
(]

Proof of Theorem 7. The proof is similar to the one of Theorem 6. Thus,
we only give the main steps. It is easy to check that the admissible pair (p, q)
given in (1.11) satisfies 7, 4 = 0 = 7y  + 0. We next choose n so that

1 1 v-1 dq

- =-++ orn = .
q n d — 9

The Sobolev embedding gives
ullzo i) S 1l o sy (1.14)

Step 1. FEuwistence. We will show that the functional ® given in (4.9) is a
contraction on

X = {u € LP(I,H)) | Hu||Lp(I’HJS) < M},
which equipped with the distance

d(u,v) = [lu — U”LP(I,L‘J)a
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where I = [0,7] and M,T > 0 to be determined. The Strichartz estimate
(2.12) implies

Huhom”Lp(LH;fs) S H(AOHH"/S :

This shows that [[tnom | »(; fgs) < € for some & > 0 small enough provided that
T is small or [|p]| - is small. Similarly, we have

HuinhHLP(I,H;’S) S HF(U)HLP’(I,H;’/S)'
It follows from Corollary 23, the choice of n and (4.14) that
1) ey S Wl ey (4.15)
1FC) ~ Py S (1l ey + 1005 o Yt = oz 2oy (4.16)

Thus, the Strichartz estimate (2.12) implies for all u,v € X, there exists C'
independent of ¢ € H™ such that

”(I)(U)HLP(LH;YS) <e+ CMV?
d(®(u), ®(v)) < CM" d(u,v).

If we choose €, M > 0 small so that

1 M
CMV~t< =, et 5

< M,
5 <

then X is stable by ® and ® a contraction on X. Using the argument as in
Step 1 of the proof of Theorem 3, we obtain the existence of solution u €
C(I,H")NLP(I,HJ) to (NLFS). Note that when [|¢|| ., is small, we can take
T = o0.

Step 2. Uniqueness. It follows easily from (4.16) by the same argument given
in Step 2 of the proof of Theorem 1 using (4.16).

Step 3. Scattering. The global existence when ||¢|| ;. is small follows from
Step 1. The scattering is treated similarly as in Step 3 of the proof of Theorem
6. The main point is to show

e u(t2) = =N u(ty) e — 0 (4.17)

as t1,ts — +o0. To do so, we use the adjoint estimate to the homogeneous
Strichartz estimate, namely ¢ € L? — ¢ € LP(R, L9) to get

le™ "M u(ta)—e ™ N u(ty) || o
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to o
= iu/ e (luv ) (s)ds

t1

s
| [ A oo

N HF(U)”LP’([tl,tz],H;f)‘

L2

Similarly,
AT it Ae
e u(ta) — e wltr) e S IF @)y 00

Using (4.15) and (4.16), we get (4.17). The proof is complete. O

5. Nonlinear Fractional Wave Equations
5.1. Local Well-Posedness in Subcritical Cases

In this subsection, we will give the proofs of Theorem 8 and Theorem 9.

Proof of Theorem 8. The proof is very close to the one of Theorem 1. Let
(p, q) be the fractional pair in the proof of Theorem 1.
Step 1. Ewistence. We will solve (NLFW) in

Y = {v e C(I,HY) N CY(I, H'=°) 0 LP(I, H) ") -
ollios g,y + 10l g 7wy < M
equipped with the distance
d(v,w) = [|[v = w]llLoor,L2) + 0 = Wl  yways

where I = [0,7] and T, M > 0 will be chosen later. The persistence of regularity
implies that (Y,d) is a complete metric space. By the Duhamel formula, it
suffices to prove that the functional

= cos(tA7)p + MQZ) - H/o WW(S”V_IU(S)CLS (5.1)
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is a contraction on (Y, d). The local Strichartz estimates (2.21) imply
LT [P DT H—,
S IO + [1E @)l m-e)
S 10N O) e + IE @)L 7,8,
where F(v) = |[v]""!v. As in the proof of Theorem 1, Corollary 23 implies

IE) v r,m7) S Tlfi”””m I,L>) vl zoo (1,77 -
Similarly,
|F@) = F(w)llp 1,0
1__
ST (Il ooy + 0y ooy o = Wl pooqr 22y (5:2)

The Sobolev embedding LP(I, H, ™) C LP(I, L>) then implies that

R[N L ZCO] Fp—

SRl +T % ol [0ll oo (1,87

LP(I Hy P9y

and

d(¥(v), ¥(w)) S + lwl™ d(v, w).

(H |LP(IH” Py LP(IH” ””q))

Therefore, for all v,w € Y, there exists a constant C' > 0 independent of ¢, ¢
such that

vl
T @)oo (1,8 + 1€ Lo g w0y < ClOIO) |7 +CT' " MY,

and
d(V(v), U(w)) < OT % M (v, w).

