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Abstract: A mathematical model for transmission dynamics of Lassa fever
with optimal control application is presented. The existence of region where
the model is epidemiologically feasible is established with respect to the use
of pesticide control measure. We use personal protection control measure and
basic reproduction number in linear and nonlinear Lyapunov functions together
with the Lasalle’s invariant principle to show that disease free and endemic
equilibria are globally asymptotically stable. The existence and uniqueness of
an optimality system are discussed. A characterization of the optimal control
via adjoint variables is established. The possible impact of using combinations
of the three controls either one at a time or two at a time or three at a time on
the spread of the disease is also examined.
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1. Introduction

Lassa fever is an acute viral illness that occur in West Africa. The virus,
a member of the virus family arenaviridae is a zonotic or animal borne. In
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other words, the well-known Lassa fever is mostly caused by the Lassa virus.
The symptoms include flu-like illness characterized by fever, general weakness,
cough, sore throat, headache, and gastrointestinal manifestations, [12]. Ac-
cording to the World Health Organization, 300 000 to 500 000 cases of Lassa
fever and 5000 deaths occur yearly across West Africa, [13]. The major and
most common lesion of Lassa fever in humans occurs in the liver, [1, 2, 4, 5.
There are a number of ways in which the virus can be transmitted or spread to
humans. The Mastomys rodents shed the virus in urine and droppings. There-
fore, the virus can be transmitted through direct contact with these materials,
touching objects or eating food contaminated with these materials, or through
cuts or sores. Because Mastomys rodents often live in and around homes and
scavenge on human food remains or poorly stored food, transmission of this
sort is common. Contact with the virus also may occur when a person inhales
tiny particles in the air contaminated with rodent excretions. This is called
aerosol or airborne transmission.

Finally, because Mastomys rodents are sometimes consumed as a food
source, infection may occur via direct contact when they are caught and pre-
pared for food. Lassa fever may also spread through person-to-person contact.
This type of transmission occurs when a person comes into contact with virus
in the blood, tissue, secretions, or excretions of an individual infected with
the Lassa virus. The virus cannot be spread through casual contact (including
skin-to-skin contact without exchange of body fluids). Person-to-person trans-
mission is common in both village and health care settings, where, along with
the above-mentioned modes of transmission, the virus also may be spread in
contaminated medical equipment, such as reused needles (this is called nosoco-
mial transmission).

To put this research into proper perspective, we briefly give an account of
some existing literatures on mathematical study of Lassa fever. D. Okuonghae
and R. Okuonghae [8] discussed a mathematical model for the transmission
of Lassa fever. Steady states of their model were examined for epidemic and
endemic situations. The results of their model show that in the interim control
of the rodents carrying the virus and some isolation policy for the infected
individuals are the best strategies against the spread of the disease.

Bawa et al. [7] developed a mathematical model for Lassa fever transmission
dynamics in two interacting population. They obtained the basic reproduction
number and stability of the disease free equilibrium was established. The results
of their work suggest that every effort must be put in place by all concerned to
prevent the virus infection by reducing reproduction number.

James et al. [9] formulated a mathematical model for Lassa fever trans-
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mission dynamics. They obtained the basic reproduction number which can
be used to control the transmission dynamics of the disease and conditions for
local stability of the disease free equilibrium was established.

Onuorah, Akinwande et al. [10] developed a mathematical model for Lassa
fever as a six dimensional system of nonlinear ordinary differential equation
with rigorous analyzes. The results of their analysis and numerical simulation
show the effects of the control parameters on the various compartments of the
model and conclude that if the basic reproduction number is low the disease
will still continue to spread.

2. A Model for Optimal Control of Lassa Fever

We introduce the control functions u(t), ua(t), and ug(t) for prevention, treat-
ment and use of pesticide respectively on a time interval [0, 7). Known practices
of prevention are use of rodent-proof container, use of infection control measure
such as complete equipment sterilization, improving home hygiene and strict
barrier nursing such as masks, gloves, gowns and goggles to prevent human to
human contact. Ribavirin the antiviral drug is effective in the treatment of
Lassa fever but only if administered early in the course of illness, [6].
Consequently, 1 — u;(t) describes the failure of prevention effort for ¢t > 0;
a1 and ag are the treatment rates of exposed and infected class respectively.
We assumed that 0 < ua(t) < 1 to eliminate the case where the entire infected
and exposed classes are treated effectively. Use of pesticide in and around
homes can help reduce rodent population denoted by 1 — wugz(¢). The model
subdivides the total human population size at time t and discrete age a; de-
noted by Np(t,a;) with ¢ = 0,1,2,...,L and ary, is the maximum age of hu-
mans in the population, into susceptible humans Sp(¢,a;), exposed humans
Ep(t,a;), infected humans Iy (¢, a;) and recovered humans Ry (¢, a;). Hence we
have Ny (t,a;) = Sn(t,a;) + En(t,a;) + In(t,a;) + Rp(t,a;). A loss of individ-
uals is as a result of infection and natural death up(a;)Sy(t,a;). The exposed
human gain individuals through infection and loses individual when they be-
come infected €y, (a;) Fp(t,a;) and to natural death pp(a;)Er(t,a;). The infected
human I (¢,a;) gain individuals when exposed individuals becomes infected
and loses individual when they die pup(a;)Ip(t,a;) and disease induced death
on(ai)Ip(t,a;). After some time, exposed and infected human recovers and
moves to the recovered class Ry, (t, a;). However recovered human has perma-
nent immunity and never go back to susceptible class again. A loss of individuals
is as a result of natural death pupRp(t,a;). It is assumed that the new birth of
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susceptible human Sy (t, a;) are susceptible, 0(e;) o %’j and 6(e;) is generated

from urine and faeces of infectious rodents, where C, is the amount of virus in
air and K, is the saturation of virus in air. Similarly, x(a;) is generated from
blood of infectious individuals, x(a;) o ’3—:}’, where A, is the amount of virus in
needle and S, is the saturation of virus in needle.

