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Abstract: A nonzero nonunit a of a ring R is called an irreducible element
if, for some b,c € R, a = bc implies that either b or ¢ (not both) is a unit. We
construct a bipartite graph in which the union of the set of irreducible elements
and group of units is a vertex-set and an edge-set is the set of pairs between
irreducible elements and their unit factors in the ring of integers modulo n.
Many properties of this constructed bipartite graph are studied. We show that
this bipartite graph contains components which are isomorphic. We also note
that each component of this bipartite graph can be presented in some form
which we call star form presentation. Some examples of graphs in star form
presentation are provided for illustration purposes. Furthermore, we prove that
the girth of this bipartite graph is 8. Most of the results in this paper are arrived
at via group action.
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1. Introduction

In this paper we study a bipartite graph associated with irreducible elements
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and group of units in a ring of integers modulo n. We construct a bipartite graph
in which we define a vertex-set as the union of the set of irreducible elements and
group of units and an edge-set as the set of pairs between irreducible elements
and their unit factors. Our interest is to study and establish relationships
between the set of irreducible elements and the group of units by using the
properties of the graph we are going to construct. Since we are going to work
with elements in the ring of integers modulo n, in Section 2, we give an overview
of this ring and we also give some results, available in [7], on how to determine
the set of irreducible elements and its cardinality. We also present some results,
which are crucial to our work, on group action and graph theory.

First part of Section 3 we are going to define some maps which are defined on
group of units and show that the set of these maps is a group which acts on group
of units. Our interest is to find orbits induced in group of units which are useful
in proving some results in this paper. Lastly, we define and study a bipartite
graph to an extent of determining some properties such as the components,
degrees, connectivity, girth, circumference and others. More interestingly, we
show that all components in this bipartite graph are isomorphic.

2. Preliminaries

In this section we give a quick overview of the ring of integers modulo n, group
action and graph theory, respectively.

2.1. An overview of the ring of integers modulo n

In this section the reader is referred to [3, 4, 5, 6, 7, 9] if more details are sought.
We view the ring of integers modulo n, denoted Z,, as the set {0,1,...,n — 1}
which is called the complete set of residues modulo n. Z, is a commutative
ring with identity 1. For a nonzero Z,, we use the notation Z;. An element
u € Zy, is a unit if there exists v € Z,, such that uv = 1; in this case v is called
a multiplicative inverse of u. All elements which are not units are said to be
nonunits. The set of all units forms a group called the group of units. We
denote a group of units by U,. Any element qa is in the group of units of Z,
if ged(a,n) = 1, that is, the group of units is the set {a € Z,|gcd(a,n) = 1}.
Euler’s phi function states that if n = Hle p;*, a prime power factorization,
then ¢(n) = Hle(piai —pio‘i_l) and ¢(nm) = ¢(n)¢p(m) if n and m are positive
integers such that ged(n,m) = 1. Note that ¢(n) is the number of units in Z,.

A nonzero nonunit a of a ring R is called an irreducible element if, for some
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b,c € R, a = bc implies that either b or ¢ (not both) is a unit. In this paper we
denote the set of irreducible elements by Z,,. Since in Z,, elements do not have
unique factors then a nonzero nonunit a is irreducible if all its factors satisfy
the condition in the definition. For instance, 6=1-6=2-3=5-3=8-3=4-6
in Zg. So 6 is an irreducible element since all factors satisfy the condition in
the definition.

Definition 1. Let n = Hle p* with p; distinct primes. We define P as

i

the set of all p; with o; > 1, i.e., P = {p;|p; is factor of n with o; > 1}.

To determine and count all irreducible elements in Z, we are going to use
results in [7].

Theorem 2. Letn = Hle p;* where p; are distinct primes. Then
(i) I, =0, if P =1,
(ii)) Z,, = {a € Zy| ged(a,n) = p,p € P},
(ifi) | Z| = 3 5.
peEP

Remark 3. Suppose that [P| # 0. Then, by Theorem 2 (ii), it is not
hard to observe that the set of irreducible elements can as well be written as
Z, = {uplu € Up,p € P}.

2.2. Group Action

Here we give an overview of group action which is a powerful tool in solving
different problems in algebra and other branches of mathematics. Here we give
some definitions and results which are relevant to what we study in this paper.
If more details are sought, the reader is referred to [4, 6].

Let X be an arbitrary set, and let G be a group. A function f: Gx X — X
is called group action by G on X if and only if ex = « for all x € X and
(9192)x = g1(gox) for all g1, 92 € G and = € X, where e is the identity of G. If
G is acting on X then X is called a G-set. If G acts on a set X and z,y € X,
then z is said to be G-equivalent to y if there exists a g € G such that gx = y.
We write x ~ y if two elements are G-equivalent. Let X be a G-set. Then
G-equivalence is an equivalence relation on X.

