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Abstract: We develop a theory of non-smooth decomposition in homogeneous
Triebel-Lizorkin spaces. As a byproduct, we can recover the decomposition
results for Hardy spaces as a special case. The result extends what Frazier
and Jawerth obtained in 1990. The result by Frazier and Jawerth covers only
the limited range of the parameters but the result in this paper is valid for
all admissible parameters for Triebel-Lizorkin spaces. As an application of the
main results, we prove that the Marcinkiewicz operator is bounded. What
is new in this paper is to reconstruct sequence spaces other than classical ¢
spaces.
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1. Introduction

It is well known that the Triebel-Lizorkin spaces F;q(R”) for 0 < p <1,
0 <p<g<ooands € R admit the non-smooth atomic decomposition (see
[2, Theorem 7.4], [6]). The aim in this paper is to remove this restriction and
to study the non-smooth decomposition of Flf,q(R”) for0 < p<oo0,0<q<
and s € R.
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Definition 1. Let 0 < p < 00,0 < g < oo and s € R. Let ¢ € C*(R")
satisfy xpunB@2) < ¢ < xB@E)\B(1)- The homogeneous Triebel-Lizorkin space
F; .(R™) is defined to be the set of all f € S'(R")/P(R") for which the quantity

HfHFps,q = H{st@j(D)f}jeZHLp(m)

is finite, where ¢;j(z) = ¢(277z), P(R™) denotes the set of all polynomials on
R",

(D) f(x) = F W« f(z) (z€R")
for ¢y € S(R™) and f € S'(R") and |{f;}jezl rr@s) stands for the vector-norm

of a sequence {f;}32_ of mesurable functions:

Whbezlwan = | [ | 3 1n@r) o] Lo<pa<oe ()

The space Flf,q(R") realizes many function spaces: Indeed,

FO,(R") = LP(R") (1< p< o0)
F),(R") = HP(R") (0<p<1)

with equivalence of quasi-norms, where H?(R") stands for the Hardy space. See
[3, Theorem 6.1.2] for the first equivalence and [4, Theorem 2.2.9] for the second
equivalence. See [10] for more details on the Triebel-Lizorkin type spaces. Thus,
our result will cover the ones for Hardy spaces as well as Lebesgue spaces.

To handle Flf,q(R"), it may be convenient to work on the corresponding
sequence space f;yq(R”): it is simpler to handle sequences than to handle dis-
tributions.

Definition 2. For v € Z and m = (mq, ma,...,m,) € Z", we define
S my mj+1
_ gy
=1l 5.

Denote by D = D(R") the set of such cubes. The elements in D(R"™) are called
dyadic cubes.

We adopt the definition by Grafakos, [4, Definition 2.3.5].
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Definition 3. Let 0 < ¢ < oo and s € R. We consider the set of sequences
T ep C C such that the function
QsQ

Q=

g;({rqteeniz) = | D (1QI #[rolxq(x))" (x € R")
QED

is in LP(R™). Let 0 < p < oo. For such sequences = {rg}gep we set
. = s
Il = g3l

A sequence A = {A\g}gep is said to belong to fl‘;’q(R") if [All;e < co. Some-
’ P,9q

times, we identity A = {\, ;m}vez,mezn with A = {Ag}gep via Av = Ao when
Q = Qu,m-

To obtain our result, we follow the book [4] by Grafakos.

Definition 4. Let 0 < p < 00, 0 < ¢ < oo and s € R. A sequence
r = {rq}qep is called an oc-atom for f; (R") with cube Q if there exists a
dyadic cube Q)¢ such that

gi({ratoen:) = [ D_(1QI  Irglxe)? | < xqo- (1.2)
QeD

Our first theorem is as follows:

Theorem 5. Suppose that we are given parameters p,q, s, u satisfying
0<p<oo, 0<g<oo, se€R, 0<u<min(l,q).