In a similar manner, we subdivides the total rodent population size at
time t and discrete age e; denoted by N, (t,e;) with j = 0,1,2,...,7 and
er is the maximum age of rodents in the population, into susceptible rodents
Sr(t,e;), exposed rodents E,(t, e;) and infected rodents I,.(¢,e;). Hence we have
N, (t,ej) = Sy(t,ej)+ Er(t,ej)+1.(t,ej). Susceptible rodent class S,(t,e;) gain
more individual into rodent population by input rate A, (e;), while it loses ro-
dents through infection, natural death p,(e;)Sr(t,e;), hunting d,(e;)S, (¢, €;).
Transmission of Lassa virus to susceptible rodents occurs when they share un-
protected storage of garbage, food stuff and water with infected rodents or
from inhalation of aerosols from urine. When a susceptible rodent interacts
with infectious rodent, the virus enters the rodent with probability 5(e;) and
therefore the susceptible go to the exposed class E,.(t,e;). The exposed rodent
then becomes infectious and enters the class I,(t, e;) after a given time. It is
assumed that the recruitment rate of rodent is greater than rodent’s number
of death at initial time (A, (ej) > p,-(ej)N;(0,€;)). In this study, it is assumed
that individuals who recovered from Lassa fever will never go back to suscep-
tible class again (they remain recovered for life). Thus, the transition dynamic
is given by:

dSh(taai) — Ah(a‘)
dt ’
L T
B plai)oi(ej)Ir(t, e5) + n(a;)oa(ai) In(t, ai) + 6(e;) + k(a;)
;j:o ( Nh(t,ai) )
x Sp(t,ai)(1 —ui(t)) — pn(ai)Sp(t,ai), (1)
dEh(t,al-) o

T

dt
L
2

=0 j
x Sp(t,a;)(1 —ui(t)) — (v(ai)ou (ai)uz(t) + en(ai) + pn(ai)) En(t, ai), (2)

(p(ai)01(€j)fr(t, ej) +nlai)oz(ai)In(t, a;) + 0(e;) + H(az‘))
0 N
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dIh(t, ai)
da
L
Zeh a; Eh t CLZ (w(ai)ag(ai)uQ(t) + uh(ai) + 5h(ai))lh(t, ai), (3)
=0
dRh(t, ai) o
da

L
Z[V(ai)al(ai)UZEh(ta a;) +Y(a;)ao(a;)uz () In(t, a;)|] — pn(ai) Ru(t, a:), (4)
i—0

dS.(t,e;) '
= AMle)
T
B(ej)oi(e)I,(t,e;) + 0(e;))
- jzo ( = J]Vr(t, ej)J - > (1 —us(t))Sr(t,e;5)
— (pr(ej) + 00(e5) + (1 —us(t))S,(t,e5), (5)

dEr(t, €j) -

—

T
Z( slove) (t(teff) +9<€J>> (1 us(t)S (1. ;)

= (&(ej) + prleg) +0r(ej) + (1 —us (1)) Er(t, ej), (6)

A s) S e Brltiey) — (o) + 0uleg) + (1~ wy))Eoltcy). ()

Mﬂ

7=0
2.1. Existence of Solutions

First, we obtain boundedness of the state system given an optimal control set
Uu.
Theorem 2.1. Given u;(t),us(t) and us(t) € U, the state equations (2.1)-

(2.7) has a bounded positive solution on feasible invariant region R defined by
{Sn(t,a:), En(t,a:), In(t, ai), Rp(t, ai), Sr(t, €5), Er(t,€5), I (t,ej) € R” :
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Ap(t,a;)
0,a;) < Np(t,a;) < e aa
o < < £ 45

N (0,e5) < N (t ')<2T: SO
r 76])— r\t,€5) = ':O,ur(ej)‘kfsr(ej)—i_(l_u?’)

with initial conditions Sy(0,a;) > 0, Ep(0,a;) > 0,1,(0,a;) > 0, Ry(0,a;) > 0,
Sr(O,ej) > O,ET(O, €j) > O,L«(O,ej) > 0.

