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1. Introduction, Definitions and Notations

Let us consider that the reader is familiar with the fundamental results and the
standard notations of the Nevanlinna theory of meromorphic functions which
are available in [5, 9, 11, 12]. We also use the standard notations and defini-
tions of the theory of entire functions which are available in [13] and therefore
we do not explain those in details. For x ∈ [0,∞) and k ∈ N, we define

exp[k] x = exp
(

exp[k−1] x
)

and log[k] x = log
(

log[k−1] x
)

where N be the set of

all positive integers. Let f be an entire function defined in the open complex
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plane C. The maximum modulus function Mf (r) corresponding to f is defined
on |z| = r as Mf (r) = max|z| = r |f (z)|. When f is meromorphic, one may
introduce another function Tf (r) known as Nevanlinna’s characteristic function
of f, playing the same role as Mf (r). However, the Nevanlinna Characteristic
function of a meromorphic function f is defined as

Tf (r) = Nf (r) +mf (r) ,

wherever the function Nf (r, a)

(

−

Nf (r, a)

)

known as counting function of a-

points (distinct a-points) of meromorphic f is defined as follows:

Nf (r, a) =

r
∫

0

nf (t, a)− nf (0, a)

t
dt+

−
nf (0, a) log r





−

Nf (r, a) =

r
∫

0

−
nf (t, a)−

−
nf (0, a)

t
dt+

−
nf (0, a) log r



 ,

in addition we represent by nf (r, a)
(

−
nf (r, a)

)

the number of a-points (distinct

a-points) of f in |z| ≤ r and an ∞ -point is a pole of f . In many occasions

Nf (r,∞) and
−

Nf (r,∞) are symbolized by Nf (r) and
−

Nf (r), respectively.
On the other hand, the function mf (r,∞) alternatively indicated by mf (r)

known as the proximity function of f is defined as:

mf (r) =
1

2π

2π
∫

0

log+
∣

∣

∣
f
(

reiθ
)∣

∣

∣
dθ, where

log+ x = max (log x, 0) for all x > 0 .

Also we may employ m
(

r, 1
f−a

)

by mf (r, a).

If f is entire, then the Nevanlinna Characteristic function Tf (r) of f is
defined as

Tf (r) = mf (r) .

Further, let n0, n1, n2, ...nk be non negative integers. For a transcendental
meromorphic function f , we call the expression M [f ] = fn0

(

f (1)
)n1
(

f (2)
)n2

...
(

f (k)
)nk to be a monomial generated by f. The numbers γM = n0 + n1 + n2 +

...+nk and ΓM = n0+2n1+3n2+...+(k+1)nk are called respectively the degree
and weight of the monomial. If M1 [f ] , M2 [f ] , ..., Mn[f ] denote monomials in
f , then

Q[f ] = a1M1 [f ] + a2M2[f ] + ...+ anMn[f ],
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where ai 6= 0(i = 1, 2, ..., n) is called a differential polynomial generated by f of
degree γQ = max{γMj

: 1 ≤ j ≤ n} and weight ΓQ = max{ΓMJ
: 1 ≤ j ≤ n}.

Also we call the numbers γQ = min
1≤ j≤ s

γMj and k (the order of the highest

derivative of f ) the lower degree and the order ofQ [f ], respectively. If γQ = γQ,

Q [f ] is called a homogeneous differential polynomial.

However, the ratio
Tf (r)
Tg(r)

as r → ∞ is called the growth of f with respect

to g in terms of the Nevanlinna Characteristic functions of the meromorphic
functions f and g. Moreover, the order ρf (resp. lower order λf ) of an entire
function f which is generally used in computational purpose is defined as

ρf = lim
r→∞

log logMf (r)

log r

(

resp. λf = lim
r→∞

log logMf (r)

log r

)

.

If f is a meromorphic function, then

ρf = lim
r→∞

log Tf (r)

log r

(

resp. λf = lim
r→∞

log Tf (r)

log r

)

.

Extending this notion, Juneja et. al. [6] defined the (p, q)-th order (resp.
(p, q)-th lower order) of an entire function f for any two positive integers p, q

with p ≥ q which is as follows:

ρf (p, q) = lim
r→∞

log[p]Mf (r)

log[q] r

(

resp. λf (p, q) = lim
r→∞

log[p]Mf (r)

log[q] r

)

.

If f is meromorphic function, then

ρf (p, q)= lim
r→∞

log[p−1] Tf (r)

log[q] r
and λf (p, q)= lim

r→∞

log[p−1] Tf (r)

log[q] r
,

where p, q are any two positive integers with p ≥ q.

These definitions extend the generalized order ρ
[l]
f and generalized lower

order λ
[l]
f of an entire function f considered in [10] for each integer l ≥ 2

since these correspond to the particular case ρ
[l]
f = ρf (l, 1) and λ

[l]
f = λf (l, 1).