1. For any t € f";q(R”), there exists a decomposition
o0
t= Z)\j’l”j, (13)
j=1

where each r; is an oo-atom for f";,q with cube Q; and {\;}32, satisfies

o0 u
S ulxe, | || <Cltl, (1.4)
j=1

P
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2. If a sequence {Q;}72, of cubes and a sequence {\;}32; of complex num-

bers satisfy

o u

Z I\ “xq; < 00, (1.5)

j=1

Lp

then for any oo-atoms r; for fg,q(Rn) with cube @), the series t given by
(1.3) belongs to f";q(R”).

In Theorem 5 the case of s e R, 0 < p=u <1 and p < g < oo is proved in
[2, Theorem 7.2]. In this case there is no condition on the position of the cubes
since

1
u P

> Nl*xe, = | D Illesl | (1.6)
j=1 j=1

We can refine our Theorem 5.

Lp

Definition 6. Let 0 <p < o0, 0< ¢ < o0, v € (0,00) and s € R. One
says that a sequence r = {rq}qep is called a v-atom for f; (R") with cube Qg
if there exists a dyadic cube Qg such that

1
supp(g,({7@}qen; ) C Qo,  llgg({rqtqen; )|y < 1Qolv-
We can refine the latter half of Theorem 5 as follows:

Theorem 7. In addition to the assumption in Theorem 5, let v €
(max(1,p),00). If a sequence {Q;}32, of cubes and a sequence {\;}32; of
complex numbers satisfy (1.5), then for any v-atoms r; with cube Q;, the series
t given by (1.3) belongs to f;”q(R").

The above results cover the ones in [2, Section 7]. What is new about
this paper is the case where p > min(g,1). The case when p > 1 and ¢ = 2
is especially interesting because this yields the decomposition for LP(R") =
O, (R™).

We now transform the results to the one of the sequences.

Definition 8 (Atoms for Triebel-Lizorkin spaces). Let 0 < p < 00,0 <
qg<o0,s €R,and let v € Z and m € Z". Suppose that the integers K, L € Z
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satisfy K > 0 and L > —1. A function a € CK(R™) is said to be a smooth
(K, L)-atom centered at Qo m for f, (R"), if it is supported on 3 Qo and if it
satisfies the differential inequality and the moment condition:

10%al|z= < 2%, o] < K, (1.7)

/ #Pa(z)dr =0, |B] <L. (1.8)
The case L = —1 is excluded in (1.8).
To state our main result, we present the following definition:

Definition 9. Let 0 < p < 00,0 < ¢ < 00,5 € R. We say that A is a
non-smooth atom for F; (R™) with cube @Q if there exists a cube @) such that

A= Z roaq where r = {rg}gep is an oo-atom for f§7q(R”) and each ag is a

QCQ
smooth (K, L)—atom centered at Q.

The following theorem, which is a conclusion of this note, extends [4, Corol-

lary 2.3.9]. Define o, =n (m - 1) and o0, ; = max(o,, 0g).

Theorem 10. Let 0 <p<o0,0<¢qg<o00,s€R,0<u<min(l,q), and
let

L > max(—1,[opq — $]),
where [-] denotes the Gauss sign. Then we have the following:

1. Let f € F;q(R"). Then we can write
oo

f=2 04
j=1

in §'(R")/P(R"), where {A;}32, is a sequence of non-smooth atoms and
{)\j};?‘;l and {Q; 321 satisfy suppA; C 3Q); and

S Nxe, | | < Clflg, - (1.9)
j=1

Lp



552 K. Asami

2. Suppose that each A; is a non-smooth atom with cube @); and the complex
sequence {\;}72, satisfies

1
[e'e) u
> IN"xe; < 0.
j=1
Lp
Then the sum
[e.9]
f = Z )\jAju
j=1
converges in the topology of S'(R™)/P(R") and satisfies
o u
. < @ )
17, <€ || Ml
j:

Lp

In Theorem 10 the case of s €¢ R, 0 < p=wu < 1land p < ¢ < oo is [2,
Theorem 7.4 (ii)]. To conclude this section, we recall the following definition to
compare our atoms with the ones in Hardy spaces.

