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1. Introduction, Definitions and Notations

Let us consider that the reader is familiar with the fundamental results and the
standard notations of the Nevanlinna theory of meromorphic functions which
are available in [5, 9, 11, 12]. We also use the standard notations and defini-
tions of the theory of entire functions which are available in [13] and therefore
we do not explain those in details. For z € [0,00) and k& € N, we define

K

expl®l z = exp (exp[k*” x) and log[ r = log <log[k*1] :):) where N be the set of

all positive integers. Let f be an entire function defined in the open complex
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plane C. The maximum modulus function My (r) corresponding to f is defined
on |z| =7 as My (r) = max|z| =r|f(2)]. When f is meromorphic, one may
introduce another function T (1) known as Nevanlinna’s characteristic function
of f, playing the same role as My (r). However, the Nevanlinna Characteristic
function of a meromorphic function f is defined as

Ty (r) = Ny(r)+mg(r),
wherever the function Ny (7, a) <J\7 ¥ (r, a)) known as counting function of a-
points (distinct a-points) of meromorphic f is defined as follows:

T

t,a) — 0 _
Ny (r,a) :/nf( ) t”f( 7a)alt—knf(O,CL)logr
0

_ iy t —n+(0 _
Nf(r,a)_/nf( @) t”f( ’a)dt—l—nf(O,a)logr ,
0

in addition we represent by ny (r,a) (n_ ¥ (r, a)) the number of a-points (distinct

a-points) of f in |z| < r and an oo -point is a pole of f. In many occasions

Ny (r,00) and ]\?f (r,00) are symbolized by Ny (r) and ]\7f (r), respectively.
On the other hand, the function my (7, 00) alternatively indicated by m (r)
known as the proximity function of f is defined as:

my(r) = %2/”105r ‘f (reie) ‘ df, where
0

log™ 2 = max (log z,0) forall >0 .

Also we may employ m (r, ﬁ) by my (r,a).

If f is entire, then the Nevanlinna Characteristic function T% (r) of f is

defined as
Ty (r) =my(r) .

Further, let ng,n1,n9,...n; be non negative integers. For a transcendental
meromorphic function f, we call the expression M|[f] = f"° (f(l))n1 (f(2))n2
(f(k))nk to be a monomial generated by f. The numbers vy = ng + nq1 + no +
ot ng and T'yr = ng+2n1+3na+...+ (k+1)ny are called respectively the degree
and weight of the monomial. If M [f], Ma[f], ..., M,[f] denote monomials in
f, then

QU] = a1 My [f]+ aa Ma[f] + ... + an My[f],
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where a; # 0(i = 1,2,...,n) is called a differential polynomial generated by f of
degree v = max{vyy;, : 1 < j < n} and weight I'q = max{T'y;, : 1 < j < n}.

Also we call the numbers v = . éﬂlg vm; and k (the order of the highest
0] << s

derivative of f ) the lower degree and the order of @ [f], respectively. If 7o = 70,

Q [f] is called a homogeneous differential polynomial.
Ty (r)
Ty(r)
to g in terms of the Nevanlinna Characteristic functions of the meromorphic
functions f and g. Moreover, the order ps (resp. lower order Ay) of an entire
function f which is generally used in computational purpose is defined as
—loglog M log log M
o oglog My () (O A= lim o818 My (rY
r—00 log r r—00 log r

However, the ratio as r — oo is called the growth of f with respect

Pr=

If f is a meromorphic function, then

pr = lim

log T’
I‘esp. )\f = h_mM) .
r—oo  logr

r—oo logrT

Extending this notion, Juneja et. al. [6] defined the (p, ¢)-th order (resp.
(p, q)-th lower order) of an entire function f for any two positive integers p, q
with p > ¢ which is as follows:

vesp- Ay (pra) = rh%oo 10g[‘1} r

__lo 2BV
pr(pq) = T 20 A7) <

Ip]
1 Jog Mf(?“)) '

If f is meromorphic function, then

—logl—1l Ty(r) loglP—1 Ty(r)
,q)= lim ————————= and Ar(p,q)= lim —————=
Pt (P ) r=oo  Jogld £ (pq) r—oo  logld r

where p, ¢ are any two positive integers with p > q.