Clearly, ρf (2, 1) = ρf and λf (2, 1) = λf .

An entire or meromorphic function for which (p, q)-th order and (p, q)-th
lower order are the same is said to be of regular (p, q)-growth. Functions which
are not of regular (p, q)-growth are said to be of irregular (p, q)-growth.

In this connection we just recall the following two definitions which will be
needed in the sequel.
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Definition 1. A function ρ
[l]
f (r) is called a generalized proximate order

of a meromorphic function f relative to Tf (r) if:

(i) ρ
[l]
f (r) is non-negative and continuous for r > r0, say,

(ii) ρ
[l]
f (r) is differentiable for r > r0 except possibly at isolated points at which

ρ
[l]′
f (r + 0) and ρ

[l]′
f (r − 0) exist,

(iii) lim
r→∞

ρ
[l]
f (r) = ρ

[l]
f < ∞,

(iv) lim
r→∞

ρ
[l]′
f (r)

l−1
Π
i=0

log[i] r = 0 and

(v) lim
r→∞

log[l−2] Tf (r)

r
ρ
[l]
f

(r)
= 1.

The existence of such a proximate order is proved by Lahiri [8].

Similarly one can define the generalized lower proximate order of a mero-
morphic function f in the following way:

Definition 2. A function λ
[l]
f (r) is defined as a generalized lower proxi-

mate order of a meromorphic function f relative to Tf (r) if:

(i) λ
[l]
f (r) is non-negative and continuous for r > r0, say,

(ii) λ
[l]
f (r) is differentiable for r > r0 except possibly at isolated points at which

λ
[l]′
f (r + 0) and λ

[l]′
f (r − 0) exist,

(iii) lim
r→∞

λ
[l]
f (r) = λ

[l]
f < ∞,

(iv) lim
r→∞

λ
[l]′
f (r)

l−1
Π
i=0

log[i] r = 0 and

(v) lim
r→∞

log[l−2] Tf (r)

r
λ
[l]
f

(r)
= 1.

In this paper we aim to establish some results depending on the comparative
growth properties of composite transcendental entire or meromorphic functions
and some special type of differential polynomials generated by one of the fac-
tors on the basis of (p, q)-th order ((p, q)-th lower order) and proximate order
(proximate lower order) where p, q are positive integers with p ≥ q.

2. Lemmas

In this section we present some lemmas which will be needed in the sequel.
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Lemma 3. ([1]) If f is a meromorphic function and g is an entire function
then for all sufficiently large positive numbers of r,

Tf◦g (r) 6 {1 + o(1)}
Tg (r)

logMg (r)
Tf (Mg (r)) .

Lemma 4. ([2]) Suppose that f is a meromorphic function and g be an
entire function and suppose that 0 < µ < ρg ≤ ∞.Then for a sequence of values
of r tending to infinity,

Tf◦g(r) ≥ Tf (exp (r
µ)) .

Lemma 5. ([4]) Let g be an entire function. Then for any δ(> 0) the

function rλ
[l]
g +δ−λ

[l]
g (r) is ultimately an increasing function of r.

Lemma 6. ([4]) Let g be an entire function. Then for any δ(> 0) the

function rρ
[l]
g +δ−ρ

[l]
g (r) is ultimately an increasing function of r.

Lemma 7. ([3]) Let f be a transcendental meromorphic function and
F = fnQ [f ] where Q [f ] is a differential polynomial in f , then for any n ≥ 1,

Tf (r) = O {TF (r)} as r → ∞

and TF (r) = O {Tf (r)} as r → ∞ .

Lemma 8. Let f be a transcendental meromorphic function and F =
fnQ [f ] where Q [f ] is a differential polynomial in f , then for any n ≥ 1

ρF (p, q) = ρf (p, q) and λF (p, q) = λf (p, q) .

Proof. Let us consider that α and β be any two constant greater than 1.
Now we get from Lemma 7 for all sufficiently large values of r that

TF (r) < α · Tf (r) (1)

and

Tf (r) < β · TF (r) . (2)

Now from (1) it follows for all sufficiently large values of r that

log[p] TF (r) < log[p] Tf (r) +O(1)

i.e.,
log[p] TF (r)

log[q] r
<

log[p] Tf (r) +O(1)

log[q] r
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i.e., ρF (p, q) ≤ ρf (p, q) . (3)

Again from (2) we obtain for all sufficiently large values of r that

log[p] Tf (r) < log[p] TF (r) +O(1)

i.e.,
log[p] Tf (r)

log[q] r
<

log[p] TF (r) +O(1)

log[q] r

i.e., ρf (p, q) ≤ ρF (p, q) . (4)

Therefore from (3) and (4), we get that

ρF (p, q) = ρf (p, q) .