Definition 11 (Atoms in Hardy spaces). Let 0 < p <1 < v < co. Fix
L > Ly = [op]. A (non-smooth) (p,v)-atom centered at a cube @Q is an L”(R")-
function A which is supported on () and satisfies the moment condition of order
L, that is,

/ e A(w)dw =0

for all multi-indexes a with |a| < L and |||z < |Q]v.

Let s=0,0<p<oo,¢gq=2and 1 <wv < oo. In Theorem 10, the function
Aj is a (p,v)-atom modulo a multiplicative constant since

1
14 1o ~ 1451l o, ~ llga(ry)llze < 1Q51%.

The second equivalence follows from the Littlewood—Paley theory, which indi-

cates F%(R™) ~ LY(R").

We organize the remaining part of this paper as follows: Sections 2-4 are
devoted to the proof of the above theorems. As an application, we prove the
boundedness of the Marcinkiewicz operators. Basically, the key idea is to in-
vestigate closely the behavior of these operators for non-smooth atoms. In [5,
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Theorem 2.1], Liu and Yang proposed a criterion for the case of 0 < p <1 and
q > p. Here, we will remove the restiction 0 < p < 1. Our results will be valid
for 1 <p<ooand 1< g< oo as well as for some extra parameters. Unfortu-
nately, we can not present a general criterion for the operators to be bounded
from homogeneous Triebel-Lizokin spaces to Banach spaces. This disadvantage
comes from the fact that we need to take care of the position of the support of
the atoms.

2. Proof of Theorem 5

We recall the following facts in [4, p. 115-116]. Let t = {tg}gep be a sequence,
and let s € R and 0 < ¢ < o0.

Lemma 12. Let R € D. Define

Q=

9o.r{totgeniz) = > QI " ftolxq(x)) (x € R")

QeD,RCQ

and

D, = {QeDil(Q) =27},
1. If Ry C Ry and x € R", then g;  (t;z) < g; p, (£ ).

2. For any x € R",

yh—>Holo Z XQ(®)gy.o(t;x) = 0. (2.1)
QeDy
3. For any x € R",
lim_ QZ XQ ()95 ot ) = g5 (t; ). (2:2)
€D,

Lemma 13. For k € Z, we set
Ay ={R €D : g, p(t;x) > ok for x € R}.
1. [4, p. 116] If Q € D does not belong to any Ay, k € Z, then tg = 0.

2. [4, p. 115] For each k € Z, Ax1 C Ayg.
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3. [4, p. 115 (2.3.16)]

{reR": gi(t;x) > 25} = | R (2.3)
Re Ay

4. [4, p. 115 (2.3.17)] For all k € Z,

> QI "ltelxe)? | <2~ (2.4)

QED\ Ay

Lemma 14. Let Ay be as in Lemma 13.

Let t = {tg}gep be a sequence indexed by Q) € D. Assume
g(t;x) < o0
for a.e. x € R". We set
B ={J € D : J is a maximal dyadic cube in Ay \ Agy1}.
For J € By, we define
v(k, J) = {v(k, ))otoep = {toxana,., (@)X (sep: sc} (@)} qep,
r(k,J) = 27" ok, J).
1. [4, p. 116 (2.3.18)] and [4, p. 116 (2.3.21)] We have

t=> "> ok J)=> > 2"k, ). (2.5)

keZ JeBy, keZ JeBy,
2. [4,p. 116 (2.3.19)] For all k € Z and J € By, gi(v(k, J)) < 28+,

Remark that in the definition of t(k, J),

tk, J)g = VQX{SeD: SCJ}(Q)

if Q@ € Ag \ Ag41 is a cube contained in J otherwise t(k, .J)q = 0.
Now we prove Theorem 5. Let t € f; (R") be given. By (2.5), we can write

t=> Y 2k, ).

kEZ JeBy,
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Let « = (t1,02) : N — {(k,J) : k € Z,J € By} be a bijection. By letting
Aj =240+ and rj = r(11(§), 12(j)), we can write

00
t= Z )\j?“j.
j=1

Therefore we get the desired decomposition (1.3). We will check that r; is an
oo-atom. Letting

we have
95(rs) = g5 (r(k, 1)) = g5 (275 Me(k, J)) = 271 ga (t(k, J)).
Now, suppose that t(k,J) = {vg}gep. If vg # 0, then
g5 (t(k, J)) < 28

Furthermore if ¢(k, J) = 0, then gg(t(k, J)) = 0. Therefore, since g;(rj) < xs
holds, it follows that r; is an oo-atom with cube J.