Setting M = 2C'||[v](0)|| g~ and choosing T' > 0 small enough so that

o' Ml < %

we see that Y is stable by ¥ and W is a contraction on Y. By the fixed point
theorem, there exists a unique solution v € Y to (NLFW).

Step 2. Uniqueness. The uniqueness of solution v € C'(I, HY)NCY(I, H'=°)N
LP(1,L>) follows as in the proof of Theorem 1 using (5.2).

Step 3. The blowup alternative follows easily since the time of existence de-
pends only on ||[v](0)]| 7~ -

Step 4. The continuous dependence is similar to that of Theorem 1. ]
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Proof of Theorem 9. 1. Let us firstly consider Item 1. We note (see Remark
26) that under the assumptions (1.12),(1.13) and (1.14) (see Remark 26), the
pair (p,q) given in (1.15) is admissible satisfying v,, = 0 = 712 + 20 and
1 —v/p > 0. Consider now

Y = {v e O(I,Ho)n CY(I, L) N LP(I, 1Y) -
Vol 1,51y + 10l 0,2y < M
equipped with the distance
d(v,w) := |[[v = w]ll oo (1 oy + [0 = wllLr (1,19,

where I = [0,7] and M > 0 will be chosen later. We will prove that the
functional (5.1) is a contraction on Y. The Strichartz estimate (2.20) implies

N0 )| o (1.0 + 1O 201,20 S NNO 70 + [F @)l 1,22)
= 1[0}l o + 1017, 1209
SR o + T #1000 1,10y
Similarly,
1F(v) = F(w)ll 1,22
< (W0l oy + Il oy )0 = o220y

1_
ST (Hvumm+Hvumm)Hv—wumm. (5.3)

This implies that for all v,w €Y, there exists C' > 0 independent of (p, ¢) €
H? x L? such that,

I @) oo (1 7oy + 12O 207,29y < CIRNO)| 7o + CT 7 MY,
d(U(v), ¥(w)) < CT " » MY Ld(v, w).

By setting M = 2C||[v](0)]| - , choosing T' > 0 small enough so that

oT s MY <

N —

and arguing as in the proof of Theorem 8, we have the existence and uniqueness
of solution v € C(I,H?) N CYI,L?) N LP(I,LY). The blowup alternative is
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immediate since the time of existence only depends on ||[v](0)|| ;. Finally, the
continuous dependence is proved by using (5.3).

2. The proof of Item 2 is similar, thus we only give the main steps. It is
easy to see that under the assumption (1.16), the pair (p, q) defined in (1.17) is
admissible and v, , = 0. Since v € [do*/(d + 0),0%), we see that q/v € (1,2].
This allows to choose b € [2,00] so that V' = g/v. We next choose a € [2, ]
such that (a,b) is admissible and v, = =Yy —0 = 0 or Yy + 20 = 0.
Thanks to the fact that v < o*, we see that

1

a/

v

- >0.

p

This shows that % =14 =1 with
P m

v—1 v—1
>

m p
We will prove that ¥ is a contraction on
Y = {v cve O, 1) nCYI, L) N LP(1, LY) -
0l oo,y + ooz, 0) < M},
equipped with the distance
d(v, w) == ||[v = Wl oo (s groy + IV = Wl Lo (1, L9)-
The Strichartz estimate (2.20) implies
N e 7.1y + 1) Lo, 0
<N O o + 1E ) s 1,

= IO + It
SR + T 7 0l 0y
Similarly,
1F @) = F @)l g 1,00
= (uvuz::([ vy N0 o) ) o = wllzor po)

<TG (HUHLM oy T HUHZ;(II,M)) lv = wllzo(r,za).
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This implies that for all v,w €Y, there exists C' > 0 independent of (p, ¢) €
H? x L? such that,

v=1_ w1
I ()| oo (1. 1oy + 12 )| Lo 1,10y < CIRNO) | o +CT 7~ 7 MY,
d(V(v), U(w)) < OT ~ % M (v, w).

The conclusion is similar as in Item 1. The proof is now complete.
O

Remark 26. Let us give some comments on the assumptions (1.12), (1.13)
and (1.14). In order to make (p,q) defined in (1.15) to be admissible satisfying
Ypq =0 =712+ 20 and 1 —v/p > 0, we need the following conditions:

- A first condition is (d — 20)r > d which ensures p is a positive number.

- The next one is p > 4 when d = 1 and p > 2 when d > 2. Thus (2 —50)v < 2
when d =1 and (d — 30)v < d when d > 2.

- We also need % + g < % which implies (2d — 40 — do)v < 2d — do. When
d=1, we have (2—-50)vr <2 —o0.

- Condition 7, 4 = 0 = 71,2 + 20 is easy to check.