In a similar manner, λF (p, q) = λf (p, q).
Thus the lemma follows.

3. Main Results

In this section we present the main results of the paper.

Theorem 9. Let f be a transcendental meromorphic function and g be an
entire function such that ρg(m,n) < λf (p, q) ≤ ρf (p, q) < ∞, where p, q,m, n

are positive integers with p ≥ q,m ≥ n. Also let F = fαQ [f ], where Q [f ] is a
differential polynomial in f , then for any α ≥ 1

(i) lim
r→∞

log[p−1] Tf◦g

(

exp[n−1] r
)

log[p−2] TF (exp[q−1] r)
= 0 if q ≥ m

and

(ii) lim
r→∞

log[p+m−q−2] Tf◦g

(

exp[n−1] r
)

log[p−2] TF (exp[q−1] r)
= 0 if q < m.

Proof. Since ρg(m,n) < λf (p, q) we can choose ε (> 0) is such a way that

ρg(m,n) + ε < λf (p, q)− ε. (5)

As Tg(r) ≤ log+Mg(r) {cf. [5]}, we have from Lemma 3, for all sufficiently
large values of r that

log[p−1] Tf◦g

(

exp[n−1] r
)

≤ log[p−1] Tf

(

Mg

(

exp[n−1] r
))

+O(1)

i.e., log[p−1] Tf◦g

(

exp[n−1] r
)
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6 (ρf (p, q) + ε) log[q]Mg

(

exp[n−1] r
)

+O(1). (6)

Now the following two cases may arise.

Case I. Let q > m. Then we have from (6) for all sufficiently large values
of r that

log[p−1] Tf◦g

(

exp[n−1] r
)

6 (ρf (p, q) + ε) log[m−1]Mg

(

exp[n−1] r
)

+O(1). (7)

Again for all sufficiently large values of r,

log[m]Mg

(

exp[n−1] r
)

6 (ρg(m,n) + ε) log[n] exp[n−1] r

i.e. , log[m−1]Mg

(

exp[n−1] r
)

6 r(ρg(m,n)+ε). (8)

Now from (7) and (8) we have for all sufficiently large values of r that

log[p−1] Tf◦g

(

exp[n−1] r
)

6 (ρf (p, q) + ε) r(ρg(m,n)+ε) +O(1). (9)

Case II. Let q < m. Then for all sufficiently large values of r we get from
(6) that

log[p−1] Tf◦g

(

exp[n−1] r
)

6 (ρf (p, q) + ε) exp[m−q] log[m]Mg

(

exp[n−1] r
)

+O(1). (10)

Again for all sufficiently large values of r,

log[m]Mg

(

exp[n−1] r
)

6 (ρg(m,n)+ε) log[n] exp[n−1] r

i.e., log[m]Mg

(

exp[n−1] r
)

6 log rρg(m,n)+ε

i.e., exp[m−q] log[m]Mg

(

exp[n−1] r
)

6 exp[m−q] log rρg(m,n)+ε

i.e., exp[m−q] log[m]Mg

(

exp[n−1] r
)

6 exp[m−q−1] rρg(m,n)+ε. (11)

Now from (10) and (11) we have for all sufficiently large values of r that

log[p−1] Tf◦g

(

exp[n−1] r
)

≤ (ρf (p, q) + ε) exp[m−q−1] rρg(m,n)+ε +O(1)

i.e., log[p] Tf◦g

(

exp[n−1] r
)

6 exp[m−q−2] rρg(m,n)+ε +O(1)
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i.e., log[p+m−q−2] Tf◦g

(

exp[n−1] r
)

6 log[m−q−2] exp[m−q−2] rρg(m,n)+ε +O(1)

i.e., log[p+m−q−2] Tf◦g

(

exp[n−1] r
)

6 rρg(m,n)+ε +O(1) . (12)

Again for all sufficiently large values of r, we get in view of Lemma 8 that

log[p−1] TF (exp
[q−1] r) > (λF (p, q)− ε) log[q] exp[q−1] r

i.e., log[p−1] TF (exp
[q−1] r) > (λf (p, q)− ε) log r

i.e., log[p−1] TF (exp
[q−1] r) > log r(λf (p,q)−ε)

i.e., log[p−2] TF (exp
[q−1] r) > r(λf (p,q)−ε) . (13)

Now combining (9) of Case I and (13), we get for all sufficiently large values of
r that

log[p−1] Tf◦g

(

exp[n−1] r
)

log[p−2] TF (exp[q−1] r)

≤
(ρf (p, q) + ε) r(ρg(m,n)+ε) +O(1)

r(λf (p,q)−ε)
. (14)

Now in view of (5) it follows from (14) that

lim
r→∞

log[p−1] Tf◦g

(

exp[n−1] r
)

log[p−2] TF (exp[q−1] r)
= 0 .