Recall that any J € By, is a cube in Ay and that By is disjoint family. So,
we have

DX S XUgea,@ = X{gz ()>2+}- (2.6)
JeBy

Using (2.6), we calculate

1

u u

> INil"xa, =120 2 @)
j=1

keZ JeBy,
Lp Lp

1
<C (Z 2kux{92(t)>2’“}>
keZ

1
[1+log; g5(1)] u

k=—00

Lr

If we calculate the geometric series, then we obtain

1 1
o0 . “ oll+logy g5 ()]u \ v
; I\l xa, <O\ 2=

Lp Lr
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| (20ssins v
< -
= 1—2+

1
2u S u E
=C (1 —5=a%(t) )

= C g0l = Clllly,,

Lp

Lr

keeping in mind that v > 0.
Conversely suppose we are given a sequence r; = {r;g}gep. Denote by Q;
the cube for 7; in the definition of atoms. Then setting

[ee]
t= Z )\jTj,
7j=1

we have

Jj=1

e = llos [ S Arss-
H Hfg!q Yq (Z i3T5

Lr
u
o0
Al (S
Jj=1 Lp/u
u M
o0
< (ijg;m;-)
j:l p/u
1
) u
<D Wiltgg(rgs )
Jj=1 Lp/u

Here we have used u < ¢ to obtain the penultimate inequality and v < 1 to
obtain the last inequality. If we use g;(7;;-) < x@,, then we obtain

00 w o]
HtHf‘g,q < Z |)‘j|uXQj = Z |)‘j|uXQj < 0. (2.7)
j=1 1o/ Jj=1 .
Thus, the proof is complete. O

We make a brief remark of the method of the proof. The proof of Theorem
5 is essentially made up of two tools. The first tool is a method to decompose
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sequences and the second tool serves to describe the condition of coefficients.
1
The first tool consists of the 3 median and the stopping time argument. In

[2, Section 6], Frazier and Jarwerth used them together with L, the set of all
measurable functions f for which {f # 0} has finite measure. This method is
refined in §6.6.4 by Grafakos [4]. Since our proof heavily hinges on §6.6.4 in
[4], we essentially used the technique of the paper in [2] and the textbook [4].
What is different from these sources is the second tool. As is described in (7.4)
of [2] and (7.7) of [2], we have

A+ Aalf, < MU, + A, (A, he € £, (R™)) (2.8)
pP,q P,q p,q
and

I+ fally, <UAlG, +0fRlY,  (Ffe B RY) (29)

for0 <p<1,0<p<qg<ooands € R. Frazier and Jawerth used (2.8) and
(2.9) to decompose the sum into small units. One of the important facts on
the decomposition of Frazier and Jawerth is that the condition on the position
of the cubes @; does not appear as is hinted in the right-hand side of (1.6).
Since (2.8) and (2.9) are no longer available for general case, we need a trick.
To accomodate all admissible parameters, we took into account the position of
the cubes Q).

3. Proof of Theorem 7
We use the following lemma:

Lemma 15. Let 0 < p < oo,max(1,q) < p < co. Then for any sequence
{4A; };‘;1 of non-negative measurable functions, each of which is supported on a
cube @)}, and any sequence {)‘j}?il of non-negative real numbers, we have

o] o] 1
DN <O Nixe, (@/ Aj(y)qdy>
j=1 j=1 J Qj

1

q

Lr P

Proof. Lemma 15 rephrases [7, Lemma 2.5] with 0 < p < 1 and [8, Theorem
1.3.1] with 1 < p < 0. O

The proof of Theorem 7 is now easy. Just reexamine the proof of Theorem
5. Then we notice that everything remains unchanged up to (2.7). Instead of
using g;(r;;-) < xq,; we use Lemma 15 to have (2.7).
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4. Proof of Theorem 10

We use the following decomposition results for F;7q(R”): We invoke the follow-
ing result in [11, Theorem 13.8].