Proof. If the total human population size is given by Ny (t,a;) = Sy(t,a;) +
Ew(t,a;)+In(t, a;)+Rp(t, a;) and the total size of rodent population is V,.(t, ;) =
Sr(t,ej) + En(t,e;) + I,(t, e;), then the system (2.5)-(2.7) gives

T

< Ar(ej) - (,ur(ej) + 5r(€j) + (1 —ug(t)))N: (2, ej)7 (8)
=0

dNr (tv ej)
dt

and therefore the equation (2.8) leads to

N, (t, ej)elr(€s)+on(e;)+(1-us @)t

I A

Z O.c, r(e5) olpir(e5)+0n(e)+ (L—us ()t
.7

= M( ) +0r(ej) + (1 —ug)

Ar(ej)

fir(e) + 6r(ej) + (1 —us(t))’

so that

T
(t 63 < ZNT (0, 63 —(pr(ej)+0r(e5)+(1—uz(t))t

j=0
n Ar(e))
pr(ej) + 0,(e5) + (1 —us(t))
Ar(ej) o~ (ur(eg)+3r(ej)+(1—us(t))t
pr(ej) +0(ej) + (1 — us(t))
This implies
T
Np(tey) <> Ar(ej)

x (1 — e~ (Hr(es)+or(e;)+(1-us()ty

+ N, (0, ej)e_(uT(ej)+5r(ej)+(1—u3(t))t'
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Taking the limit as ¢ — oo gives

Ar(e))
r(t,ej) < ZHT (ej) + 0r(ej) + (1 —us(t))

Similarly, from equations (2.1)-(2.4) we obtaln

th(t,ai)
— = < Ap(ay) Zz;uh a;)Ny(t,a;), 9)

and the inequality (2.9) gives
L
Na(t, as)em @)t < 57N, (0,0:) + Ah(ai)euh(ai)t B Ah(ai)7

=0 Mh(ai) :uh(az)
so that
L
Ay (a; A
N (t,a;) < ZNh(O’ai)e_Nh(ai)t n n(ai)  An(ai) _p (et
i=0 Hn\a; Hnai

This implies

L
n(t,a;) < Z 1 — e~ hnlai)t ) +Nh(0’ai)€*ﬂh(ai)t'
i—o M
(t,a;)

L
Ap
Taking the limit as ¢ — oo gives Ny(t,a;) < Z

Thus, we have the
i—0 pn(ai)

following feasible region

R={Sh(t,a:), En(t,as), In(t, ai), Ru(t, 0:), Sy(t,€5), Byt €)), Lt e) €RT
oy Avfey) )<y dnla)
M) <2 e TR+ T wmmy =

1=0

. O

2.2. Disease-Free Equilibrium Stable and Reproduction Number

The system (2.1)-(2.7) has a disease-free equilibrium given by

o An(a;) Ar(ej)
™o = <uh<ai>’0’ O o) T (e T (= u3>’0’0> - 10

Using the next generation matrix operator approach, we obtain the basic re-
production number as,

Ro(a) =

n(ai)oz(ai)en(a:)
Z; (v(ai)ai(ai) + en(ai) + pn(ai)) (P (ai)oz(ai) + pnlai) + op(ai)) 1D

7=
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2.3. Global Stability of Disease Free Equilibrium

In this sub-section, we show that disease free equilibrium is globally asymptot-
ically stable (GAS) with respect to only the range of prevention control.

Theorem 2.2. The disease-free equilibrium m of the model (2.1)-(2.7), is
globally asymptotically stable in R if Rg(a) < 1 for all a and 0 < uy(t) < 1 for
all t.

Proof. To determine global stability of the disease-free state, consider the
following linear Lyapunov function

_ en(ai)En(t, ai)
(kr(e5) + 0r(e5)) (en(ai) +v(as)an(ai)us + pnlai))gr
n In(t,a;)
(ur(e5) 4 0r(ej)) (V(as)aa(ai)uz + pn(as) + 0n(ai))
E,(t,€)) I (t, e5)(er(e5) + pr(ej) + 6r(ej))
Ar(e;)(Blej)ai(e;) +0(es)) — (Blej)orle;) +0(e;))Ar(ej)er(es)’
where g = (¥(ai)az(ai)uz + pn(ai) + on(ai)).
The Lyapunov derivative (2.12) is given by

+

(12)

“ enlad)(plad)o(e)) It e;) + 0(e;) + rlan) (1 — uy)
L= Zz:]z: ())(Gh(az‘)+’Y(az‘)a1(ai)u2+uh(ai))qt
L
n(ai)os(a)en (@) In(t, a:) (1 — u1)
*Zzwr(ej) 50(e7)) (en(az) + 1(az)ar (ar)us + pn (@) az
(eley) + 0(e)) (erleg) + pnley) + 0,(e) Lt €5)
(Bleg)oi(es) + 0(ej) A (ej)er(e))
L D(ha) N (Blep)on(e) Tt e) + 6eg) (1 us)
pr(eg) + 0, ( ->+§0 A(e))(Blej)orley) + 0(e;)

(1 (e) (e ) (en(ai) + y(ai)aq(ai)ug + pn(ai))g

(
L A—uw)Ro(@)In(t ai) It ai)
Mr(ej) + 5T(€j) :ur(ej + 5r(ej)

i Zih Jo1(e,) I (t €5) + 0(ej) + r(a) (1 — )
1=0 j=
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(:“r(ej) + 5r(€j))(€r(€j) + Nr(ej) + 5r(€j))lr(t, ej)
(B(ej)ar(ej) + 0(e;))Ar(ej)er(eg) ’

. (1 — ul)Ro(a)Ih(t, ai) _ Ih(t, ai)
ST e 1 oe) o) +0.0))
— i< ! (1= un)Ro(a) — DIn(t,ar).

pr(€5) + 0r(€;)

There, £ < 0 for Ro(a) <land 0 <wuy < 1. This is in sharp contrast with
the results from many authors. Furthermore, £ = 0 if and only if Ij,(¢,a;) = 0.
Thus 7 is globally asymptotically stable in R if Ryp(a) < 1 for all a and

0<wu; <1forallt.
2.4. Global Stability of Endemic Equilibrium

In this sub-section, we investigate the global stability of endemic equilibrium
of the model (2.1)-(2.7) in the range of prevention and vector (rodent) control.