If X is a G-set, then each partition of X associated with G-equivalence is
called an orbit of X under G. We denote the orbit that contains an element x
of X by O,. Let O denote the set of all orbits in X under the action of G, i.e,
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0 ={0;|x € X}. Let G be a group acting on a set X and let g be an element
of G. Then the fired point set of g in X, denoted by X, is the set of all z € X
such that gr = x. Note that X, C X. The number of elements in the fixed
point set of an element g € G is denoted by |X,| and the number of orbits in
X is denoted by |O|. A group acts faithfully on a G-set X if the identity is the
only element of GG that leaves every element of X fixed.

Theorem 4 (Cauchy Frobenius Theorem). Let G be a finite group acting
on a set X and let k denote the number of orbits in X under the action of G.

Then
1
k= [€ > 1X(g)l-
geG

2.3. Some Concepts on Graph Theory

In this section we consider some definitions and results in graph theory and the
reader is referred to [1, 2, 8, 11] if more details are sought.

A simple graph G = (V, E) consists of a nonempty finite set V(G) of ele-
ments called vertices and a finite set E(G) of distinct unordered pairs of distinct
elements of V(G) called edges. We call V(G) the vertez-set and E(G) the edge-
set of G. Each edge has a set of one or two vertices associated to it, which are
called its endpoints and an edge is said to join its endpoints. Two edges of
a graph are called adjacent if they share a vertex. Similarly, two vertices are
called adjacent if they share an edge. An edge and a vertex on that edge are
called incident. For a given vertex x, the number of all vertices adjacent to it
is called degree of the verter x, denoted by d(x). For a graph G, the minimum
degree over all vertices is called the minimum degree of G, denoted by §(G)
and the maximum degree over all vertices is called the mazimum degree of G,
denoted by A(G).

If in a simple graph every pair of vertices are adjacent then the graph is
called a complete graph and is denoted by K,. A graph with no edges is called
an empty graph. If V/(G') C V(G) and E'(G’) C E(G), then G’ = (V' E') is
a subgraph of G. A graph is called connected if any two vertices are connected
by some path; it is called disconnected otherwise. A connected subgraph H
is mazimal provided H is not properly contained in a connected subgraph of
G. In other words, H is said to be a maxzimal connected subgraph of G if H
is a subgraph of H' and H’ is a connected subgraph of G, then H = H'. A
maximal connected subgraph of G is called a component of G. A connected
graph in which every vertex has degree 2 is called a cycle. A cycle is denoted
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by C, where n is the number of vertices. If n is an even number then C), is
called even cycle. If n is odd then C,, is odd cycle. The girth of a graph is the
length of a shortest cycle, denoted by ¢g(G). The circumference of a graph G is
the maximum length of a cycle in G, denoted by ¢(G)

Two graphs G and G’ are isomorphic if there is a one-to-one correspondence
between the vertices of G, and those of G’ such that the number of edges joining
any two vertices of G is equal to the number of edges joining the corresponding
vertices of G'. A graph G = (V, E) is called bipartite if its vertex-set V(G) can
be partitioned into two disjoint sets V; and Vs in such a way that every edge
connects vertices from different sets. We denoted it as G = (V3 U V5, E). A
complete bipartite graph is a bipartite graph in which every vertex from part V;
is adjacent to every vertex from V5. If in a complete bipartite graph |Vi| = r
and |Va| = s, then the graph itself is denoted by K, s and the number of edges
in K, s equals rs. The complete bipartite graph K, is called a star.

3. Main Results
3.1. Group Action on group of units of Z,

In this section we are interested in determining and enumerating all orbits
induced in U, under the action of a group which is shortly defined. Since in
this paper we are concerned with Z,, which contains irreducible elements, from
now on, we assume that n = Hle p;"* with some ¢; > 1 and distinct primes p;,
i.e., we assume that |P| # 0. The results we obtain in this section are so useful
in proving most of the results in the next section.

Definition 5. Let P be as defined in Definition 1. Define A = Z,, x --- X
Lp,p, where p; € P.

Remark 6. It is well known that A is a group called direct product of
groups under binary operation addition. It is not hard to observe that |A| =

II p

peP

Definition 7. Let P be as defined in Definition 1. For u in U,, and
s = (s1,...,5p|) in A, we define the maps 75 by 75 : u ZLZ‘I s;n/p; +u where
pi€Pand 0<s; <p; — 1.
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Definition 8. We define the set of maps by © 4 = {ms|s € A}.

Note that when |P| = 1 then we simply have A = Z,,. In the next lemma
we show that the set of maps © 4 is defined on group of units U,.

Lemma 9. 7, is a map defined on U,,.