These definitions extend the generalized order ,oEf]

]

and generalized lower

order )\Bi of an entire function f considered in [10] for each integer [ > 2

since these correspond to the particular case pgﬁ = ps (I,1) and )\Ef] = Ar (L,1).
Clearly, ps (2,1) = py and Af (2,1) = Ay,

An entire or meromorphic function for which (p,¢)-th order and (p, q)-th
lower order are the same is said to be of regular (p, ¢)-growth. Functions which
are not of regular (p, g)-growth are said to be of irregular (p, g)-growth.

In this connection we just recall the following two definitions which will be
needed in the sequel.
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Definition 1. A function pgf] (r) is called a generalized proximate order
of a meromorphic function f relative to T(r) if:
(1) pgg (r) is non-negative and continuous for r > g, say,
(i) pgf} (r) is differentiable for r > 7y except possibly at isolated points at which
pgﬁl (r+0) and pm/( —0) exist,
TN 0
(ii1) Tim pie (r) = py < oo,

. . [ [4] _
(iv) rlgglopf[ (] )Z Olog r =0 and
—logl! A Ty(r)
(v) Tlggo pr“f_ =

1.

The existence of such a proximate order is proved by Lahiri [8].

Similarly one can define the generalized lower proximate order of a mero-
morphic function f in the following way:

Definition 2. A function )\Bg (r) is defined as a generalized lower proxi-
mate order of a meromorphic function f relative to Ty(r) if:
(1) )\Bﬁ (r) is non-negative and continuous for r > rg, say,
(¢ ) ( ) is differentiable for r > ¢ except possibly at isolated points at which
)\Ec}/ ('r +0) and )\Eﬁl (r —0) exist,
(i) lim AP (r) = A < o0,

[l _

(1v) ThjgoA (r )zﬂo logll 7 = 0 and
logl =2 T4 (r)

(v) lim 7[”@{

7—00 rf

=1.

In this paper we aim to establish some results depending on the comparative
growth properties of composite transcendental entire or meromorphic functions
and some special type of differential polynomials generated by one of the fac-
tors on the basis of (p,q)-th order ((p,q)-th lower order) and proximate order
(proximate lower order) where p, ¢ are positive integers with p > q.

2. Lemmas

In this section we present some lemmas which will be needed in the sequel.
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Lemma 3. ([1]) If f is a meromorphic function and g is an entire function
then for all sufficiently large positive numbers of r,

Tpog (1) < {1+ (1)} %Tf (M, (1))

Lemma 4. ([2]) Suppose that f is a meromorphic function and g be an
entire function and suppose that 0 < u < p, < co.Then for a sequence of values
of r tending to infinity,

Tyog (1) = Tf (exp (1)) .

Lemma 5. ([4]) Let g be an entire function. Then for any §(> 0) the

A rs-al

. ] . . . . .
function r (") is ultimately an increasing function of r.

Lemma 6. ([4]) Let g be an entire function. Then for any §(> 0) the

. M,y s . . . . .
function rPs T0=Ps (") js ultimately an increasing function of r.

Lemma 7. ([3]) Let f be a transcendental meromorphic function and
F = f"Q|[f] where Q[f] is a differential polynomial in f, then for any n > 1,

Te(r) = O{Tp(r)} as r— o0
and Tp (r) = O{Ty(r)} as r — 0.

Lemma 8. Let f be a transcendental meromorphic function and F =
f"Q[f] where Q [f] is a differential polynomial in f, then for any n > 1

pr (p,q) = py(p,q) and Ap(p,q) = Ay (p,q) -

Proof. Let us consider that « and 8 be any two constant greater than 1.
Now we get from Lemma 7 for all sufficiently large values of r that

Tp(r) <o -Ty(r) (1)
and

Ty (r) < B-Tp(r) . (2)
Now from (1) it follows for all sufficiently large values of r that
log? Tr(r) < logP Ty (r) + 0(1)

logl?! Tw (r) - log® T} (r) + O(1)
logld r logld

ie.,
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ie, pr(p,q) < pr(pa) . (3)

Again from (2) we obtain for all sufficiently large values of r that

loglP! Tr(r) < log”! Tr(r) +0(1)

” w logl”! Tr(r) + 0(1)
.., log[‘ﬂ r log[q] T
ie, pr(pq) < pr(p.q) . (4)

Therefore from (3) and (4), we get that
pr (p:a) = pr(p:a) -

In a similar manner, Ar (p,q) = A¢ (p, q).
Thus the lemma follows. ]

3. Main Results

In this section we present the main results of the paper.