This proves the first part of the theorem.

Again combining (12) of Case II and (13), we obtain for all sufficiently large
values of r that

log[p+m−q−2] Tf◦g

(

exp[n−1] r
)

log[p−2] TF (exp[q−1] r)
≤

rρg(m,n)+ε +O(1)

r(λf (p,q)−ε)
. (15)

Now in view of (5) it follows from (15) that

lim
r→∞

log[p+m−q−2] Tf◦g

(

exp[n−1] r
)

log[p−2] TF (exp[q−1] r)
= 0 .

Thus the theorem follows.

Theorem 10. Let f be a transcendental meromorphic function and g be
an entire function such that λg(m,n) < λf (p, q) ≤ ρf (p, q) < ∞ where p, q,m, n

are positive integers with p ≥ q and m ≥ n. Also let F = fαQ [f ] where Q [f ]
is a differential polynomial in f , then for any α ≥ 1
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(i) lim
r→∞

log[p−1] Tf◦g

(

exp[n−1] r
)

log[p−2] TF (exp[q−1] r)
= 0 if q ≥ m

and

(ii) lim
r→∞

log[p+m−q−2] Tf◦g

(

exp[n−1] r
)

log[p−2] TF (exp[q−1] r)
= 0 if q < m.

Proof. For a sequence of values of r tending to infinity that

log[m] Mg

(

exp[n−1] r
)

6 (λg(m,n) + ε) log[n] exp[n−1] r

i.e., log[m] Mg

(

exp[n−1] r
)

6 log rλg(m,n)+ε

i.e., log[m−1] Mg

(

exp[n−1] r
)

6 log rλg(m,n)+ε . (16)

Now from (7) and (16) we get for a sequence of values of r tending to infinity
that

log[p−1] Tf◦g

(

exp[n−1] r
)

6 (ρf (p, q) + ε) rλg(m,n)+ε +O(1). (17)

Combining (13) and (17) we obtain for a sequence of values of r tending to
infinity that

log[p−1] Tf◦g

(

exp[n−1] r
)

log[p−2] TF (exp[q−1] r)
≤

(ρf (p, q) + ε) rλg(m,n)+ε +O(1)

r(λf (p,q)−ε)
. (18)

Now in view of (5) we have from (18) that

lim
r→∞

log[p−1] Tf◦g

(

exp[n−1] r
)

log[p−2] TF (exp[q−1] r)
= 0 .

This proves the first part of the theorem.
Again for a sequence of values of r tending to infinity that

log[m]Mg

(

exp[n−1] r
)

6 (λg(m,n) + ε) log[n] exp[n−1] r

i.e., log[m]Mg

(

exp[n−1] r
)

6 log r(λg(m,n)+ε)

i.e., exp[m−q] log[m]Mg

(

exp[n−1] r
)

6 exp[m−q] log r(λg(m,n)+ε)

i.e., exp[m−q] log[m]Mg

(

exp[n−1] r
)

6 exp[m−q−1] r(λg(m,n)+ε). (19)

Now from (10) and (19) we have for a sequence of values of r tending to infinity
that
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log[p−1] Tf◦g

(

exp[n−1] r
)

6(ρf (p, q)+ε) exp[m−q−1] r(λg(m,n)+ε) +O(1)

i.e., log[p] Tf◦g

(

exp[n−1] r
)

6 exp[m−q−2] r(λg(m,n)+ε) +O(1)

i.e., log[p+m−q−2] Tf◦g

(

exp[n−1] r
)

6 log[m−q−2] exp[m−q−2] r(λg(m,n)+ε) +O(1)

i.e., log[p+m−q−2] Tf◦g

(

exp[n−1] r
)

6 r(λg(m,n)+ε) +O(1). (20)

Combining (13) and (20) we obtain for a sequence of values of r tending to
infinity that

log[p+m−q−2] Tf◦g

(

exp[n−1] r
)

log[p−2] TF (exp[q−1] r)
≤

r(λg(m,n)+ε) +O(1)

rλf (p,q)−ε
. (21)

Now in view of (5) it follows from (21) that

lim
r→∞

log[p+m−q−2] Tf◦g

(

exp[n−1] r
)

log[p−2] TF (exp[q−1] r)
= 0.

This establishes the second part of the theorem.