Proof. We require that n = Hle p;" with some «; > 1 and p; distinct
primes. Let u € U, and suppose that 7s(u) = @ such that u ¢ U,. This
means that & must be divisible by some p;. Without loss of generality, suppose
it is divisible by p1, a factor of n. We can write & = mp; and ms(u) — u =
ZLZ‘I sin/p; = tp1 where s = (s1,..., s/p|) in A, p; € P, for some integers m and
t. Since Zyjl sin/p; + v = u implies u = @ — 2@1 sin/p; = p1(m — t) then
u ¢ U, contradicting our earlier assumption that u € U,. This completes our
proof. O

In the next lemma we show that the set of maps © 4 together with the
operation of composition of maps o form a group.

Lemma 10. ©,4 together with the operation of composition of maps o is
a group.

Proof. Firstly, we show that © 4 is closed under the operation of
composition of maps o. Let 75 and 7y, with s = (s1, ..., sjp|) and
s = (s, ""8\/7’|) in A, be any two elements of © 4. So, for u € U,

[P [P P

s 0 Ty (1) :Zsm/pﬂr Zsén/pﬂru :Z(Sz‘+8§)n/pi+u
=1 =1 =1
IP|

=S /pi+ u = o (u),
=1

where s = (s; + s;) (mod p;). Thus it is closed under the operation of com-
position of maps o.

Secondly, associativity follows from the associativity of mappings. Thirdly,
it is clear that m(g . ¢) is the identity. Finally, given 75 then it is not hard to

see that its inverse 77! = 7,1 where s~! is inverse of s in A. O
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Theorem 11. ©4 acts on U,.

Proof. Let u € U,. It is clear that 7(y _¢y(u) = u. Let ms and 7y, with
5= (s1,...,8/p|) and s" = (s, ...,ST,P‘) in A, be any two elements of © 4. Since

I
(ms 0 7)) = mor(w) = Y (51 + /i +
=1
I [P

= Zsin/pi + Z(s;)n/pz +u| = 775(775’('“))7

i—1 i=1
where s” = (s1 + s, ..., s;p| + ST,P‘), we conclude that © 4 acts on U,. O

It worth noting that since it is only the identity in © 4 that leaves every
element in U, fixed, so © 4 acts faithfully on U,,.

Definition 12. Let u € U,. Then the orbit in U,, containing u under the
action of © 4 is O, = {ms(u)|s € A}.

Lemma 13. For any u € U,, |0y, = [] p-
peP

Proof. Observe that, for u € U, ms(u) = my(u) implies that s = s’. So it
should be easy to see that |O,| must be equal to |A|. In Remark 6 we noted
that [A| = [] p- O

peP

Let O denote the set of all orbits in U,, under the action of © 4, that is,
0={0,:uel,}.

Theorem 14. |0O| = ]‘fLTQp'
pE

Proof. We know that O = {O,, : w € U}. All orbits in U,, are of the same

size. Since |U,| = ¢(n) and by Lemma 13, |O,| = ][] p so the result follows. [
peEP

We consider two examples which illustrate the action of ©® 4 on U,.

Example 15. Consider Zgys. So we have ©4 = {m4|s € A} where A = Zs
and 07 = {1,6,11,16,21}, O = {2,7,12,17,22}, O3 = {3,8,13,18,23} and
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Oy = {4,9, 14, 19,24}. Observe that O = {01,02,03,04} and Uss = O1 U
Oy U O3 U Oy,

Example 16. Consider Zsg. Then we have ©4 = {m|s € A} where
A =7y xZs. So O = {1,7,13,19,25,31} and O5 = {5,11,17,23,29, 35}
Observe that O = {01, 05} and Usg = O U Os.

3.2. A Bipartite Graph Associated with Z,, and U,

In this section we construct a bipartite graph which is associated with the set
of irreducible elements and group of units in the ring Z,,. We begin by defining
our new graph in line with the set of irreducible elements in Z, presented
in Remark 3. Recall that the set of irreducible elements can be written as
Z, = {uplu € Up,p € P}.

Definition 17. Let P be defined as in Definition 1. Define a graph
G = (V,E) as follows:

V(G) =T, UU,,

[v,w] € E(G) v eU, and w=uvp,p € P.

It is clear in our definition that w € Z,,. Recall that if |P| = 0, then Z,, does
not contain irreducible elements (see Theorem 2) and so in such case we simply
have an empty graph. We thus consider the ring which contains irreducible
elements, i.e., [P| > 1. Since this graph is associated with elements in Z,,, we
denote this graph by G, instead of G, V(G) is denoted by V,, and E(G) is
denoted by E,.

Remark 18. Observe that since |Z,| = }_ p %f) (by Theorem 2) and
Unl = ¢(n) then |Va| = d(n) (X epp™" + 1)

Example 19. In Zg, we have Ug = {1,3,5,7}, Zg = {2,6} and Eg =
{[1,2],[3,6],[5,2],[7,6]}. See Gg in the figure that follows.