Theorem 9. Let f be a transcendental meromorphic function and g be an
entire function such that pg(m,n) < Af(p,q) < pf(p,q) < oo, where p,q,m,n
are positive integers with p > q,m > n. Also let F' = f*Q [f], where Q [f] is a
differential polynomial in f, then for any o > 1

(i) tim 1087 Treq (" 1)
r—00 1Og[P*2} TF(eXp[qfl} ’I”)

=0 if g>m

and

loglPtm—a=2l [n—1]
(4) lim —2 fog (exp™ 1 7)

=0 if g<m.
r>00  loglP~2 Tp(expla—1 r) 4

Proof. Since py(m,n) < A¢(p,q) we can choose € (> 0) is such a way that
pg(m,n) +e < Ap(p,q) —e. (5)

As Ty(r) < log™ Mgy(r) {cf. [5]}, we have from Lemma 3, for all sufficiently
large values of r that

logP—1] Trog (exp["fl] r) < loglP—1! Ty (Mg (exp["*” 7“)) +0(1)

ie., loglr—l Trog (exp["*” 'r)
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< (ps (9, ) + £)10gl?) My (exp 7)) +0(1). (6)

Now the following two cases may arise.

Case I. Let ¢ > m. Then we have from (6) for all sufficiently large values
of r that

log[p_” Trog (exp[”_l] 7“)

< (pr (p,0) +2)logl U (expl ) +01). (7)

Again for all sufficiently large values of r,

log™ M, (exp["*l] 'r) < (pg(m,n) +¢) log™ expl”~1 y

ie., logm=1 M, (exp["*” r) g rlralmmnite) (8)

Now from (7) and (8) we have for all sufficiently large values of r that
logh ™ Tyog (expl =7} < (py (p,0) +2) o™+ 1.0(1).  (9)

Case 1II. Let ¢ < m. Then for all sufficiently large values of r we get from
(6) that

10g[p_1} Ttog (exp[”_l] r)

< (pr(p,q) +¢) exp[m_Q] log[m] M, (exp[”_l} 'r) + O(1). (10)

Again for all sufficiently large values of r,
log!™! M, (exp[”_l] r) < (pg(m,n)+e) log™ expl™=1 7
ie., log™ M, (exp["*l] 7“) < logrPe(mm)te
ie., exp™ 41ogl™ M, (exp["*l] r) < expl™ 4 1og pre(mmn)te

ie., exp[m_‘ﬂ log[m} M, (exp[”_l] 'r) < exp[m_q_l} ppo(mn)te, (11)

Now from (10) and (11) we have for all sufficiently large values of r that
10g[p_1} Tng (exp[n_l] fr) S (pf (p’ q) _|_ 5) eXp[m_q_l} ,r,pg(m,n)'i‘ff + O(l)
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ie., log[p+m_q_2] Tog (exp[”_l] r)
< loglm=07 A explm—a=2l ppslmnite L (1)
ie., loglPtm—a—2 Trog (exp["fl} 'r) < rpamn)te L 0(1) . (12)

Again for all sufficiently large values of r, we get in view of Lemma 8 that

logP~U Tp(expld=r) > (Ap(p,q) — &) logl? explt=tly-
ie., loglP~ U Tp(expli=tr) > (Af(p,q) —¢)logr
ie., log[p_” TF(exp[q_” r) > log rAs(p.a)—e)
ie., logP=2 Tp(expli=ty) > rHspa)=e) (13)

