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Abstract: In this paper, we introduce and investigate a novel class of analytic
and univalent functions with negative Taylor-Maclaurin coefficients in the open
unit disk. For this function class, we obtain characterization and distortion
theorems as well as the radii of close-to-convexity, starlikeness and convexity
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1. Introduction

Let Tn denote the class of functions f(z) of the form:
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f(z) = z −

∞
∑

k=n+1

ak z
k (ak ≧ 0; n ∈ N = {1, 2, 3, · · · }), (1)

which are analytic and univalent in the open unit disk given by

U = {z : z ∈ C and |z| < 1}. (2)

We denote by Tn(λ, µ, η) the subclass of functions f(z) in Tn which also satisfy
the following inequality:

∣

∣

∣

∣

∣

zJ
λ+1,µ+1,η+1
0,z f(z)− (1− µ)Jλ,µ,η

0,z f(z)

λzJ
λ+1,µ+1,η+1
0,z f(z) + (1− λ)Jλ,µ,η

0,z f(z)

∣

∣

∣

∣

∣

< α (3)

(z ∈ U; 0 ≦ µ < 1; 0 ≦ λ ≦ 1; 0 < α ≦ 1; µ, η ∈ R),

where J
λ,µ,η
0,z denotes an operator of fractional derivative given by Definition 5

below.

The purpose of the present paper is to study the above-defined (presum-
ably new) subclass Tn(λ, µ, η) of analytic and univalent functions with negative
Taylor-Maclaurin coefficients involving a certain fractional calculus operator.
In Section 1, we introduce the necessary details of this subclass of analytic
and univalent functions. Section 2 gives details about the fractional derivative
and integral operators which are involved in our investigation. In Section 3,
several preliminary results related to fractional derivative operators have been
discussed. In Section 4, we investigate the characterization theorem for the
functions belonging to the subclass Tn(λ, µ, η). Section 5 gives a distortion the-
orem for the subclass Tn(λ, µ, η). Section 6 gives the radii of close-to-convexity,
starlikeness and convexity by using operators of fractional calculus.

2. Operators of Fractional Calculus

Fractional calculus is one of the most intensively developing areas of the math-
ematical analysis. The fractional calculus operators have gone deep across into
the realm of the theory of univalent functions. Various operators of fractional
calculus have been studied in the literature rather extensively. We find it to be
convenient to recall here the following definitions (cf., e.g., [4], [5] and [10]).
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Definition 1. (Fractional Integral Operator) The fractional integral of order
λ is defined, for a function f(z), by

D−λ
z f(z) =

1

Γ(λ)

∫ z

0
(z − ζ)λ−1 f(ζ) dζ (λ > 0), (4)

where λ > 0, f(z) is an analytic function in a simple-connected region of the
complex z-plane containing the origin and the multiplicity of (z − ζ)λ−1 is re-
moved by requiring log(z − ζ) to be real when z − ζ > 0.

Definition 2. (Fractional Derivative Operator) The fractional derivative of
order λ is defined, for a function f(z), by

Dλ
z f(z) =

1

Γ(1− λ)

d

dz

∫ z

0
(z − ζ)−λ f(ζ) dζ (0 ≦ λ < 1), (5)

where f(z) is constrained, and the multiplicity of (z − ζ)−λ is removed, as in
Definition 1.

Definition 3. (Extended Fractional Derivative Operator) Under the hypothe-
ses of Definition 2, the fractional derivative of order n + λ is defined, for a
function f(z), by

Dn+λ
z f(z) =

dn

dzn
Dλ

z f(z) (0 ≦ λ < 1; n ∈ N0 := N ∪ {0}). (6)

Let 2F1(a, b; c; z) be the Gauss hypergeometric function defined for z ∈ U

by (see, for example, [9, p. 18])

2F1(a, b; c; z) =
∞
∑

k=0

(a)k(b)k
(c)k

zk

k!
(z ∈ U), (7)

where (λ)k denotes the Pochhammer symbol defined by

(λ)k =
Γ(λ+ k)