Example 20. If we consider Zsg, we have Usg = {1,5,7,11,13,17,19, 23,
25,29, 31,35} and Z36 = {2, 3,10, 14,15, 21,22, 26, 33,34}. See Gsg in the figure
that follows.
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Figure 1: A graph of Gg

2 3 10 14 15 21 22 26 33 34

1 5 7 11 13 17 19 23 25 29 31 35

Figure 2: A graph of G

Example 21. In Zs4, we have Z54 = {3,15,21,33,39,51} and
Usy = {1,5,7,11,13,17,19, 23, 25,29, 31, 35, 37,41, 43,47,49,53}. We represent
G54 in the figure as follows.

3 15 21 33 39 51
1 19 37 5 23 41 7 25 43 11 29 47 13 31 49 17 35 53

Figure 3: A graph of G54

We next show how the set Z, is related to orbits induced in U,, under the
action of © 4 and subsequently, use the established relationship in proving some
of the results which are of importance in this paper.

Lemma 22. Foru € U,, ifv € O, is a unit factor of w € Z,, then all unit
factors of w are in the same O,,.

Proof. A typical element in O, is of the form m4(u) = Zyjl sin/p;+u where
s = (s1,.,8p|) in 4, 0 < s; < p; — 1 and p; € P (see Definition 7). Without
loss of generality, suppose w is generated by pi, that is w = vp; for v € O,.
We need to show that all other unit factors of w are in O,. Set v = vy so that

-----
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for all j (1 < j < p; —1), are also unit factors of w. Observe that for, j, k €

1 S n
{07'°'7p1 - 1}7 /Ujpl = 7T(_7 SQ,...,S"P‘)(U)pl = (59_711 + Sp2_2n + -+ % + u)pl =

A A N

(’;_711 +2n gy ;‘;“ T UWDPL = T(ksy,....s,p) (U ) p1 = vgp1 (mod n). That is
w = v;p1, for all j (1 <j <p;—1). It must be not hard to see that these are
the only factors in O, which are factors of w.

We claim that w does not contain any unit factor in other orbits. For sake
of contradiction, suppose w has another unit factor v; = T(l,29,....2 7)‘)(u’ ) in Oy
where v’ € U, and v’ ¢ O,. That is v; ¢ O,. It means that, for any v; € O,,
a unit factor of w we have vjp; = vjp; (mod n). This implies that v; = v,

(mod n/p1) from which we get that v; = mn/p1+v; = mn/p1—|—7r(j7527___75m)(u) =

W(m+j7527m75“,‘)(u) € O, contrary to our assumption that v; € O,. O
In the next lemma we show that if we let s1 = -+ = 5,01 = s;41 =
- = sp = 0and 0 < s; < p; — 1 so that we have O = {7my[s' =

0,...,0,5,0,...,0),s; € A}, where A’ = Z,, and p; € P, then further acting
© 4 on O, other orbits are induced. We will simply write © o» = {my|s’ € A"}
where A’ = Z,,. For v’ € O,, we denote the orbit containing v’ under the action
of O4 on O, by Oy = {sin/p; + v'|0 < s; < p1 —1}. We also show that
elements in each O, are all unit factors of one irreducible element generated
by p;.

Lemma 23. Let Oy = {ny|s, € A’} where A’ = Z,, and p; € P. Then,
for u € U, ©4 acts on O, and ‘elements in each orbit are all unit factors of
one irreducible element generated by p;. Furthermore, these are the only unit
factors of this irreducible element.

Proof. It is not hard to see that © 4/ is a subgroup of © 4. Also note that
© 4 acts on O, since, for all v’ € O,, mo(u') = ' and 74(7y (v')) = (wsmer)(w),
for all w4, Ty € © 4. Let the orbit containing v’ € O, be denoted by O, =
{sin/pi +u/|0 < s; < p; —1}. We show that if an irreducible element generated
by p; has a factor in Oy, then all elements in O, are also factors of it.

Suppose that v € Oy, such that w = vp;. Write v = kn/p;+u’ for some k €
{0,...p;—1}. For any v’ in Oy, we have v' = gn/p;+u’ where g € {0, ...,p; —1}.
So v'p; = (gn/pi + ' )p; = gn + u'p; = kn + u'p; = (kn/p; + u')p; = vpi = w
(mod n) implies that all elements in O, are factors of w.