Now combining (9) of Case I and (13), we get for all sufficiently large values of
r that
log[pfl] T'toq (exp["*l] 7“)

logl?=2 Ty (expla—1l 1)

(ps (p,q) + &) st 4 O(1)

= r(Af(p.a)—e)

(14)

Now in view of (5) it follows from (14) that
log/P~1 T'toq (exp[”_” r)

im =0.
r=00 JoglP=2 T (expla—1 7)

This proves the first part of the theorem.
Again combining (12) of Case II and (13), we obtain for all sufficiently large
values of r that

logPtm=a=2 Ty (explP=Ur)  pralmmite £ O(1)
log!?=2 Ty (expla—1r) - r(As(p.g)—e)
Now in view of (5) it follows from (15) that
iy 10877 T Ty (expl~ )
r=oo JoglP=2 Ty (expla—1 1)
Thus the theorem follows. O

(15)

=0.

Theorem 10. Let f be a transcendental meromorphic function and g be
an entire function such that Ag(m,n) < A¢(p,q) < ps(p,q) < oo where p,q, m,n
are positive integers with p > q and m > n. Also let F' = f*Q [f] where Q [f]
is a differential polynomial in f, then for any o > 1
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(i) 1 log[p_l] T'toq (exp[”_” r)
1 11m
r—oo loglP=2 Tp(expla—1l7)

=0 if g>m

and

loglPtm—a=2l . [n—1]
(4) lim —2 fog (xp™ 1)

=0 if < m.
r—00 log[pfﬂ TF(exp[q—l] T) ¢

Proof. For a sequence of values of r tending to infinity that

N

log!™ M, (exp[”_” r) (Ag(m,n) +¢) log™ expl" =1 r

i.e., log[m] Mg (exp[nfl} :,o) < 10g T)\g(m,n)+5

ie., logm=1 M, (exp[”_” r) < logrrelmn)te (16)

Now from (7) and (16) we get for a sequence of values of r tending to infinity
that

logh ™! Ty (expl 7 ) < (py (p,0) + &) o™ L O1). (17)

Combining (13) and (17) we obtain for a sequence of values of r tending to
infinity that

1og? ™ Tpog (expl 7)) (ps (p,q) + ) rrat™m™+= 1+ 0(1)

< 1
logl?~2 Ty (expla—17) — rr(P.a)—e) (18)
Now in view of (5) we have from (18) that
loglP=1 7 [n—1]
i 1087 Loy (xp™ ) _
r—o0 loglP~2 Ty (expla—1 1)
This proves the first part of the theorem.
Again for a sequence of values of r tending to infinity that
log!™ M, (exp["*” 7“) < (Ag(m,n) +¢) log expl»~1
ie., logl™ M, (exp["*” 'r) < logrre(mn)+e)
ie., exp™ 4 ]og M, (exp["*” r) < exp™ 4 og pPe(mm)te)
ie., exp”™ 41og M, (exp[”_l] r) < explm= a1 pQg(mmn)+e), (19)

Now from (10) and (19) we have for a sequence of values of r tending to infinity
that
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logl? =1 Ty, (eXP["J] 7“) <(py (p, q)+e) explm 1= pQalmmte) 1 O(1)

ie., loglP! Ty, (exp[nfll T) < explm=a=2 pQalmm)+e) | (1)
ie., loglPtm—a-2 Ttog (exp[n—ll r)

ie., log[p+m_q_2] Tfoq (exp[”_l] 7“) < pQolmn)te) 4 O(1). (20)

Combining (13) and (20) we obtain for a sequence of values of r tending to
infinity that

1Og[p+m—q—2} Tfog (exp[n—l] ’I”) _ T(Ag(m,n)—I—a) + 0(1)

21
logl?=2 T (expla—11 1) N rAr(pa)—e @)
Now in view of (5) it follows from (21) that
) log[p*'m_q_ﬂ Ttoq (exp["*” 'r)
lim =0.
r—oo  loglP™ T (expla=11 1)
This establishes the second part of the theorem. O

Theorem 11. Let g be an entire function and f be a transcendental
meromorphic function such that 0 < A¢(p,q) < ps(p,q) < oo, where p and q
are any two positive integers with p > q. Also let F' = f*Q [f] where Q [f] is a
differential polynomial in f, then for any o > 1