Theorem 2.3. The unique endemic equilibrium, E., of the model (2.1)-
(2.7) is globally asymptotically stable in R if Ro(a) > 1, 0 < uy(t) < 1 and
0 S U3(t) S 1.

Proof. Let Ro(a) > 1, 0 < uy(t) < 1 and 0 < ug(t) < 1 so that a unique
endemic equilibrium exists and consider the following nonlinear Lyapunov func-
tion

£ = Sitsa) — (o) — Sian) n (22 )

B0 ~ Bife) ~ Fia ()

n (Y(ai)ai (ai)ug + e (ai) + pn(ai)

en(a;)
X [Ih(t, a;) — Iy(ai) _hl;;(ai) In (I;;’Cj;)ﬂ
+5:(tej) = Sy(ej) = Sr(ej) In <%§)»
+ Ey(t,e5) — Ef(ej) — Ef(ej) In (%ej])))
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(er(ej) + pr(es) + 0r(ej))
e (€5)

< nte) ~ 1) - epm ()] 09

+

The Lyapunov derivative of (2.13) is given by

Sia) \ ¥ Sh(a:)
hh ) — Sp(t,a;) (1 — 0™

Sh(t,ai)) ;Mh h( ¢ ) Sh taai)

+ D> (plai)or (eIt e5) +n(ai)oa(ai) In(t, a;) + 0(e;) + K(ai)

i=0 j=0

x Sp(ai) f(Np)(1 — u(t))
L T

pla;)oi(e;) I (t,e;) +n(ai)oz(a;i) In(t, a;) + 0(ej) + k(a;)) fi
Z Eh(t ai)

=0 j=

L az O51 a; UQ( ) + Hh(ai) + Eh(ai))QtIh(tvai)
Z en(a;)

=0

L
+ Z(Eh(ai) + pnlai) + y(ai)aa(ai)uz(t)) By (ai)
=0
v(ai)a(ai)ua(t) + pnlaq) + en(ai))qed; (a;)
i Z nlar)

L
B (v(ai)or (as)ua(t) + pnlas) + epai) Iy (a;) En(t, a;)
Z ]h(t,ai)

T

4 ZAT(ej) (1 — Siifféb) — Z(Mr(ej) + 5r(€j))5r(t7 ej) <1 - Siffféj))

Jj=0

T
+ Y (Blej)ar(e)Ip(t ej) + 0(e)) Sy (ej) f(N)(L = us(t))

i Dor(e) It e) + 6(e;))S,(t, ) By (e) f(N,) (1 — us (1))
E(t,ej)

=0

<.
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T

(er(ej) + pr(ej) + 0r(ej)) (pr(e5) 4 0r(e))) 11 (¢, €5)
jzo er(ej)
T
+Z er(ej) + pr(ej) + 0r(e;)) Ex(e;)
=0
T
€r(€g + pr(e5) + 60 (e5)) 17 (e) Er (£, €5)
]ZO I(t,€5)
T
(er(ej) + pr(es) 4 0r(e)) (pr(e;) + 0r(€5)) 17 ()
+]§0 er(ej) ’

(14)

where ¢, = (¢¥(a;)aa(a;)ua(t) + pn(a;) + on(ai)),
and fy = Ej(a;) f(Np)Sh(t, a;)(1 — ui(?)).

At for the endemic equilibrium, it is seen from (2.1)-(2.7) that

An(ai) = [A(L = ur(t)) Sy (i) f(Ng) + pn(ai) Sp(ai)]

A —ui(t))Sy(ai) f(NF)

en(a;) +y(a;)on (ai)u(t) + pn(a;) =

V(ag)aa(ag)ua(t) + pnlai) + on(a;) = M
I (a;)

Ar(ej) = [B(1 = uz(t)) Sy () f (N7) + Sr(ej) (pr(e5) + 0r(e5))]

er(ej) + pr(es) + 0r(e5)
_ (Blej)a(e;) 7 (ej) +0(e5)) (1 — us(t)) Sy (e;) f (V)
E}(e;)

ples) + brfey) = e S,

(15)
where:

A = (plai)oi(ej)I) (ej) +nlai)oz(ai) Iy (a;) + 0(e;) + r(ai))
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and
B = (B(ej)o1(e;) I (e5) + 6(e;)).-

Using (2.15) in (2.14), and then adding and subtracting the following sys-
tematically:

T
Z(P(ai)al(ejﬂ:(ej) + n(aioa(a;) I (a;) + 0(e5) + r(a;))S°,

i (plai)oi(ej)1)(ej) +nlai)oz(ai) Iy (a;) + 0(e;) + K(ai))ce
I (ai) f(Nn) ’

=0
T
Z(ﬂ(ej)ffl(ej)ff(ej) +0(e;)) Sy (e5) f(NS) (1 — us(t)),

S% = Sj(ai) F(N)(1 = (1))