Theorem 11. Let g be an entire function and f be a transcendental
meromorphic function such that 0 < λf (p, q) ≤ ρf (p, q) < ∞, where p and q

are any two positive integers with p ≥ q. Also let F = fαQ [f ] where Q [f ] is a
differential polynomial in f , then for any α ≥ 1

(i) lim
r→∞

log[p−1] Tf◦g(r)

log[p−1] TF (exp (rµ))
= ∞ if q = 1

(ii) lim
r→∞

log[p−1] Tf◦g(r)

log[p−1] TF (exp (rµ))
≥

βλf (p, q)

µρf (p, q)
if q = 2

and

(iii) lim
r→∞

log[p−1] Tf◦g(r)

log[p−1] TF (exp (rµ))
≥

λf (p, q)

ρf (p, q)
if q > 2,

where 0 < µ < β < ρg.
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Proof. Since 0 < µ < β < ρg, then from Lemma 4 we obtain for a sequence
of values of r tending to infinity that

log[p−1] Tf◦g(r) ≥ log[p−1] Tf (exp (r
α))

i.e., log[p−1] Tf◦g(r) ≥ (λf (p, q)− ε) log[q] exp (rα)

i.e., log[p−1] Tf◦g(r) ≥ (λf (p, q)− ε) log[q−1] (rα) . (22)

Again from the definition of ρF (p, q) it follows in view of Lemma 8, for all
sufficiently large values of r that

log[p−1] TF (exp (r
µ)) ≤ (ρF (p, q) + ε) log[q] exp (rµ)

i.e., log[p−1] TF (exp (r
µ)) ≤ (ρf (p, q) + ε) log[q−1] (rµ) . (23)

Thus from (22) and (23) we have for a sequence of values of r tending to infinity
that

log[p−1] Tf◦g(r)

log[p−1] TF (exp (rµ))
≥

(λf (p, q)− ε) log[q−1] (rα)

(ρf (p, q) + ε) log[q−1] (rµ)
. (24)

Since µ < β, the theorem follows from (24) .

Theorem 12. Let f be a transcendental meromorphic function and g

be an entire function such that 0 < λf (p, q) ≤ ρf (p, q) < ∞ and ρg(m,n)
< ∞ where p, q,m, n are positive integers with p ≥ q and m ≥ n. Also let
F = fαQ [f ] where Q [f ] is a differential polynomial in f , then for any α ≥ 1

(i) lim
r→∞

log[p] Tf◦g

(

exp[n−1] r
)

log[p−1] TF (exp[q−1] r)
6

ρg(m,n)

λf (p, q)
if q ≥ m

and

(ii) lim
r→∞

log[p+m−q−1] Tf◦g

(

exp[n−1] r
)

log[p−1] TF (exp[q−1] r)
6

ρg(m,n)

λf (p, q)
if q < m .

Proof. In view of Lemma 8, we have for all sufficiently large values of r that

log[p−1] TF (exp
[q−1] r) ≥ (λF (p, q)− ε) log[q] exp[q−1] r

i.e., log[p−1] TF (exp
[q−1] r) ≥ (λf (p, q)− ε) log r . (25)

Case I. If q > m , then from (9) and (25) we get for all sufficiently large
values of r that

log[p] Tf◦g

(

exp[n−1] r
)

log[p−1] TF (exp[q−1] r)
6

(ρg(m,n) + ε) log r +O(1)

(λf (p, q)− ε) log r
.
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Since ε (> 0) is arbitrary, it follows from above that

lim
r→∞

log[p] Tf◦g

(

exp[n−1] r
)

log[p−1] TF (exp[q−1] r)
6

ρg(m,n)

λf (p, q)
.

This proves the first part of the theorem.
Case II. If q < m then from (12) and (25) we obtain for all sufficiently

large values of r that

log[p+m−q−1] Tf◦g

(

exp[n−1] r
)

log[p−1] TF (exp[q−1] r)
6

(ρg(m,n) + ε) log r +O(1)

(λf (p, q)− ε) log r
.

As ε (> 0) is arbitrary, it follows from above that

lim
r→∞

log[p+m−q−1] Tf◦g

(

exp[n−1] r
)

log[p−1] TF (exp[q−1] r)
6

ρg(m,n)

λf (p, q)
.

Thus the second part of the theorem is established.

Theorem 13. Let f be meromorphic and g be a transcendental entire

such that ρf (p, q) and λ
[l]
g are both finite where p, q, l are positive integers with

p > q and l ≥ 2. Also let G = gαQ [g] where Q [g] is a differential polynomial
in g, then for any α ≥ 1

(i) lim
r→∞

log[p−1] Tf◦g (r)

log[l−2] TG(r)
6 ρf (p, q).2

λ
[l]
g

if q ≥ l − 1 > 1 ,

(ii) lim
r→∞

log[p+l−q−2] Tf◦g (r)

log[l−2] TG(r)
6 2

λ
[l]
g

if q < l − 1,

and

(iii) lim
r→∞

log[p−1] Tf◦g (r)

TG(r)
6 3β · ρf (p, q).2

λg
if q ≥ l − 1 = 1,

where β > 1.