We claim that O, is the only orbit with factors of w. For sake of contradic-
tion, suppose that v" € O, where u” is in O, but not in O,,,, is also a factor
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of w. Solet Oyyr = {sin/p; +u"|0 < s; < p; — 1} and write v = tn/p; +u” for
somet € {0,..,p;—1}. Sov"p; =vp; = w (mod n) = (tn/p;+u")p; = (kn/p;+
u)p; (mod n) = (tn/p; +u”)p; = kn + u'p; (mod n) = (tn/p; +u”)p; = u'p;
(mod n) = tn/p; + v = ' (mod n/p;) = tn/p; +u” = hn/p; + /. But
tn/p; + u” = hn/p; + v implies an element in Oy, is equal to an element in
Oyu which is a contradiction since O, and O~ two different orbits in O,
under the action of © 4. ]

Remark 24. Suppose the orbit containing u' € O, is Oy = {s;n/p; +
u'|0 < s; < p; — 1} under the action of © 4/, with A" = Z,,,. Then

(i) it is easily observed that |Oy,| = p; from which we conclude that there
are

’Ou‘/‘ouu" =DP1- - Pi-1Pi+1 " D|P| orbits in O,

(ii) by (i) and Lemma 23, it implies that there are py - - - p;—1pi+1 -+ ppp| irTe-
ducible elements which are generated by p; and have their unit factors in
O,.

(iii) it follows from (ii) that if |P| > 1 then there are ZLZ‘I o;, where o; =
P1° - Pi—1Pi+1 - Pp|s irreducible elements which have factors in O, and
Lif |P| =1.

Lemma 25. Let A' = Zy, and A" = Z,,, fori # j. Then all orbits induced
by © 4 and © 4» in O, where u € U, contain at most 1 element in common.

Proof. Suppose some orbits induced in O, by the actions of © 4, and © g~
contain more than one element in common. Suppose v’ is one of the elements in
such orbits. So we have {s;n/p; +¢/|0 < s; < p; — 1} as an orbit induced by © 4/
and {sjn/p; + |0 < s; < p; — 1} as an orbit induced by © 4». We show that
«’ must be the only element in common. Suppose s;n/p; + v = s;n/p; + v/,
for some s; € {0,...,p; — 1} and s; € {0,...,p; — 1}. If 5; = s; = 0 we obviously
have u' which we already know that is present in both orbits. Suppose s; and
s; are both nonzero. Since s;n/p; + v’ = sjn/p; + v’ implies s;p; = s;p; then
pj divides either s; or p; and p; divides either s; or p; which is a contradiction
as p; # pj, 8; < p; and s; < pj. O

Theorem 26. G, contains H(b(”;p isomorphic components.
pPE

Proof. By Lemma 22, G;,, must contain components since if an irreducible
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element has a unit factor in O, where u € U, then all factors for that irre-
ducible element are also in the same orbit. We are assured that the component
associated with O, is connected because all elements in an orbit induced under
the action of © 4 on O, occur as elements in other orbits induced under the
actions of © 4 (we know that A" = Z,, and A’ = Z,, with i # j, see Lemma
25).

Since all orbits O, in U,, when acted upon by © 4 have the same structure
then all components obtained from these orbits must be isomorphic. Since,
by Lemma 13, [Oy| = [[,cpp then we conclude that there are ¢(n)/[],cpp
components.

From Theorem 26 we remark that the graph G,, is a disconnected graph
with isomorphic components. Since all the components in G,, are isomorphic
then the whole graph can be described by a single component. For this reason,
in the rest of this section we mostly use a component to study properties of G,,.

Lemma 27. No two irreducible elements in Z, generated by the same
prime are adjacent to a common unit in U,.

Proof. This is a direct consequence of Lemma 23. Also by Remark 3, any
irreducible element generated by p can be written in the form up where u €
U, and so with this presentation it must be impossible for any two elements
generated p to be adjacent to a common unit in U,. U

Proposition 28. InG,, d(v) = |P|, for allv € U,, and d(w) = p ifw = v'p
for some v' € U,, and p € P.

Proof. By lemma 27, no two irreducible element generated by the same
prime are adjacent to a common unit factor. But irreducible elements generated
by different primes can have common unit factor. So each unit in U, must be
adjacent to |P| irreducible element.

By Remark 24, if the orbit containing v’ € O, is Oy = {sin/p; + ¢'|0 <
s; < p; — 1} under the action of © 4 then we have |Oy,| = p;. By Lemma 23,
we conclude that only elements in O, are adjacent to one irreducible element
generated by p;. So if such irreducible element is w then the d(w) = p;. O

Remark 29. Since, by Proposition 28, any vertex in Z, has degree p
where p € P and any vertex in U, has degree |P| then §(G,) = mi71)1{p, |P|}
pe
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d A(G,) = P
and A(Gy) r;gg{p P}

Proposition 30. The total sum of degrees for all vertices in Gy is

2¢(n)|P.