(i) Tm log?™! Tyoy ()
r=o0loglP~1 Tp (exp (rk))

=0 if ¢g=1

log? ! Tyoy (r) < B (p:9)

71) lim > if g=2
( )Tﬁoolog[p_” Tr(exp (r#)) — wpy (p,q)
and
loglP~1 T, A
(i) Tim ——2 joo(r) L A (Pa) q>2,

r=o0loglP~H Tr(exp (r#)) — pr (0, q)
where 0 < p1 < 8 < py.
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Proof. Since 0 < u < 8 < pg, then from Lemma 4 we obtain for a sequence
of values of 7 tending to infinity that

logP—1! Tpog(r)
ie., loglP~1 Tpog(r)
ie., loglP~1 Tpog(r)

log?~ 1 Ty (exp (r*))
(At (p,q) — ) log¥ exp ()
(At (p,q) — &) loglt= 1 (re) . (22)

Again from the definition of pg (p,q) it follows in view of Lemma 8, for all
sufficiently large values of r that

log?~ ! T (exp (7)) < (pr (p,q) + €) log!¥ exp (1)
i.e., logP~UTr(exp (M) < (pf (p, q) + &) loglt = (71 . (23)

Thus from (22) and (23) we have for a sequence of values of r tending to infinity
that

AVARIVARIV]

log? ! Trog(r) — _ (Ar(p,q) —)log ! (r*)

loglP 1 Tp(exp (r#)) ~ (pf (p,q) + &) logl 1 (i) -
Since p < 3, the theorem follows from (24) . O

(24)

Theorem 12. Let f be a transcendental meromorphic function and g
be an entire function such that 0 < Af(p,q) < ps(p,q) < oo and py(m,n)
< oo where p,q, m,n are positive integers with p > q and m > n. Also let
F = f*Q[f] where Q [f] is a differential polynomial in f, then for any o > 1

log”! T [n—1]
(Z) im 0g fog (exp ’r) < pg(mﬂn) if q 2 m
Tﬁoolog[pfl} Tr(expla—1lr) Ar(p,q)

and
loglPtm—a=1 1, [n—1]
r—00 log{pf | Tr(expla—1lr) Ar(p,q)

if g<m.

Proof. In view of Lemma 8, we have for all sufficiently large values of r that

logP U Tp(expl™r) > (Ar(p,q) — &) logh explt™!l7
ie., logP~UTp(explt=tp) > (Ar(p,q) —¢e)logr . (25)

Case I. If ¢ > m , then from (9) and (25) we get for all sufficiently large
values of r that

logl?! T, (expln=17) _ (pg(m,n) +e)logr+ O(1)
log?~ U Tp(expla=tlr) ~  (Af(p,q) —¢)logr
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Since € (> 0) is arbitrary, it follows from above that

Hlog[p] Trog (exp["’” r) - pg(m,n)
Tﬁoolog[pfl] Tr(expla—1lr) h Ar(p,q)

This proves the first part of the theorem.
Case II. If ¢ < m then from (12) and (25) we obtain for all sufficiently
large values of r that

logPtm=a=1 Ty, (expl—17) _ (pg(m,n) +¢e)logr+ O(1)
log?~U Tp(expla-lr) (Ar(p,q) —¢€)logr

As e (> 0) is arbitrary, it follows from above that

m—q—1 n—
Hlog[er q ]Tfog (exp[ 1] r) < pg(m,n) .
r—00 log[pfl] TF(exp[q*U T) Ar(p,q)

Thus the second part of the theorem is established. ]

Theorem 13. Let f be meromorphic and g be a transcendental entire
such that p¢(p,q) and )\g} are both finite where p, q,l are positive integers with
p>qandl > 2. Alsolet G = g“Q [g] where Q [g] is a differential polynomial
in g, then for any o > 1

- tog? ! Ty (1) o
< > _
(Z) 7’%@ log[lfQ} TG(?") = pf(pa Q)Q if q = [—1>1 ,
1 [p+l—q—2} T o 0
(i) lim —2 — fog (1) < ST, g<l-1,
r—00 log[ —2] TG(?”)
and
log?" ! Tyoy (r) A
X lim g <33 )2 i g>l—1=1,
(i) oo Te(r) B-ps(p,q) q =
where § > 1.