Γ(λ)
=







1 (k = 1)

λ(λ+ 1) · · · (λ+ k − 1) (∀ k ∈ N)
. (8)

Making use of the Gauss hypergeometric function 2F1(a, b; c; z) given by

(7), Srivastava et al. [12] introduced the fractional integral operator Iλ,µ,η0,z de-
fined below.
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Definition 4. Let λ ∈ R+ = (0,∞) and µ, η ∈ R. Then, in terms of the famil-
iar Gauss’s hypergeometric function 2F1(a, b; c; z) given by (7), the fractional

integral operator Iλ,µ,η0,z is defined by

I
λ,µ,η
0,z f(z) =

z−λ−µ

Γ(λ)

∫ z

0
(z − ζ)λ−1 f(ζ) 2F1

(

λ+ µ,−η;λ; 1−
ζ

z

)

dζ, (9)

where the function f(z) is analytic in a simply-connected region of the complex
z-plane containing the origin, with the order given by

f(z) = O(|z|ε) (z → 0) (10)

for

ε > max {0, µ − η} − 1), (11)

and the multiplicity of (z − ζ)λ−1 is removed by requiring log(z − ζ) to be real
when z − ζ > 0.

Definition 5. The fractional derivative operator Jλ,µ,η
0,z is defined by

J
λ,µ,η
0,z f(z) =

d

dz

(

zλ−µ

Γ(1− λ)

∫ z

0
(z − ζ)−λ f(ζ)

· 2F1

(

µ− λ, 1− η; 1 − λ; 1−
ζ

z

)

dζ

)

(12)

(0 ≦ λ < 1; µ, η ∈ R),

where the function f(z) is analytic in a simply-connected region of the complex
z-plane containing the origin, with the same order as that given by (10), and
multiplicity of (z − ζ)−λ is removed by requiring log(z − ζ) to be real when
z − ζ > 0.

The general fractional calculus operators Iλ,µ,η0,z and J
λ,µ,η
0,z include (as their

special cases) the Riemann-Liouville and the Erdélyi-Kober operators of frac-
tional calculus studied by Saigo [8] as well as Srivastava and Saigo [11] and
(more recently) by Atshan [1]. In fact, Atshan [1] made use of the general

fractional calculus operator Iλ,µ,η0,z in his investigation of a class of analytic and
univalent functions which he defined by means of the celebrated Hovlov con-
volution operator involving the Gauss hypergeometric function 2F1(a, b; c; z)
in (7). For a systematic investigation of such much more general convolution
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operators as the Dziok-Srivastava operator and the Srivastava-Wright operator,
the reader is referred to an interesting recent work by Kiryakova [3].

It is easy to observe that (see [7])

J
λ,µ,η
0,z f(z) =

d

dz

(

I
1−λ,µ−1,η−1
0,z f(z)

)

(0 ≦ λ < 1; µ, η ∈ R). (13)

3. A Set of Preliminaries

In order to prove our main results for functions belonging to the class Tn(λ, µ, η),
we shall need the following lemma.

Lemma 1. If 0 ≦ λ < 1, µ, η ∈ R and κ > max {0, µ − η} − 1, then

J
λ,µ,η
0,z zκ =

Γ(κ+ 1)Γ(κ− µ+ η + 1)

Γ(κ− µ+ 1)Γ(κ− λ+ η + 1)
zκ−µ. (14)

Proof. The assertion (14) of Lemma 1 is due essentially to Srivastava et al.

[12, p. 415, Lemma 3]. Their demonstration of the assertion (14) makes use of
the following known results (see [9, p. 287, Eq. 9.4 (44)]):

2F1(α, β; γ; z) =
Γ(γ)

Γ(λ)Γ(γ − λ)

∫ 1

0
tλ−1 (1− t)γ−λ−1

2F1(α, β;λ; zt) dt (15)

(

ℜ(γ) > ℜ(λ) > 0; z 6= 1; | arg(1− z)| < π
)

and (see [9, p. 19, Eq. 1.2 (20)])

2F1(α, β; γ; 1) =
Γ(γ)Γ(γ − α− β)

Γ(γ − α)Γ(γ − β)

(

ℜ(γ−α− β) > 0; γ ∈ C \Z−
0

)

, (16)

where Z
−
0 denotes the set of non-positive integers (see also the related works

[6] and [7]).