- Finally, we have (d — 20)v < d + 20 which yields 1 —v/p > 0.

Therefore, we need

(1—-20)r>1
(1-20)v<1420 whend=1
2-50)w<2—0

(d—20)>d
(d—20)v <d+20

and (d—30) <d when d > 2.
(2d — 40 — do)v < 2d — do

One can solve easily the above systems of inequalities and obtain (1.12), (1.13)
and (1.14).

5.2. Local Well-Posedness in Critical Cases
In this subsection, we will give the proofs of Theorem 11 and Theorem 12.
Proof of Theorem 11. 1. Let us treat the first case (1.18). Consider

Y = {v e C(I, ™) N CL(1, ™) A LP(I, LP) N L(1, " ?) -
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00 ey < M lellnqram + el g, < N}

equipped with the distance

A(0,0) = [0 = 0]l g oy + 10 = Wllepigny + o =wl, | oug
where (p,a) is given in (1.20), I = [0,7] and T, M, N > 0 will be chosen later.
Using the Duhamel’s formula, it suffices to show that the functional

(o)1) =cos(tA%)p + TAD /0 A ) 1)

= 'Uhom(t) + 'Uinh(t)a

is a contraction on Y, where vpom (¢) is the sum of the first two terms and vy, (¢)
is the last term. It is easy to check that under the assumptions (1.18), (p,p) and
(a,a) are admissible with v, , = v and 74,4 = /2. The Strichartz estimate
(2.20) then implies

[vhom [l o (2,2) + [[Vhom | S IO g, - (5.4)

La(LEY %)
Thus the left hand side of (5.4) can be taken smaller than ¢ for some ¢ > 0
small enough provided that either ||[v](0)|| -, is small or it is true for some
T > 0 small enough by the dominated convergence. On the other hand, the
homogeneous Sobolev embedding with the fact that v, — 0/2 > 0 implies
LP(I,H,"™ 7) C LP(I,LP) where d/q = d/p + (yw — 0/2). For such ¢, we see
that (p,q) is admissible satisfying

g
Yp,q = 5 = Ya,a = Ya',a’ + 20.

The Sobolev embedding and Strichartz estimate (2.20) then yield

S [1F@)]

”UinhHLP(I,LP) + H’Uinh”La(I,HZw_%) La/(LHZ;N—%)‘

Using (1.19) and the fact that % = % + %, Corollary 23 gives

1 (vl

S v

La’([7HZ;"’ ? HLp I,LP) ”U”L‘Z(LHZW_%)'

Similarly,

[F(v) = F(w)]

al "Yw—%
L/ (LEY )



518 V.D. Dinh

S (W, oy + el oyl =0l s,

<||U||Lp(1 )t ||w||z;(21,m))

Flhwl, g e o = vl 65)

X(” ”La([ Y9 La(I,H,

Similarly, by rewriting v = Yw — § + Ya,a, the Strichartz estimate (2.20) also
gives

H[‘I/(’U)]HLoo(LHwW) S ”[ ]( )HH"/W + HUHLP(I Lr) ” ”La([ HY 2)

This implies for all v,w € Y, there exists C' > 0 independent of (p,0) €
H™ x H"™~% such that
<e+ CNY,

@ oz + I, ) o5, <
I ()] oo (7,1 y < CUVIO)] g + CNT,
d(T(v), ¥(w)) < OCN""td(v,w).

Now by setting N = 2¢ and M = 2C||[v](0)| g, and choosing ¢ > 0 small
enough (provided either 7" is small or [[[v](0)]| -, is small) such that

ONY < min {&, O[O}, OV <

we see that Y is stable by W and ¥ is a contraction on Y. By the fixed
point theorem, there exists a unique solution v € Y to (NLFW). Note that
when ||[v](0)|| 7+ is small enough, we can take T = 00. The uniqueness in
C(I, H™)NCYI, H™~°) N LP(I, L") N LI, H," ™ ) follows as in Theorem 1
by using (5.5). Here [[v||z»(s,1») and ||v HL w %) an be small as 7" is small.

We now prove the scattering property of the global solution. Let us denote

Vo= o | 4= (e 0) cvo={ e |

The (NLFW) can be written as
AV () — AV(t) = GV (1)),
or

V(t) = eV (0) + / t e =AG(V (s))ds,
0
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where

oA costA° S“}\# '
—A%sintA? costA?