L
- uS* (a) (9 Onlai)  Sw(t,a)
E_guh( i) <2 Sn(t,ai)  Sj(a; )
L T
+ )0 (plai)or(ai) I (e;) + nlai)oa(ai) I (as)
i=0 j=0
+6(ej) + r(ai))Sh (@) f(Ng)(1 — ui(t))x

|:4_ S,’:(az E;;(ai)Sh(t,ai)f(Nh) IZ(ai)Eh(t,ai) Ih(t,ai)f(N;:)
Sn(t,ai)  En(t,a;)Sp(ai) f(Ny)  Ep(ai)In(t,a;)  I;(a;) f(Na)

I;(ai) f(Nn)

_ zL: zT: (plai)or(e;) I (ej) + U(ai);f;((Zi))IZ(ai) + 0(e;) + r(ai)) B
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S7(e)) - Sp(t, ej))

) + 8-S (2= ol — 20

T
+ D (B(ej)ai(e;) Iy (e;) + 0(e;)) Sy (e5) f(Ny) (1 — us(t))x
7=0

[4 _ S7(e)) - E7(ej)Sr(t,e;) f(Ny) _ I3 (ej)Er(t, e5) - I (t, e5) f(N))
Sr(taej) Er(taej)‘g;f(ej)f* E;f(ej)jr(tv ej) I;"k(ej)f(Nr)
T
S Bles)on(en) T eg) + 0e)SE (e FN (1 — us()
7=0
T
(Beg)an(en) i (ej) + 0(e;))Si(e) f2 (NI (t, e5) (1 — us(t))
3 I3 (e f(N,)
B ZT: (B(ej)on(e;) 7 (e5) + 0(e;)) S7(ej) f(NF) Iy (¢, €5) (1 — us(t))
= I¥(ej) ’

where
ct = Sy (ai) f2(NF)In(t, ai) (1 — ua (1)),
By = Sp(ai) f(Np)In(t, a;)(1 — ui (1)),
£ = Sh(ai) f(NR) (1 — ua(t)).

Further, algebraic manipulations give
L=—L)— Ly

L T
=) (plai)oi(e;) I (e) + nlai)oa(ai) I (ai) + 0(e;) + k(i)

i=0 j=0

< S5 FVD) (1~ u) [1 -

f(Nw) | In(t,ai) Ih(taai)f(NI;k):|
FNG)  I(ai) I (ai) f(Nn)

T
— Ly —La— Y (Blej)an(e))I}(e;) +0(e;)Sy(e;) f(NF)(1 = us(t))

J=0

11— fINy) | Le(t,e5) - I.(t,e;) f(N))
[1 FNZ) T IE(e)  IF(ey) f(N) } (16)
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1 1
Matta TN = Ney

Splai) Sk, ai)
Ly = Zﬂh Qg Sh <Sh(t az) + S}’;(az) - 2)7

where:  f(Np,) =

Z Z az Ul CLZ e]) + n(az)O'Q(az)Ih(aZ) + 9(6]) + ’i(al))

=0 j=0
(1 —u1(t))Sh(ai) f(Ny)
[ Si(ai)  Er(ai)Sw(t,a;) f(In)
Sn(t,a;) — En(t,a;)Sy(ai)f(N])
Ii(ai)En(t,ai)  In(t,ai) f(Ny) _4]
Ef(ai)In(tai) I (ag) f(Ny) ’

N e [(Sie) | Selte)
L3 = jzo(ur(ej) + 51”(6]))57" <Sr(t, ej) + Sff(ej) 2)’
T
Ly =Y (Blej)or(e)I (ej) + 0(e;))Sie;) f(NF)(1 — us(t)) x
j=0

[ Sy(ej) | Er(ej)Se(t,ej)f(Ny) | Li(ej)Er(te;) | In(e;) f(N)) 4]
Sp(tiej) — Er(t,e;)Sk(e;) f(Ny) — Ef(ej)Lr(te;)  Ir(ej) f(Ny)
We need to show that £1 > 0, Lo > 0, L3 > 0 and £4 > 0. To do this,

using the fact that the arithmetic mean is greater than or equal to the geometric
mean (AM - GM inequality), we have

(Si(ai))? + (Sh(t,a:))? — 255(a;)Su(t, a;) > 0

s that, ( Sh(ai) Shit,ai) _ 2> > 0. Hence, £1 > 0.
Sh(tvai) Sh(ai)
Further, let z — Si(ai) Y = Ej(ai) f(Nn) L p(ai) f(Ng)

Su(t,a;)’ Ey(t,a:) f(N})’ In(t,a:) f(Ng)