Theorem 16. Let 0 < p <oo, 0 < g<ooand s € R, and let K be an
integer satisfying
K > [1+ s]4+ = max(0,[1 + s]).

Furthermore, suppose that L € Z satisfies
L > max(—1,[opq4 — $]). (4.1)
1. Let k = {Kym}vez, mezn € fg,q(Rn) and each a,,,y, Is a smooth L-atom
centered at ), for each v,m. Then

o0

f= Z Z RymAum

V=—00 meZmn

converges in S'(R"™)/P(R") and

as < fe . .
1 < Clll, (42)

2. Any f € Fg’,q(R”) admits a decomposition:

(e 9]

[= Z Z KymQum- (43)

V=—00 meaLn

Here, the convergence takes place in S'(R"™)/P(R"), each a, , is a smooth
L-atom centered at Q,,,, and the coefficient k = {ky m }veN,, mezn satis-
fies

. < . .
H“”f;ﬂ = C”f”F;q (4 4)

We now turn to the proof of Theorem 10. First we prove the latter half of
Theorem 10.
Let
feS'R")/PR")

be such that
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F=> N4
j=1

Let Aj =3 c7 > 0ep, 75,Q0q as in the definition of non-smooth atoms. We
set

=04 _Z)\ > ) rigag

j=1 j=1 HEZ QED,,

=3 > | D Mmie | e

HEZQED, \j=1

We set

Let 0 < v < min(1,q). Then we have

J
J
157 Mg . = |19a ZAﬂ”a‘,Q
= Q€eD p

=

u u

J
=1 llgs 1 9D N
j=1

QeD Lp/u

i 9a ({Am,Q}QEp)u

J=1

IN

Lp/u

J
u
= [ I i (triedgen)
Jj=1 Lp/u

u

J
< Z RY ’uXQj
j=1

Thus, by Theorem 16, we have

Lp/u
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J u

J J
10y, < Cll Ny, < C | 1SS ylxe,

Jj=1 Lp/u

By the Fatou property of F;q(R”) or by the classical Fatou lemma, we conclude

u

[e e}
”f”F;q <C Zl ‘)\J’ XQj
]:

Lp/u
Also, by letting J' < J,
1
J w
lim J_ .. <C  lim Aolty s 0
J—00,J'—00 ”f f ”Fp’q - J—00,J'—00 ZJ/‘ J‘ XQ; 5
]:
p

J u
> il*xg, | € LP(RM).
j=J'
Thus {f7/}5°, is a Cauchy sequence in S'(R™)/P(R"). Therefore Jlirn =
— 00
feSR")/PR"). _
Next we prove the first half of Theorem 10. Let f € F; (R"). Decompose
f according to Theorem 16, so that (4.3) and (4.4) hold. If Q = Q,,, we write
AQ = Kym and ag = a,,. We let
B={(k,J): keZJec By}
Let
N:jeNw(k;,J;)eB
be an enumeration. Let A = {\g}gep. Since
gy(Njz) < o0
for almost all z € R"™, we have a decomposition:
A=) 2k, ) =) 2Kt (ky, 0;),
keZ JEBy, j=1

where each r(k, J) = {r(k, J)g}gep is an co-atom supported on J. According
to the proof of Theorem 5,

1

u

Y ol buy =D D 2ttty < ClMllg, - (45)
j=1

keZ JeBy,
Lp p
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If we combine (4.4) and (4.5), then we obtain