Proof. As ε (> 0) is arbitrary and Tg (r) 6 log+Mg (r) {cf. [5]}, we have
from Lemma 3 for all sufficiently large values of r that

log[p−1] Tf◦g (r) 6 (ρf (p, q) + ε) log[q]Mg (r) +O(1) . (26)
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Case I. Let q ≥ l − 1. Then from (26) we obtain for all sufficiently large
values of r that

log[p−1] Tf◦g (r) 6 (ρf (p, q) + ε) log[l−1]Mg (r) +O(1).

Since ε (> 0) we get from above that

lim
r→∞

log[p−1] Tf◦g (r)

log[l−2] TG(r)
6 ρf (p, q) · lim

r→∞

log[l−1]Mg (r)

log[l−2] TG(r)
. (27)

Case II. Let q < l−1. Then from (26) we get for all sufficiently large values
of r that

log[l−q−1] log[p−1] Tf◦g (r)6 log[l−q−1]
{

(ρf (p, q)+ε) log[q]Mg (r)+O(1)
}

i.e., log[p+l−q−2] Tf◦g (r) 6 log[l−1]Mg (r) +O(1)

i.e.,
log[p+l−q−2] Tf◦g (r)

log[l−2] TG(r)
6

log[l−1]Mg (r) +O(1)

log[l−2] TG(r)
.

Therefore we get from above that

lim
r→∞

log[p+l−q−2] Tf◦g (r)

log[l−2] TG(r)
6 lim

r→∞

log[l−1]Mg (r)

log[l−2] TG(r)
. (28)

Now let l > 2. Since lim
r→∞

log[l−2] Tg(r)

r
λ
[l]
g (r)

= 1, for given ε (0 < ε < 1) we get for

a sequence of values of r tending to infinity that

log[l−2] Tg(r) < (1 + ε)rλ
[l]
g (r)

and for all sufficiently large values of r,

log[l−2] Tg(r) > (1− ε)rλ
[l]
g (r).

Since logMg(r) ≤ 3Tg(2r) {cf. [5]} and Tg (r) = O {TG (r)} as r → ∞ {cf.
[3]}, we get for a sequence of values of r tending to infinity and for any δ (> 0)
that

log[l−1]Mg (r)

log[l−2] TG(r)
<

log[l−1]Mg (r)

log[l−2] Tg(r) +O(1)
<

log[l−2] Tg(2r) +O(1)

log[l−2] Tg(r) +O(1)

<
(1 + ε)

(1− ε)
·

(2r)λ
[l]
g +δ

(2r)λ
[l]
g +δ−λ

[l]
g (2r)

·
1

rλ
[l]
g (r)

+O(1)

<
(1 + ε)

(1− ε)
· 2

λ
[l]
g +δ

+O(1)
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because rλ
[l]
g +δ−λ

[l]
g (r) is ultimately an increasing function of r by Lemma 5.

Since ε (> 0) and δ (> 0) are both arbitrary, we get from above that

lim
r→∞

log[l−1]Mg (r)

log[l−2] TG(r)
≤ 2

λ
[l]
g

. (29)

Again let l = 2. Since lim
r→∞

Tg(r)

rλg(r)
= 1, in view of condition (v) of Definition

1 it follows for a sequence of values of r tending to infinity and for a given
ε (0 < ε < 1) that

Tg(r) < (1 + ε)rλg(r)

and for all large positive numbers of r,

Tg(r) > (1− ε)rλg(r).

As logMg(r) ≤ 3Tg(2r) {cf. [5]} and Tg (r) = O {TG (r)} as r → ∞ {cf. [3]},
we get for any δ (> 0), β > 1 and for a sequence of values of r tending to infinity
that

logMg(r)

TG(r)
< β ·

logMg(r)

Tg(r)

i.e.,
logMg(r)

TG(r)
< β ·

3(1 + ε)

(1− ε)
·

(2r)λg+δ

(2r)λg+δ−λg(2r)
·

1

rλg(r)
+O(1)

i.e.,
logMg(r)

TG(r)
<

3β(1 + ε)

(1− ε)
· 2

λg+δ

+O(1) , (30)

because rλg+δ−λg(r) is ultimately an increasing function of r by Lemma 5. Since
ε (> 0) and δ (> 0) are both arbitrary, we get from (30) that

lim
r→∞

logMg(r)

TG(r)
≤ 3β · 2

λg
. (31)

Therefore from (27) of Case I and (29) it follows that

lim
r→∞

log[p−1] Tf◦g (r)

log[l−2] TG(r)
6 ρf (p, q) · 2

λ
[l]
g

.