Proof. As e (> 0) is arbitrary and T, (r) < log™ My (r) {cf. [5]}, we have
from Lemma 3 for all sufficiently large values of r that

logl? ™ Tyeq (r) < (pf(p, @) + ) 0g! M, (r) + O(1) - (26)
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Case I. Let ¢ > [ — 1. Then from (26) we obtain for all sufficiently large
values of r that

1og? U Troq (1) < (py(p,q) + ) logl =1 My (r) + O(1).
Since € (> 0) we get from above that

[p—1] [-1]
i log l 2Tfog (r) < ps(prq) - lim logl QMg (r) '
r—oo logl = Ty (r) r—o0 logl =2 T (1)

(27)

Case II. Let ¢ < [ —1. Then from (26) we get for all sufficiently large values
of r that

logl=7-11pglP=1] Toq () <logli—a-1] {(pf(p, q)+¢)logld M, (/r)_i_O(l)}
ie., loglti—a—2 Trog (r) < logl—1 M, (r)+ O(1)

loglPtt-a-2] Tfog (1) o logl—1 My (r)+0O(1)
log" I Ta(r) gl Ta(r)

ie.,

Therefore we get from above that
loglPH—a=21 7, log! =1 M
li_mog — fg("”)gh_m()gl g("”).
r—oo  logl= ATy (r) r—o0 logl =2 T (r)

(28)

(1=2]
Now let [ > 2. Since lim log[liTg(r)
r—oo g (1)
a sequence of values of r tending to infinity that

=1, for given € (0 < e < 1) we get for

logl =2 T, (r) < (1 + e)r?s )

and for all sufficiently large values of r,
logl =2 T, (1) > (1 — e)rs ).
Since log My(r) < 3T,(2r) {cf. [5]} and T, (r) = O{Tg (r)} as r — oo {cf.

[3]}, we get for a sequence of values of r tending to infinity and for any ¢ (> 0)
that

log[lfl} M, (r) _ log[l*” M, (r) _ log[l*ﬂ Ty(2r) 4+ O(1)
10g[l_2} Te(r) 10g[l_2} Ty(r)+ O(1) log[l_Q] Ty(r) 4+ O(1)
0
(1+e) (@M ™* L on
< — M0, s [0 —m - TO0)
(1—¢) (2r) H0=26 @) pAg ()
L+e) s
- El—es' Trom
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1] (1 . . . . .
because 19 19729 (") ig yltimately an increasing function of r by Lemma 5.

Since € (> 0) and 6 (> 0) are both arbitrary, we get from above that
log=Y M, (r) N2

lim ————————= <27 . 29
r—oo log =2 T (r) — (29)

Again let [ = 2. Since lim Tng((?) =1, in view of condition (v) of Definition
r—00

1 it follows for a sequence of values of r tending to infinity and for a given
(0 <e<1) that

Ty(r) < (14e)rtel)
and for all large positive numbers of r,
Ty(r) > (1 — g)rre™),
As log My(r) < 3T4(2r) {cf. [5]} and T, (r) = O{Tg (r)} as r — oo {cf. [3]},

we get for any d (> 0), 8 > 1 and for a sequence of values of r tending to infinity
that

log M,(r) g. loe My (r)
Te(r) Ty(r)
log M, 1 2r)tot0 1
o, 108 My(r) g.30+e) @) ' +o()
TG(T) (1 _ 5) (2T)Ag+5—)\g(2r) rAg(T)
. log My(r) 3B(L+¢e) _rg+s
ie. < -2 +0(1), 30
T (1) a9 . 0
because 9 T9-2(") is ultimately an increasing function of r by Lemma 5. Since

g(>0) and 0 (> 0) are both arbitrary, we get from (30) that
log M
log My(r) _ g5 o (31)