Proof. Since, by Proposition 28, the degree for each vertex in U, is |P)|
and there are ¢(n) elements in U, then the sum of degrees on unit vertices is
¢(n)|P|. Again all irreducible elements generated by prime p have degree p.
Since there are 2% irreducible elements generated by p then they contribute
¢(n) degrees. Since there are |P| primes which generate Z,, then the sum of
degrees on irreducible vertices is ¢(n)|P|. Thus G, has a total of 2¢(n)|P|
degrees.

U
Corollary 31. The total number of edges in G,, is ¢(n)|P|.

Proof. There are ¢(n) elements in U,,. By Lemma 28, each unit vertex has
degree |P|. Hence G,, has ¢(n)|P| edges. O

Proposition 32. A component of G,, is a union of copies of the star
Kip-

Proof. By Proposition 28, the degree of any unit in U, is |P| so the results
follows. O

Remark 33. By Proposition 28, the degree of an irreducible element
generated by p is p so Proposition 32 is also equivalent to saying that each
component is a union of copies of the stars K, where p € P.

Proposition 34. If P = {p} then each component of G, is K .

Proof. Suppose P = {p}. Then all irreducible elements in Z,, are generated
by the same prime p. Hence by Lemma 27 and Proposition 28, each irreducible
element is adjacent to p units and these units are not adjacent to any other
irreducible element. Thus the result follows. U

Proposition 35. G, contains a cycle if and only if |P| > 1.
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Proof. Suppose that G,, contains a cycle. It implies that some vertices in
both Z,, and U,, have at least degree 2. |P| = 0 implies that G,, is an empty
graph. If |P| = 1, G,, does not contain a cycle since in this case all unit vertices
have degree 1. Since if |P| > 1 all vertices in both Z,, and U,, contain at least
degree 2 then GG, must contain a cycle. The converse is obvious. U

Theorem 36. Let P = {pi,p2}. Then between any two irreducible
elements generated by prime p € P there are p paths of length 4 in each
component of G,. Furthermore, there are @ cycles of length 8 that pass
through any such two irreducible elements.

Proof. Suppose P = {p1,p2}. By Theorem 2, Z,, is generated by p; and
p2. Since |P| = 2 > 1 then, by Theorem 35, G,, contains cycles. By Remark
3, recall that an irreducible element generated by p can be written as up, for
some u € Up. Consider the maps 74 with (s,t) € A = Z, X Z;, as defined
in Definition 7. Denote by w; all irreducible elements generated by ps and
wj those generated by p; where 0 < s < p; —1and 0 <t < py — 1. For
i # 4, man@p = (2 4+ B 4 w)py = in + BT 4 upy = jn+ B 4 upy =
(;—? + ;—Z +u)p1 = 7y (u)p1 (mod n) implies that if wy is adjacent to 7 4 (u)
then it is also adjacent to 7(; 4 (u). Similarly, for g # f, if ws is adjacent 74 4y (u)
then it is also adjacent to (s sy(u). So it is immediate that between any two
irreducible elements generated by po (this is also true with those generated by
p1) we have the paths below:

Wi, (i gy (), W, 75 (1), Wy
forall0<i<j<pr—1land 0 <t < py—1. We represent these paths in
Figure 4 below.

It is not hard to observe, in Figure 4, that between any two irreducible
elements generated by po there are po paths of length 4, each passing through
some w; where 0 < t < py — 1 and similarly, between any two irreducible
elements generated by p; there are p; paths of length 4. Thus it is immediate
that any two of the p; paths of length 4 between any two irreducible elements
generated by p; form a cycle of length 8 which pass through such two irreducible
() = 2=

elements. So there are such cycles. U

Remark 37. Let n = Hle p; with some o; > 1 and p; distinct primes.
If you consider the maps M(s1ysyp) & U Z‘jzll % + u, where p; € P and
0 <s; <p;—1, and (without loss) let s;,s; # 0 and all others equal 0 so that
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7(i,0) () wh 7(j,0) (1)

Figure 4: Paths between w; and w; in a component of G,,

we have m(y, ;) then arguing by Theorem 36 one can easily find two irreducible
elements generated by same prime p; in a component of G}, with p; paths of

pji(pi—1)
2

length 4 between them and cycles of length 8 that pass through them.

Theorem 36 and Remark 37 suggest that any component of G, can be
presented in some form. From Figure 4 we observe that any component of G,
can be presented in a form which we will call star form presentation by putting
all elements generated by any prime in the center and all others around them. If
the irreducible elements put in the center are those that are generated by p then
our graph in star form presentation takes the shape of K ) since the degree of
each such irreducible elements is p by Proposition 28. To illustrate this idea,
we provide three examples and in each we present a component of G, in a star
form presentation. Since if |P| = 1, by Proposition 34, each component is a star
then we already have a star form presentation. This can also be observed in
Examples 19 and 21. We therefore consider examples in which we have |P| > 1.
In the examples to be given, the blue vertices are for irreducible elements and
the red vertices are for units. Each irreducible element can be identified by its
degree since by Proposition 28 we know that any irreducible element generated
by p has a degree p.