Then,
Si@) | Ep(a)Sata)f(N) (@) En(tas) | In(t,a)f(N;)
{sh@,az-)* Bu(t,a)Si(a) f(N7) T Eia)Intar) | L(a) i)

can be written as

1
fay)=c+2+24+= -4 (17)
x Yy oz
It suffices to show that f(x,y,2) > 0. Since f, = f, = f. = 0 gives rise to

xr =y = z and that f,, > 0, fy,, > 0, f.. > 0, one see that the minimum
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of f(x,y,z) is attainable at x = y = z. In what follows, (2.17) is reduced to
(r—1)2>00r (y—1)2>0or (2 —1)? > 0 with equality if and only if z = 1
or y =1 or z = 1 respectively. Hence, L5 > 0. The proof of L3 > 0 is similar
to £1 > 0 while that of £4 > 0 is similar to £ > 0, it follows from (2.16) that
£ < 0 with £ = 0if and only if Sj(t,a;) = Si(ai), Ep(t,a;) = Ef(a;), In(t,a;) =
I*(ai)vsr(tvej) = S;f(ej)vET(t? ej) = E:(ej)vjr(t7 ej) = I:(ej)’ 0<w(t) <1,
0 < ug(t) < 1. This further implies that

v(ai)or (a;) By (a;) + (aq)an (a:) I (a;)
pn(ai)

since (Sp(t,a;), En(t,a;), In(t, a;), Sr(t,e;), Ep(t,e5), I (t,e;)) tends to (S} (a;),
Ej(ai), I} (a;), Si(e;), Ef(ej), I (e;)) as t — oo. Therefore by LaSalle’s princi-
ple, the largest compact invariant subset of the set where £ =0 is the endemic
equilibrium point E.. Thus, every solution in R approaches E. for Ry(a) > 1,
0 <wu(t) <1,0 < wus(t) <1 and E, is globally asymptotically stable. This
complete the proof.

Rh(t7 ai) -

= R;kz*(ai)v

3. Analysis of Optimal Control

We define our objective (cost) functional as

T
J (11 iz, ) / (A1En(t,as) + AsIn(t, ai) + AN, (t, )
0
+ Byui(t) + Boud(t) + Bsui(t))dt. (18)

Here Ay, Ay, A3 > 0 are weight constants of the exposed and infected classes
respectively. By, By, B3 > 0 represent the balancing cost factors for prevention,
treatment and use of pesticide efforts respectively. It is assumed that the costs
of prevention, treatment and use of pesticide are quadratic in the objective
functional (3.8). The cost of treatment could come from cost of drug and other
cost associated with other health conditions such as surveillance and follow up
of drug management. Similarly, the cost to reduce number of rodent population
is associated with cost of pesticide and public education.

We seek optimal controls uj(t), u3 (), u5(t) such that

J(ui (1), up(t), us(t))

= u1(t)7111r21%g7u3(t) {J(ul(t),ug(t),U3(t)) s (ug(t),ue(t), us(t)) € U}, (19)
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subject to the system (2.1)-(2.7), where

U= {(u1(t),us(t), us(t)) : up(t) is piecewise continuous on [0,77],
0<u,<1, r=1,2,3}. (20)

The basic framework of this optimal control problem is to prove the existence
of the optimal control in the case, where the optimal control has terminal value
in the state variable and characterize the optimal control in the case where the
optimal control does not has terminal value in the state variable through the
optimality system and discuss the uniqueness of the optimality system.

Theorem 3.1. Given an objective functional (3.1) subject to system (2.1)-
(2.7) with initial conditions and the admissible control set (3.3), then there
exists an optimal control uj(t),us(t), u3(t) € U such that

J(ui(t),uz(t),uz(t)) = min J(ui(t), ua(t), us(t)),

un (t),uz(t),us(t)

if the following conditions are satisfied:
(i) The sets of controls together with the corresponding state variables is nonempty;
(ii) The control set U is convex and closed;
(iii) The right hand side of the state system is bounded by a linear function in
the state and control;
(iv) The integrand of the objective functional is convex on U and is bounded

below by ci(|ug|? + |uz|? + |U3|2)% — ¢9 — c3, where ¢1,c2,c3 >0 and § > 1.

Proof. The result in Theorem 2.1 for the system (2.1)-(2.7) is used to give
condition (i). The control set is closed and convex by definition. By Theorem
2.1, the right hand side of system (2.1)-(2.7) satisfies condition (iii). It is clear
that AlEh(t,ai) + AQIh(t,ai) + AgNr(t, ej) + Blu%(t) + Bgu%(t) + Bgug(t) is
convex on U. Furthermore, the variable states are bounded and there exists
c1,¢2,¢c3 > 0 and 0 > 1 satisfying

A1Ep(t,a;) + Aoy (t, a;) + AsNy(t, e5) + Biui(2) + Bou3(t) + Bsui(t)
S5
> ey (Jur () + [ua (B + us(t)*)2 — 2 — .

Therefore an optimal control exists.
3.1. The Optimal System

In this section, we shall establish optimal control in the case where optimal
control does not has terminal value in the state variable. We use Pontrygin’s
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maximum principle [17] to derive necessary condition for this optimal control
to exist. With costate variables I' = (A1, A2, A3, A4, A5, A6, A7). We define our
Lagrangian as follows:

F = AlEh(t, ai) + Agfh(t, ai) + A3Nr(t, ej) + Blu%(t) + Bgu%(t) + Bgug(t)

L T
+ XM {Ah(ai) = > QSh(t, i) (1 — ur(t)) — palai) Si(t, az’)]

i=0 j=0

+ M

> 4% — pnlai) Ri(t, ai)]