Therefore from (27) of Case I and (29) it follows that
logP~1 1,
im 08 Tf g(?")
r—00 log[lim TG(T)
This proves the first part of the theorem. Also from (28) of Case II and (29)
we obtain that

l
Al

< pr(p,q) -2

[p+l—q—2] [t
lim log Tpog (1) - 2)\g

r—oo  logl=A Ty (r)

Thus the second part of the theorem is established. Again putting [ = 2 in (27)
of Case I and in view of (31) we obtain that
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logP—1! Tpog (1) A
lim 927 L 38- ,q) -2
i = B pr(p:q)

Thus the third part of the theorem follows. O

Corollary 14. Under the same conditions of Theorem 13, if | = 2 then
logPl T .
lim 0g”! Tog (1) <
r—o0 logld T (1)

Proof. If ¢ > 1, then from (26) we obtain for all sufficiently large values of
r that

log!?! Tyo, () < loglt* 1 My, (r) 4+ 0(1) . (32)

Now from (30) we have for a sequence of values of r tending to infinity that

log M,(r) < {7?’?1(1_1.; L 2} - T(r)
ie., loglatt My(r) < logl) Te; (r) + 0O(1) . (33)

Now combining (32) and (33) it follows for a sequence of values of r tending to
infinity that

logl?! Tpoy () < logl! T (r) + O(1)
logh Tyoy (1) | 0()
logl! Ta(r)  — logl® Ty (r)

So from above we obtain that
[p]
lim log” T'oq (1) 1
r—o0 logld T (1)
Thus the corollary follows. U

Theorem 15. Let f be meromorphic and g be a transcendental entire
such that ps(p,q) and pg} are finite where p, q,l are positive integers with p > ¢
and | > 2. Also let G = g“Q [g], where Q [g] is a differential polynomial in g,

then for any o > 1

loglP=1 7, [0
B T ) )2 i g2 1-1>1,

(1) lim

r—oo logl A T (r)
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loglPti—a=2 1, [
(R - — fog (1) o i i1,
r—oo  logl=A Ty (r)

and

1]
(i) lim 28T Lres (r)

< 36- q) 27 ifg>1—-1=1,
Jim == B-psp,q) q>

where 5 > 1.

_— [1=2]
Proof. Case I. Let [ > 2. As lim lmc’rl[ji]Tg(T) =1, for given e (0 < e < 1)
r—00 rPg (1)
we obtain for all sufficiently large values of r that
(]
logl=A T, (r) < (1 + £)res @
and for a sequence of values of r tending to infinity,
(]
log =2 T,(r) > (1 — e)r?s ™) .
Since log My(r) < 3T4(2r) {cf. [5]} and T, (r) = O{T¢ (r)} as r — oo {cf. [3]},
for a sequence of values of r tending to infinity we get for any § (> 0) that

log=Y M, (r) _ logl=Y M, (r) log=2T,(2r) + O(1)
log!=2 T (r) log! =2 T, (r) + O(1) ~ logl=2 T, (r) + O(1)
W, 5
(14¢) (2r)Po * 1
< -9 W s i TOM)
( 5) (QT)PQ +6 Pg (27") rPg (7")
(I1+¢) Plis
2
S —e)

l l
because rp-g]”_pé](r) is ultimately an increasing function of r by Lemma 6.
Since € (> 0) and J (> 0) are both arbitrary, we get from above that
log Y My(r) _ ol

34
r—oologl =2 T (r) ~ (34
Ty(r)
rPg (r)

Case II. Let ! = 2. Since li>—m =1, in view of condition (v) of Defini-
r—00

tion 2 it follows for all sufficiently large values of r and for a given € (0 < e < 1)
that

Ty(r) < (1+e)rret”)
and for a sequence of values of r tending to infinity
Ty(r) > (1 —e)rrelr).
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As log My(r) < 3T4(2r) {cf. [5]} and T, (r) = O{Tg (r)} as r — oo {cf. [3]},
we get for any d (> 0), 8 > 1 and for a sequence of values of r tending to infinity
that

log Mg(?”) B M
Te(r) Ty(r)
. log M, (r) 3(1 +¢) (2r)pg+5 1
1.e., TG(i) /8 : (1 o 5) ' (2r)pg+57pg(2r) ' Tpg(r) + O(l)
o D B g,