This proves the first part of the theorem. Also from (28) of Case II and (29)
we obtain that

lim
r→∞

log[p+l−q−2] Tf◦g (r)

log[l−2] TG(r)
6 2

λ
[l]
g

.

Thus the second part of the theorem is established. Again putting l = 2 in (27)
of Case I and in view of (31) we obtain that
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lim
r→∞

log[p−1] Tf◦g (r)

TG(r)
6 3β · ρf (p, q) · 2

λg
.

Thus the third part of the theorem follows.

Corollary 14. Under the same conditions of Theorem 13, if l = 2 then

lim
r→∞

log[p] Tf◦g (r)

log[q] TG(r)
≤ 1 .

Proof. If q ≥ 1, then from (26) we obtain for all sufficiently large values of
r that

log[p] Tf◦g (r) 6 log[q+1]Mg (r) +O(1) . (32)

Now from (30) we have for a sequence of values of r tending to infinity that

logMg(r) ≤

{

3β(1 + ε)

(1− ε)
· 2

λg+δ

}

· TG(r)

i.e., log[q+1]Mg(r) ≤ log[q] TG(r) +O(1) . (33)

Now combining (32) and (33) it follows for a sequence of values of r tending to
infinity that

log[p] Tf◦g (r) 6 log[q] TG(r) +O(1)

i.e.,
log[p] Tf◦g (r)

log[q] TG(r)
≤ 1 +

O(1)

log[q] TG(r)
.

So from above we obtain that

lim
r→∞

log[p] Tf◦g (r)

log[q] TG(r)
≤ 1 .

Thus the corollary follows.

Theorem 15. Let f be meromorphic and g be a transcendental entire

such that ρf (p, q) and ρ
[l]
g are finite where p, q, l are positive integers with p > q

and l ≥ 2. Also let G = gαQ [g], where Q [g] is a differential polynomial in g,
then for any α ≥ 1

(i) lim
r→∞

log[p−1] Tf◦g (r)

log[l−2] TG(r)
6 ρf (p, q) · 2

ρ
[l]
g

if q ≥ l − 1 > 1,
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(ii) lim
r→∞

log[p+l−q−2] Tf◦g (r)

log[l−2] TG(r)
6 2

ρ
[l]
g

if q < l − 1,

and

(iii) lim
r→∞

log[p−1] Tf◦g (r)

TG(r)
6 3β · ρf (p, q) · 2

ρg
if q ≥ l − 1 = 1,

where β > 1.

Proof. Case I. Let l > 2. As lim
r→∞

log[l−2] Tg(r)

r
ρ
[l]
g (r)

= 1, for given ε (0 < ε < 1)

we obtain for all sufficiently large values of r that

log[l−2] Tg(r) < (1 + ε)rρ
[l]
g (r)

and for a sequence of values of r tending to infinity,

log[l−2] Tg(r) > (1− ε)rρ
[l]
g (r) .

Since logMg(r) ≤ 3Tg(2r) {cf. [5]} and Tg (r) = O {TG (r)} as r → ∞ {cf. [3]},
for a sequence of values of r tending to infinity we get for any δ (> 0) that

log[l−1]Mg(r)

log[l−2] TG(r)
<

log[l−1]Mg(r)

log[l−2] Tg(r) +O(1)
<

log[l−2] Tg(2r) +O(1)

log[l−2] Tg(r) +O(1)

<
(1 + ε)

(1− ε)
·

(2r)ρ
[l]
g +δ

(2r)ρ
[l]
g +δ−ρ

[l]
g (2r)

·
1

rρ
[l]
g (r)

+O(1)

<
(1 + ε)

(1− ε)
· 2

ρ
[l]
g +δ

because rρ
[l]
g +δ−ρ

[l]
g (r) is ultimately an increasing function of r by Lemma 6.

Since ε (> 0) and δ (> 0) are both arbitrary, we get from above that

lim
r→∞

log[l−1]Mg(r)

log[l−2] TG(r)
≤ 2

ρ
[l]
g

. (34)

Case II. Let l = 2. Since lim
r→∞

Tg(r)

rρg(r)
= 1, in view of condition (v) of Defini-

tion 2 it follows for all sufficiently large values of r and for a given ε (0 < ε < 1)
that

Tg(r) < (1 + ε)rρg(r)

and for a sequence of values of r tending to infinity

Tg(r) > (1− ε)rρg(r).
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As logMg(r) ≤ 3Tg(2r) {cf. [5]} and Tg (r) = O {TG (r)} as r → ∞ {cf. [3]},
we get for any δ (> 0), β > 1 and for a sequence of values of r tending to infinity
that

logMg(r)

TG(r)
< β ·

logMg(r)

Tg(r)

i.e.,
logMg(r)

TG(r)
< β ·

3(1 + ε)

(1− ε)
·

(2r)ρg+δ

(2r)ρg+δ−ρg(2r)
·

1

rρg(r)
+O(1)

i.e.,
logMg(r)

TG(r)
<

3β(1 + ε)

(1− ε)
· 2

ρg+δ

+O(1)

because rρg+δ−ρg(r) is ultimately an increasing function of r by Lemma 6.