1=0

T
+ A5 |:Ar(6j) - ZZ(l - US)ST(tvej) - (,ur(ej) + 57“(63') + TO]
=0

T
Y { 21— us)S,(tre5) — (er(ey) + pir(es) + br(es) + wol
=0

J=0

T
+ A7 |:Z er(ej)Er(t,e;) — (ur(ej) + or(ej) + zo} ,

where

= (1= u3(t)S;(t ¢j),w’ = (1= us () Er(t. e;),

20 = (1= ug(t)) (L, e))

([ Blej)ar(ej) I (t, e;) + 0(e))
7= ( Nr(tvej) ) 7

7 = (v(ai) o (as)ua(t) + en(ai) + pnai) En(t, a;)

P = [y(a;)on(a;)ua En(t, a;) + v(ai)an(a;)uz (t)In(t, a;)]
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Q=

<p(ai)01(€j)f,«(t, €j) + n(ai)ag(ai)Ih(t, ai) + (9(63‘) + H(ai))
Nh(t, ai) '

Theorem 3.2. Let be given optimal control uj,u3,u} and solution Sj(a;),
Ey(a), I} (a;), Rj(a;), Sk (ej), £ (e;), I} (e;) of the corresponding state system
(2.1)-(2.7) that minimizes J(u1,us,us) over U. Then there exists adjoint (or
costate) variables I' satisfying

L T
dh _ >y O Natai) — Sl as)) Ot — Az) + (@),

o 2 Ni(t,a:)
(21)
P2~ A+ () + ) + (o (@)
L L
=Y en(a)ds — Y yla)an(ai)ua(t) A,
1=0 =0
(22)
s
dt
L T
— Ay + Z; ZO (1— ul(t))Sh(taai)[Nh(t]uVC}%i()Z()ai)o'Q(ai) — M](A\1 — A2)
L
+ (P(ar)agua(t)(ai) + pnlas) + 0n(a))As — > l(ai)az(aua(t)he, (23)
=0
% = pn(ai)A,
(24)
D _ g P )+ 6(e) + (1 As — Az, (25
P Zm + (ur(ej) + 0r(ej) + (1 — ug))As — Az, (25)

=0
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dX T
—7 = (er(e) + pmnleg) + 8nleg) + (1= ug))he — > erlej)Ar — Az, (26)
7=0
L T
d)q ZZO (1 —ui(t))Np(t, aZ)]\(/-CQLZ&J;Z()GJ)Sh(t’ai)()\l_)\2) A
T N, (t,e;)B(ej)o1(ej)Sr(t,ej) — QeSy(t,e))(As — A
i ]Z Joi( )J\/g?(t,ij) (t,e;)) (A5 — X¢)
x (1= us(t)) + (ur(ej) + 0r(ej) + (1 —us(t)))A7, (27)
where

M = (p(a;)or(ej) - (t, e;) +nla;)o2(a;) In(t, a;) + k(a;) + 0(a;)),
N = (1 —uy (1)) (p(ai)ar(e;) (¢, €5) + nlai)oa(ai) In(t, a;) + k(as) + 0(e;))
Q= (B(ej)or(ej)Ir(t,ej) + 0(ej))
P% = N, (t,e;) — Sp(t, ;) (1 — ug(t))(Bej)or(e;) I (t, €5) + 0(e;)) (A5 — Ae)

with the terminal conditions
M(T) =0,2(T) =0,\3(T) =0, \4(T) =0,

As(T) = 0, A6(T) = 0, \7(T) = 0. (28)

Furthermore, uy,u3, u3 are given by

MS;( )\2—)\1)
uy = rr1a><;<01r11n<12B1 ZZ (@) ])),

=0 j=0
| L
uy = max (Oamiﬂ < "5, - Z [Eor(A2 — Ag) + N(A3 — )\4)]>> )

uz = max (O,min < 2;3 Z ZSy(e)(As — Xg) — ])) , (29)

=0
where N = 9(a;)aa(a;)1f (t,a;) and

D = Sr(t, €j))\5 + E, (t, ej))\fi + Ir(t, €j))\7, Ey. = ’y(ai)al (az)E;;(aZ)
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Proof. The forms of the adjoint equation (3.4)-(3.10) and the terminal con-
ditions (3.11 ) are standard results from Pontryagin’s principle [15, 17]. To
obtain the optimality condition (3.12). We differentiate the Lagrangian F with
respect to (uy(t),ua(t),us(t)) and set the results equal to zero, we obtain

« MS* CLZ) )\1)
e 231 ZZ Ni(a ’

=0 j=0
1 L
’LL; = — [EOT()\Q - )\4) + N()\B - )\4)] ’
2B2
L
uz = 233 ZZ:Z ) (A5 — ) —

To determine an explicit expression for the optimal control ] a standard opti-
mal technique is used. We consider the following cases:

(i) On the control set {ui(t) : 0 < |ui(t) —u*| < 1,0 <t <T}.

Hence

L T
x 1 TtS;;(al)()\g - )\1)

(ii) On the control set {ui(t) : 0 < |uy(t) —u*| =0,0 <t < T},

L T
. 1 ES,’:(az)()\g — )\1)

which implies

L T
1 TtSh(al)()\g - )\1)
__ <
|52 Ney |0

(iii) On the control set {ui(t) : 0 < |uy(t) —u*| =1,0 <t < T}, so

T:S i) A2 — A
S|SB

=0 j=0

where T; = (p(ai)oi(e;) L (t, e5) +n(ai)o2(a;) 1} (a;) + 0(ej) + K(a;)).