The adjoint estimates of e™A” . L([ty, to], L) — HYe with 7, = 0/2 imply

to o
H/ TSN dsH = H/ A3 eEAT AT 2F dsH
t1 H’Yw o
< o
~ HF( )” a/([t t2] H’Yw—j)
< HUHLp(tl t2] Lp H H [tl,tg] H"/w 2) — O
as tq1,to — 4o00. This implies that
to
Jle =4V (t2) = eV @l = ||| [0 as]|, 0 60)
t1 W

as t1,to — +o00. Therefore, the limit

V) := lim e V(1)

t——+o0

exists in H"™ x H™~9_ We also have
“+o0
V(t) — V() = — / et =)AG(V (s))ds.
t

Using the unitary property of e=A” in L? and (5.6), we have ||[V (t)—e AV (0)][| g0 —
0 as t — +o00. This completes the proof of Item 1.

2. We next consider the case (1.21). The proof is similar as above, thus we
only give the main steps. We will solve (NLFW) in

Y = {v e O(I, H™) N CHI, H™ )N LP(I, LF) -
Vol e oy < M ollzogramy < N
equipped with the distance

d(v, w) := |[[v = Wl poo (1, oy + 10 = @l Lo (2,19

where p is as in Item 1. It is easy to check that under the assumption (1.21),
(p,p) and (b, b) are admissible and

Yop = Vw =Wy T 20,
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where b = p/v. By (2.20), we have |[vhom|ze(z,ery < [I[v](0)] g - There-
fore, ||vhoml|zr(1,2r) < € for some e > 0 small enough provided T' is small or
1[v](0)|| j is small. Similarly,

||UinhHLP(I,LP) S HF(U)HL‘?/(I,L”') S HUHEP(I,pr
where the last inequality follows from the Holder inequality with the fact that
1 v—-1
+ .

We also have from (2.20) that

1F(0) = F @)l 1,00y S (1015 1) + 100550 1 )10 = wllior ey (5.7)

This implies for all v,w € Y, there exists C' > 0 independent of (p,0) €
H7 x H"™~7 such that

¥ ()|l Lo(r,0r) < €+ CNY,

I ()| oo (1, 8vy < ClIIO) | g + CN,

d(U(v), ®(w)) < CN"Ld(v,w).
Now by setting N = 2¢ and M = 2C||[v](0)| g, and choosing ¢ > 0 small
enough, we have the existence of solution v € Y to (NLFW). The uniqueness
in C(I, H")NCYI, H™~7)N LP(I, LP) follows as in Theorem 1 by using (5.7).
Here |[v||zp(7,1») can be small as T' is small.

Using the adjoint Strichartz estimates with the fact that v, = —vy y —0 =
—Yw + 0, we have

H / s plogas]|, = | /”mwwﬂ (s))ds

SIE@I v 1 000,27)

S 0l ta),20) = 0

L2

as t1,to — +00. This implies

=4V )~ AVl = [ [ 0w, o

as ty,ty — +00. The same argument as in Item 1 proves the scattering property
for the global solution. The proof of Theorem 11 is complete. O
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Proof of Theorem 12. The proof is similar to the one of Theorem 11. We
thus give a sketch of the proof. We emphasize that here v = 1 + 40/(d — 20)
with o as in (1.22). We will solve (NLFW) in

Y = {v e O(I,H?)NCY(I,L2) N LV (I, L*¥) -
N0l o1y < M 0l gy < N}
equipped with the distance

d(v,w) == |[[v = wlll oo (1 gy + I = Wl Lo (1,120,

where I = [0,7] and M, N > 0 will be chosen later. It is easy to check that
under the assumption (1.22), (v,2v) is admissible with v,92, = 0 = 712 +
20. The Strichartz estimate (2.20) then implies |[vhom||zv(r,z2v) S [1[0](0)]] 7o -
Thus |[vhom||zv(r,z2v) < € for some € > 0 small enough provided 7" is small or
[[v](0)|| ;o is small. The Strichartz estimate (2.20) also gives

il Lo (r,z2vy S IF @) L2y = 1017 7,20y

Similarly,

[1F(v) = F(w)|lr(1,12)
S (Wolzdy ooy + Nty o) )0 = @l zony (5:8)

Thus for all v,w € Y, there exists C' > 0 independent of (¢, ¢) € H? x L2 such
that

¥ ()|l pv 1,20y < €+ CN,

I ()]l oo (1,770 < Cll0IO)] go + CONY,

d(¥(v), ®(w)) < CN" (v, w).
Now by setting N = 2¢ and M = 2C/||[v](0)|| ;o and choosing ¢ > 0 small
enough, we have the existence of solution v € Y to (NLFW). The uniqueness in
C(I,H°)NCY(I,L*) N L¥(I, L*) follows as in Theorem 1 by using (5.8). Here
||| v (1,z2v) can be small as T' is small.

The scattering property is very similar as in the proof of Theorem 11. We
have

to s 5
H / N F(s)ds|) L < IF@)e o 0).22) = 1ol . = O
1
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as t1,to — +00. This implies

lle™=4V (t2) — e AV (t)]ll o — 0

as t1,to — +o00. This completes the proof. ]
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