&9}
kj+1
1l = O Do 2%,
j=1
Lp

Letting
Ag, = 2N (ky, Jj)ag,

we claim that
00 00 00 T
DD > Agi=Jim DT Yy Ag,
j=lv=—00Q€D, v=—00 Q€eD, j=1

in F;q(Rn). In fact, for T' € N, we have

SDIDIITEDSH DI

v=—00 QED, j=1 j=1v=—00 Q€eD, Fs
p,q
[e%¢} 0 o] T
S DD DI TR DD DD DY
v=—00 Q€Dy j=1 v=—00 Q€D, j=1 Fs
p,q

= Z Z Z Ag.j <C Z 2’%“74(1@-,{]]»).
p,q

v=—00 QED, j=T+1 j=T+1

thanks to Theorem 16. We define \; = 2ki+1 Since
g;(’r(k]’, JJ)) < XJj»
we have

T 00

)SIDID IV TTED DI S P

v=—00 QeD, j=1 j=lv=—0c0 QeD, Frs

p.q

00
S C gé Z 2kj+1?”(k‘j, Jj)
j=T+1 P

2=

r u

00
=C gé Z 2kj+1r(kj,Jj)
Jj=T+1 I

5]

561
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<O S0 2®tge(r(ky, J))"
i j=T+1 L%

1

<clll > Ml

j=T+1

Lr
Letting T" — oo, we obtain (4.7). Thus, we conclude from (4.7) that

F=Y Y Xag

v=—00 QED,

= i > iQkﬁlr(/ﬂj,Jj)QaQ

v=—00 QGDV j=1

—Z Z Z okitl,. k‘j,J QUQ-

j=lv=—00Q€D,

If we denote

Z Z r(kj, Jj)oaq (j € N),

v=—00 Q€eD,

then we have
o
F=> N4
j=1

Thus, we obtain the desired decomposition.

5. Applications to the boundedness of the Marcinkiewicz operators
Let 0 < p<nand 1 < ¢ < co. The Marcinkiewicz operator is defined by

ponat@) = ([5G [ st ,ﬁﬁ’yp‘)dyq@f, 65.1)

t
where we write B(r) = {|z| < r} C R" for r > 0 here and below.
We suppose

/ Qw)do(w) =0, QeCl(s™ 1),
Sn—l
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where S"~! = {|z| = 1}. According to [9, Theorem 1], we have

li0paf lir < Cllfl g,

if 1 < p < oco. We remark that if A is a non-smooth atom supported in 3Qy,
letting r = {rg}geo, we have

1
14llg; < Cllgsr, Vs < Cllxsaullsme < C1BQolF. (52)

Theorem 17. The estimate ||pq pqf||Lr < C|f|lzo for all f € Flg)q if
Pq ’

nq
ng+ 1

<p<oo, 1<gq<oo.

The rest of this paper is devoted to the proof of Theorem 17. Let f €
) (R™). Let
o0
f=2_ N4,
j=1
be a decomposition as in Theorem 10 (1). Then we have

Mquf Z )‘ ‘Nﬂ,pq )

Z )‘ ‘X?mQ] ,uﬂpq Z ’)‘ ‘XR"\?)TZQ]( )/"Lﬂ7p7qu(x)'
j=1 7j=1

Lemma 18. Let z € R™\ 3nQ);.
1 Let 0 < t < |z —e(Q;)| — 2424(Q;). Then

L 0/l
t—p/B@AJ(x Wy W =

2. Let |z — o(Q;)| — 220(Q)) <t < [o — c(Q)] + 22UQ;). Then

Ll e o QWD | o Q)"
t—p/Ba) A=y dy‘ =T dar

3. Let t > |z — c¢(Qj)] + %E(Qj). Then
2| U

ol Ple — QI

Aj(z —y)

tr B(t)
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Proof. 1. This is clear from the condition on the support.