Since ε (> 0) and δ (> 0) are both arbitrary, we get from the above that

lim
r→∞

logMg(r)

TG(r)
≤ 3 · 2

ρg
. (35)

Therefore from (27) and (34) it follows that

lim
r→∞

log[p−1] Tf◦g (r)

log[l−2] TG(r)
6 ρf (p, q) · 2

ρ
[l]
g

.

This proves the first part of the theorem. Similarly from (28) and (34) we get

lim
r→∞

log[p+l−q−2] Tf◦g (r)

log[l−2] TG(r)
6 2

ρ
[l]
g

.

Thus the second part of the theorem follows.

Again putting l = 2 in (27) and in view of (35) we obtain that

lim
r→∞

log[p−1] Tf◦g (r)

TG(r)
6 3β · ρf (p, q) · 2

ρg
.

Thus the third part of the theorem is established.

Theorem 16. Let f be a transcendental meromorphic function and g be
an entire function such that ρf (p, q) < ∞ and λf◦g(p, q) = ∞ where p and q are
positive integers with p ≥ q. Also let F = fαQ [f ] where Q [f ] is a differential
polynomial in f , then for any α ≥ 1

lim
r→∞

log[p] Tf◦g (r)

log[p] TF (rA)
= ∞,

where A (> 0) is any positive number.
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Proof. If possible, let there exists a constant β such that for a sequence of
positive numbers of r tending to infinity we have

log[p] Tf◦g (r) ≤ β · log[p] TF

(

rA
)

. (36)

Again from the definition of ρF (p, q) and in view of Lemma 8, it follows for
all sufficiently large positive numbers of r that

log[p] TF

(

rA
)

≤ (ρF (p, q) + ε) log[q] r +O(1) .

i.e., log[p] TF

(

rA
)

≤ (ρf (p, q) + ε) log[q] r +O(1) . (37)

Now combining (36) and (37) we obtain for a sequence of positive numbers
of r tending to infinity that

log[p] Tf◦g (r) ≤ β · (ρf (p, q) + ε) log[q] r +O(1)

i.e., λf◦g(p, q) ≤ β · (ρf (p, q) + ε) ,

which contradicts the condition λf◦g(p, q) = ∞. So for all sufficiently large
positive numbers of r we get that

log[p] Tf◦g (r) ≥ β · log[p] TF

(

rA
)

,

from which the theorem follows.

In the line of Theorem 16, one can easily prove the following theorem and
therefore its proof is omitted.

Theorem 17. Let f be meromorphic function and g be a transcendental
entire function such that ρg (p, q) < ∞ and λf◦g(p, q) = ∞ where p and q are
positive integers with p ≥ q. Also let G = gαQ [g] where Q [g] is a differential
polynomial in g, then for any α ≥ 1

lim
r→∞

log[p] Tf◦g (r)

log[p] TG (rA)
= ∞,

where A (> 0) is any positive number.

Remark 1. Theorem 16 is also valid with “limit superior” instead of
“limit” if λf◦g(p, q) = ∞ is replaced by ρf◦g(p, q) = ∞ and the other conditions
remain the same.

Remark 2. Theorem 17 is also valid with “limit superior” instead of
“limit” if λf◦g(p, q) = ∞ is replaced by ρf◦g(p, q) = ∞ and the other conditions
remain the same.
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Corollary 18. Under the assumptions of Theorem 16 and Remark 1,

lim
r→∞

log[p−1] Tf◦g (r)

log[p−1] TF (rA)
= ∞ and lim

r→∞

log[p−1] Tf◦g (r)

log[p−1] TF (rA)
= ∞,

respectively.

Proof. By Theorem 16 we obtain for all sufficiently large values of r and
for K > 1,

log[p] Tf◦g (r) ≥ K · log[p] TF

(

rA
)

i.e., log[p−1] Tf◦g (r) ≥
{

log[p−1] TF

(

rA
)

}K

,

from which the first part of the corollary follows.

Similarly, using Remark 1, we obtain the second part of the corollary.

Corollary 19. Under the assumptions of Theorem 17 and Remark 2,

lim
r→∞

log[p−1] Tf◦g (r)

log[p−1] TG (rA)
= ∞ and lim

r→∞

log[p−1] Tf◦g (r)

log[p−1] TG (rA)
= ∞,

respectively.

In the line of Corollary 18, one can easily verify Corollary 19 with the help
of Theorem 17 and Remark 2 respectively and therefore its proof is omitted.
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