Example 38. Let n = 3%5° or n = 3257 Hlepi with «, 8 > 1, that is,
P = {3,5}. G, contains %751) isomorphic components. Figure 5 and Figure 6
display two different star form presentations of a component of G,,. Note that
in Figure 5 all 3 units in each “branch” form some orbit in O, under the action
of ©®4 with A’ = Z3 and in Figure 6 all 5 units in each “branch” form some
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orbit under the action of © 4 with A” = Zs.

Figure 5: A component of G, Figure 6: A component of G,
irreducible elements generated with irreducible elements gener-
by 5 in center ated by 3 in center

Example 39. Let n = 5°7% or n = 577 [[%_, p; with o, 8 > 1, that
is, P = {5,7}. G, contains % isomorphic components. Figure 7 shows a
component in a star form presentation with irreducible elements generated by
5 put in the center. Note that in Figure 7 all 7 units in each “branch” form
some orbit in O, under the action of © 4 with A’ = Z;. We could also put
irreducible elements generated by 7 in the center; in this case 7 “branches” are
expected and in each “branch” we expect 5 units from some orbit in O, under
the action of © 4» with A” = Zs.

Figure 7: A component of GG, in star form presentation with irre-
ducible elements generated by 5 in center

Example 40. We consider a component of G,, when n = 3*5%7% or n =
3Apa7h Hle p; with A\, a, 8 > 1 and there are %@ isomorphic such components.
We observe that P = {3,5,7} which implies that all irreducible elements are
generated by 3,5 and 7. In our star form presentation in Figure 8 all irreducible

elements generated by 3 are put in center. Note that we could also put all
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irreducible elements generated by 5 or 7 in the center.

Figure 8: A component of GG, with irreducible elements generated
by 3 put in the center

We point out few things in the construction of Figure 8. Red vertices are
units all from O,. All unit vertices in each column form an orbit in O, under
the action of © 4 where A’ = Zs and in this case there 21 = 3 x 7 orbits. Also
all unit vertices in each row form an orbit in O,, under the action of © 4» where
A" =77 and there are 15 = 3 x 5 orbits. Both cases satisfy Remark 24 (i).

As it was observed in Lemma 25, orbits induced by © 4/ and © 4~ have at
most one element in common and this element is in the intersection of a row
and a column. And the star form presentation is always possible because of the
just said fact about orbits in each O,, . For |P| > 3, the star form presentation
is more funnier and complex. For instance, if |P| = 4 then unit vertices in each
“branch” have to be arranged in 3 dimensional.

Theorem 41. If|P| > 1 then g(Gy) = 8.

Proof. Suppose that |P| > 1. So by Proposition 35 we are assured that
there are cycles. In bipartite graphs cycles always have even length so we
expect an even girth. It is clear from Definition 17 that G,, is a simple graph so
we cannot have cycles of length 2. We claim that cycles of length 4 and 6 are
not possible. Suppose we have a cycle of length 4 as in Figure 9 where rq, 79
are two different irreducible elements and w1, uo are two different unit vertices.

Observe that r; and ro are not generated by the same prime since that
would contradict Lemma 27. Without loss of generality, assume that r; and
ro are generated by p; and po, respectively. Since both r; and ry are adjacent
to u; and ug then we have 1 = uip; = ugpr (mod n) and r9 = uips = ugps
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1 T2 wi w2 w3
Uy U2 U1 V2 v3

Figure 9: A cycle of length 4 Figure 10: A cycle of length 6

(mod n) which imply that u; = us (mod n/p1) and u; = uz (mod n/ps) from
which obtain u; = ug+ns1/p; and uy = ug+nss/py for some s; € {0,...,p; —1}
and sg € {0,...,p2 — 1}. It follows that u; = ug + ns1/p1 = ug + nsy/ps from
which we obtain s;ps = s9p;. So it implies that p; divides s1 or po and po
divides s9 or p; which is only possible if s; = s9 = 0, meaning that u; = us
contrary to our assumption that they are different.