2. We observe

Qy/ly)) ‘ dy
Aj(x —y)—=—=dy| < C Aj(x — .
A(t) j(x y) |y|n—p = supp(A4;(z—-)) j(x y) |y|n—p
Note that [y > |z — ¢(Q;)| — 2£2¢(Q;). Hence,
1 1
< .
[yl 7 (lz = e(@Q))] = 5v/nb(Qy))"°
Now by z € R™\ 3nQ);,
3
o Q)] — SVAl(Q))
1 1 3 1
= e~ e(Q))] + gl — Q)] — SVANQ;) > Ll — Q)]
1 20=n
Hence e < T =@y Also,
1 1 2°
< < .
0 (Jo = (@) = 5v/nl(@)))r ~ |z — (@)l

Therefore,

1 Qy/lyl) 0Q;)"
- (z— c— i)
te /B(t) Az =) e )= |z — c(Q;)|

3. Let V) = 2 — ¢(Q;). We use the moment condition to have:

1 Q(y/lyl)
— Ai(x—y d
t* [ i ) ly|n—
1 Qy/|y
S N R 1
supp(4; (z—)) vl

2
1 Q&) QUioy)
== Aj(r —y) lbyjp - (!) |
t supp(A4;(z—-)) |y| |‘T J | P
Note that if Aj(x —y) # 0, then |z —y — ¢(Q;)| < %6(62]-). Hence

o — @) - 20Q,) < ol < Iz - (@) + 220 0@y).
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Thus, we have

Q)

1—c(@))
U =any)

Q)

Thus, we obtain the desired

lyn=r e —e(@)lnr| T

result.

By this lemma, for z € R" \ 3nQ; we have

pe,pqAi(x) < C

2V/nl(Qy),

1192,p,q4;(2)

_</°° L
a; | JB@)

b (@)™ dt
< J —
- ¢ </a]- ’x(])’”q t +

C (g(Qj)nq log b—] +

|;p(j)|m1 a,]

IN

IN

(Q)""s
L
= e(Qy)[" s
Indeed, by letting 1) = 2 — ¢(Q;),a; = 29| — 3/nl(Q;) and b;

Aj(z —y)

<C

Qy/lyl)
ly|"—r

o= @)

(Mxq,(x)) i

1
q 1
dt\*

dyl —

'

‘x(]) ’”(14‘1

C’<€(ijm+l—%

IN

1
o (1@
|x(]) |n¢1+1

’gj(]) ‘(”4‘1)‘1

e(@j)(nJrl)q) %

0Q,)""

1
© Q)i
b, tqp+1‘x(j) ](n—p+1)q

f(QJ-)(”“)q) %

[20) [(n+Da

Folas

The next lemma is the last step to prove Theorem 17.

Lemma 19.

[e.o]

Z [Ajl X3n@;

Jj=1

o0

<C Z’)\j‘XQj

Lp J=1

Lp

565
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Proof. We have used the Fefferman-Stein vector-valued inequality (see [1]).
Indeed, since
1 (3n)™
y =
3@ Jsnq, [3nQ;]

by taking o > max(1, 117), we obtain

Xan@, () < /Q dy < CMxo, (),
J

o0 o0
> Nlxsng, || <O NI Mg,
o j=1

LP Lp
1 (e}
- -
=C ZP‘J"(MXQ]')Q
=1
Lre
1 «
oo ) o a
—c || M (M7 xa,)
=1
Lre
0 0
<o) =D Nlxe,
Jj=1 Lp J=1 p

O

We now conclude the proof of Theorem 17. Let pg = p + 1. We know that
1
2, p.qAjll r0 < CllAjl[ 70 < C13Q; |70, Thus, we can use Lemma 15 to have
P0-9

[o¢]

>IN IX3nQ, Hepadi

j:l P
1

o0

1 Po
< Nilxano. | —— A ()P0 d
<C Z| ilxs oF <|37’LQ]| 3nQ; 10,0445 (Y) y)

J=1 r

[o@) 0
<CID x| <C{D_Nixe,
i=1 j=1

Lpr p

Here we have used Lemma 19.
Meanwhile, by the Fefferman-Stein vector-valued inequality (see [1])
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o0 oo
14+-L
Z |)‘j|XR”\3an:uQ,P,qAJ' <C Z |)\j|(MXQj) T

j:l P jzl P

oo
<O le | <Clfllg, -
Jj=1 P

Thus, Theorem 17 is proved.
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