From these three cases, the optimal control uj(t) is characterized as
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MS* CLZ) )\1)
Ny (a ’

u] =max [ 0,min [ 1,
=0 j=0

following a similar argument, we obtain

L
U4 = max (O,min <1, ﬁ Z [Eor(A2 — A1) + N(Ag — )\4)]>> )

L
us = max <O,min <1, 2LB3 ZZS:f(ej)()@ —Xg) — D])) .

i=0

The optimality system consists of the system (2.1)-(2.7) with the initial con-
ditions, S4(0,a;), Ex(0,a;), In(0,a;:), Rn(0,a;), Sr-(0,¢e;), E.(0,¢e;),1(0,¢;), the
costate system (3.4)-(3.10) with the terminal condition (3.11) and the optimal-
ity condition (3.12). Any optimal control u}, u3, u} must satisfy this optimality
system.

3.2. Uniqueness of Optimality System

Using the bound for the state equations, the adjoint system has bounded coef-
ficients and is linear in each adjoint variable. Hence the solution of the adjoint
system are bounded for the final time sufficiently small. Due to this a priori
boundedness of the state and adjoint functions and the Lipschitz structure of
the optimality system, we obtain uniqueness of the optimal control for small 7.
The uniqueness of the optimal control pair follows from the uniqueness of the
optimality system. The restriction of time interval is very common in optimal
control problems (see [15, 16]).

4. Numerical Results

In this section, we discus the simulation results for optimal control model.
Unless where stated otherwise, the parameters used in solving the model are
presented in Table 1. The system is solved numerically using the Forward
Backward sweep method in [16]. We first solve the initial value state system
over the simulated time using a forward fourth order Runge Kutta scheme
after making an initial guess for the optimal control function. Because of the
terminal conditions (3.11), the adjoint system is solved by a Backward fourth
order Runge Kutta method scheme using the current iteration solutions of the
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state equations. Then the control are updated by using a convex combination
of the controls and the value from the characterization (3.12). This process
is repeated and the iterations are stopped if the value of the unknowns at the
previous iterations are very close to the ones at the present iteration. Using
various combination of the three controls, one control at a time, we investigate
and compare numerical results from simulations with the following scenarios:
(i) ug # 0,ug = 0,uz = 0, (ii) ug # 0,u; = ug = 0, (iil) ug # 0,u; = ug = 0, (iv)
U2 7& O,U3 7& 0,’U,1 = 0, (V) Ul 7& O,U3 7& O,UQ = 0, (Vi) Ul 7& O,UQ 7& O,U3 7& 0.
For numerical simulations we have used the following weight factors: Ay =
1,Ay = 1,A3 = 1, By = 50, By = 150, B3 = 30, initial state variables Sy (0) =
500, B (0) = 20, 1;,(0) = 0, Rx(0) = 10, .S,(0) = 2000, E,.(0) = 100, 1,.(0) = 30.

Figure 1 represents the population of infected humans with and without
control. The solid blue line denotes the population of infected individuals in
system (2.1)-(2.7) without control while the black, pink, orange and red lines
denotes the population of infected individuals in system (2.1)-(2.7) using vari-
ous combination of the three controls. We see that the population of infected
human with control is more sharply decreased than individuals without control.
Figure 2 represents the total number of rodent population in the system (2.1)-
(2.7) with and without control. The solid blue line denotes the total population
of rodent in system (2.1)-(2.7) without control while the black, pink, orange and
red lines denotes the population of rodent in system (2.1)-(2.7) using various
combination of the three controls. We see that the population of rodent with
control is more sharply decreased than rodent without control.

5. Concluding Remarks

In this paper, we presented a Lassa fever model with multiple control using
a deterministic system of differential equations and established that in the ab-
sence of disease (at the disease-free) and endemic equilibria the model is globally
asymptotically stable if Ro(a) <1, Rp > 10 <wu; <1and 0 <wus <1. Thisis
different from what has been investigated by many authors in the literatures.
The existence and uniqueness of an optimality system are discussed A charac-
terization of the optimal control via adjoint variable was established. We use
one control at a time and combination of two controls at a time while setting
the other(s) to zero to investigate and compare the effect of control strategies
on Lassa fever eradication. Our numerical results shows that the combination
of the three (3) controls; personal protection, treatment and use of pesticide
has the highest impact on the control of the disease.
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20 - mu =u,=u, =0
_uziﬂ, u3¢(],u|=(1
— U =0, u3$0,u2=0
— U =0, u2$0,u3=0
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Figure 1: Simulation showing the effect of w1, us,us only on infec-
tious human

0 10 20 30 40 50 60 70 80 80 100
Time (days)

Figure 2: Simulation showing the effect of wuy,us,us only on infec-
tious rodent
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Parameter Value

Ap(a;) 0.038
plaq) 0.6
01 (6j) 0.8
n(as) 0.6
az(ai) 0.56
al(ai) 0.05
ag(ai) 0.9
O(e;) 0.022
k(a;) 0.018
Eh(ai) 0.85
~v(a;) 0.9
1/)((11) 0.45
wn(as) 0.02
er(ej))  0.85
B(ej) 0.75
on(ej) 0.2
(5r(€]’) 0.3
pr(ej) 0.6
Ar(ej) 0.56

Table 1. Description of the model parameters
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