(1-¢)
because r?9T0s(1) is ultimately an increasing function of r by Lemma 6.
Since € (> 0) and J (> 0) are both arbitrary, we get from the above that
log M,
li_m Og Q(T)
r—00 TG (T)
Therefore from (27) and (34) it follows that
loglP—1! Tpog (1) ol

lim < ,q) -2
r—oo logl =2 Ty (r) p1(p-q)

<3.27 . (35)

This proves the first part of the theorem. Similarly from (28) and (34) we get

l—q—2
lim log ™42 Tyoq (r) <o
r—00 log[l_Q] T (’I”)

Thus the second part of the theorem follows.
Again putting [ = 2 in (27) and in view of (35) we obtain that
loglP—1! Tpog (1)

lim < 343- .q)- 2"
Jim = B pr(p:q)

Thus the third part of the theorem is established. ]

Theorem 16. Let f be a transcendental meromorphic function and g be
an entire function such that ps(p,q) < 0o and Atoq(p, q) = 0o where p and q are
positive integers with p > q. Also let F' = f*Q[f] where Q [f] is a differential
polynomial in f, then for any o > 1

log!?! Tfog (1)
im ———~2——=
r=o0loglPl Ty (74)

)

where A (> 0) is any positive number.
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Proof. If possible, let there exists a constant 5 such that for a sequence of
positive numbers of r tending to infinity we have

log!?! Tyo, (r) < B logl? T () . (36)

Again from the definition of pr(p, q) and in view of Lemma 8, it follows for
all sufficiently large positive numbers of r that

log? T (r*) < (pr(p,q) +¢)logr + O(1) .

ie., logP T (r*) < (pf(p,q) +¢)log r + O(1) . (37)

Now combining (36) and (37) we obtain for a sequence of positive numbers
of r tending to infinity that

log[p] Trog (1)
Le., )‘fog(pa q)

B (ps(p,q) +€)loglt r + O(1)

which contradicts the condition Afoq(p,q) = oo. So for all sufficiently large
positive numbers of r we get that

log[p] Tfog (1) > B - log[p] Tr (TA) ,

from which the theorem follows. O

<
<

In the line of Theorem 16, one can easily prove the following theorem and
therefore its proof is omitted.

Theorem 17. Let f be meromorphic function and g be a transcendental
entire function such that p, (p,q) < oo and Ayoq(p,q) = oo where p and q are
positive integers with p > q. Also let G = g*Q [g] where Q [g] is a differential
polynomial in g, then for any o > 1

log!”! Tfog (1)
reyoo logl?! Ty (r4)

where A (> 0) is any positive number.

Remark 1. Theorem 16 is also valid with “limit superior” instead of
“limit” if Afoq(p, q) = 00 is replaced by proq(p, q¢) = 0o and the other conditions
remain the same.

Remark 2. Theorem 17 is also valid with “limit superior” instead of
“limit” if Afoq(p, q) = 00 is replaced by proq(p, q) = 0o and the other conditions
remain the same.
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Corollary 18. Under the assumptions of Theorem 16 and Remark 1,
logP=1 T, loglP~t T,
%8 T fg(r):ooandlim %8 T fg(r):oo

9

respectively.

Proof. By Theorem 16 we obtain for all sufficiently large values of r and
for K > 1,

loglP! Tpog (r) > K- log”! T (TA)

ie., loglP~! Trog (r) > {log[pfl} Tr (?”A) }K ,

from which the first part of the corollary follows.
Similarly, using Remark 1, we obtain the second part of the corollary. [J

Corollary 19. Under the assumptions of Theorem 17 and Remark 2,
log[pfl} Tpog (1) _ log[p*” Tpog (1)

L o I Sl L s P T
log?™ " T (r4) log?™ " Tt (r4)

respectively.

In the line of Corollary 18, one can easily verify Corollary 19 with the help
of Theorem 17 and Remark 2 respectively and therefore its proof is omitted.
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