Next we suppose that we have a cycle of length 6 as in Figure 10 where
w1y, we, ws are three different irreducible elements and vy, vo, v3 are three dif-
ferent unit vertices. All the three irreducible elements must be generated by
different primes otherwise it would mean that some irreducible elements gen-
erated by the same prime have a common unit factor contrary to Lemma 27.
So we further suppose that |P| > 2 otherwise there is nothing to prove. With-
out loss of generality, assume that wi,ws and ws are generated by p1, ps and
ps, respectively. That is w; = wvip1 = wvop; (mod n), wy = vipo V3P
(mod n) and w3 = wvop; = vsp; (mod n). We note that wy = vipy Vo1
(mod n) = v = vy (mod n/p1) = v1 = va + nsy/p1 where 0 < s; < p; — 1.
Similarly, we = vip2 = wvspy (mod n) implies that vy = v3 + nsg/py where
0 < s9 <py—1and wy =vep; = v3p; (mod n) implies that vy = v3 + nsg/p2
where 0 < s3 < p3 — 1. So we have the equations:

vy = w2 + nsi/pr - (i)
vy = vy + nsy/py .- (i)
ve = wg + ns3z/pg --- (iii)

By (i) and (ii) we obtain:
v +nsi/p1 = vz+nsy/pz - (iv)
Substituting (iii) in (iv) we obtain:
v3 +ns3/ps +nsi/prt = vs+nsa/py - (V)

From (v) we have:
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sspip2 + s1paps = Sapipz - (Vi)

It follows that p; must divide left side of Equation (vi). But p1|(s3pip2 +
$1p2p3) = p1|si1peps. Since 0 < s1 < p; — 1 so the only possibility is that s; = 0
and from Equation (i) it implies that v; = vy contrary to our assumption vy, vy
and vs are different. Thus a cycle of length 6 is also impossible.

By Theorem 36 and Remark 37, if |P| > 1 there always exist a cycle of
length 8 which passes through some two irreducible elements generated by the
same prime. Hence we conclude that ¢g(G,) = 8. O

In Examples 38, 39 and 40 one can easily check that ¢(G,,) = 8.
In the next proposition we discuss about the circumference of G,, when
|P| = 2.

Proposition 42. Let P = {p1,p2}. If p1 < pa then ¢(G,) = 4p;.

Proof. By Remark 24 (ii), we conclude that in each component there are
p1 irreducible elements generated by py and po irreducible elements generated
by p1. Since p; < p2 then a possible longest cycle must contain all the p;
irreducible elements generated by ps and also p; irreducible elements generated
by p1 otherwise if a cycle contains more than p; irreducible elements generated
by p1 it would mean that some two irreducible elements generated by p; have
a common unit factor contrary to Lemma 27. Denote by ws all irreducible
elements generated by ps and by w) those generated by p; where 0 < s < p; —1
and 0 <t < pg—1. Asin Theorem 36 , for i # j, 7(; ) (u)p1 = (;—’I —I—Z—Z—I—u)pl =
in—l—%—i—upl = jn—l—%—i—upl = (;—T—i—;—’; +u)p1 = 7(jp(u)p1 (mod n) implies
that if wj is adjacent to m(; ;)(u) then it is also adjacent to 7(; 4 (u). Similarly,
for I # k, if w; is adjacent m(4;)(u) then it is also adjacent to m(, ) (u). Hence
the cycle that follows is always possible:

/ /
wo, T(0,0) (u), w, T(1,0) (u), w1, T(1,1) (u), wy, T(2,1) (),
/ /
wa, T(2,9)(w), Wy, T(3.9)(u), w3, T(3.3)(u), w3, 7T(4,3)(u), (*)

Wy, - 7w(p1—1)777(p1—17p1—1) (u), pr1_1)7 7T(p—170) (’LL), wo.

We notice that all p; irreducible elements generated by ps, highlighted by
red, have been used in the cycle and also p; of py irreducible elements generated
by p1 have been used in the cycle. That is the cycle include the same number
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of irreducible elements generated by p; and ps. If there exist a cycle which
is longer than the cycle in (x) then it means that it includes more irreducible
elements generated by p; and that would mean some two irreducible elements
generated by p; are adjacent to one unit contrary to Lemma (27). So the cycle
in (%) must be a longest cycle in G),.

Observe that between any two consecutive irreducible elements generated
by the same prime in the cycle in () there there is a path of length 4 so its clear
that the length of this cycle must be 4p;. So we conclude that the circumference
of G, is 4py. O

It can easily be checked that ¢(G),) of graphs in Examples 38 and 39 satisfy
Proposition 42.

Lastly, we provide a conjecture about the circumference of G,, which was
arrived at by using an idea of star form presentation and also by using some
insights from Theorem 36, Remarks 24 (ii) and 37 and Proposition 42.

Conjecture 43. Let |P| > 1. Then c¢(G),) = 4122%;)10.

4. Conclusion

In this paper we constructed a bipartite graph with the union of the set of
irreducible elements and group of units as a vertex-set and the set of pairs
between irreducible elements and their unit factors as an edge-set in the ring
of integers modulo n. Many properties of this graph were studied. We proved
that this bipartite graph is not connected but contains isomorphic components,
each of which is a union of copies of the star Ky p where P is a set which
contains all prime factors of n whose powers are greater than 1. For a given
value of n, we determined when this graph has cycles or not. Furthermore, we
proved that the girth of this bipartite graph is 8.
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