Lemma 2. If 0 ≦ λ < 1, µ, η ∈ R and κ > max {0, µ − η} − 1, then

J
λ+1,µ+1,η+1
0,z zκ =

(κ− µ)Γ(κ+ 1)Γ(κ − µ+ η + 1)

(κ− µ+ 1)Γ(κ − λ+ η + 1)
zκ−µ−1. (17)
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Proof. The assertion (17) of Lemma 2 is a simple consequence of Lemma
1.

4. A Characterization Property

We investigate the following characterization property for a function f(z) be-
longing to the class Tn(λ, µ, η) by means of coefficient bounds.

Theorem 1. A function f(z) defined by (1) is in the class Tn(λ, µ, η) if

and only if

∞
∑

k=n+1

[k + α{λ(k − µ− 1)} − 1]Γ(k + 1)Γ(k − µ+ η + 1)

Γ(k − µ+ 1)Γ(k − λ+ η + 1)
ak

≦
α(1− λµ)Γ(η − µ+ 2)

Γ(2− µ)Γ(η − λ+ 2)
, (18)

(0 ≦ λ < 1; µ, η ∈ R; ε > max {0, µ − η} − 1).

The result is sharp.

Proof. First of all, it can be seen from Lemma 1 that

J
λ,µ,η
0,z zk =

Γ(k + 1)Γ(k − µ+ η + 1)

Γ(k − µ+ 1)Γ(k − λ+ η + 1)
zk−µ (19)

(0 ≦ λ < 1; µ, η ∈ R; k > max {0, µ − η} − 1).

We now suppose that the function f(z) ∈ Tn(λ, µ, η) is given by (1) and that
the inequality (3) holds true. We then find from (14) that

∣

∣

∣
zµ J

λ+1,µ+1,η+1
0,z f(z)− (1− µ)Jλ,µ,η

0,z f(z)
∣

∣

∣

− α

∣

∣

∣
zµλ J

λ+1,µ+1,η+1
0,z f(z) + (1− λ)Jλ,µ,η

0,z f(z)
∣

∣

∣

=

∣

∣

∣

∣

∣

(1− k)
∞
∑

k=n+1

Θ(λ, µ, η) ak zk−1

∣

∣

∣

∣

∣

− α

∣

∣

∣

∣

∣

(1− λµ)Γ(η − µ+ 2)

Γ(2− µ)Γ(η − µ+ 2)
−

∞
∑

k=n+1

[k + α{λ(k − µ− 1)} − 1]Θ(λ, µ, η) ak zk−1

∣

∣

∣

∣

∣
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∞
∑

k=n+1

(k − 1) + α[λ(k − µ− 1) + 1]Θ(λ, µ, η) ak −
α(1 − λµ)Γ(η − µ+ 2)

Γ(2− µ)Γ(η − λ+ 2)

≦ 0, (20)

where

Θ(λ, µ, η) :=
Γ(k + 1)Γ(k − µ+ η + 1)

Γ(k − µ+ 1)Γ(k − λ+ η + 1)
(21)

Hence, by theMaximum Modulus Theorem, we conclude that f(z) ∈ Tn(λ, µ, η).
To prove the converse, we assume that the function f(z) is defined by (1)

and is in the class Tn(λ, µ, η). Then the condition (3.1) readily yields

∣

∣

∣

∣

∣

zJ
λ+1,µ+1,η+1
0,z f(z)− (1− µ)Jλ,µ,η

0,z f(z)

λzJ
λ+1,µ+1,η+1
0,z f(z) + (1− λ)Jλ,µ,η

0,z f(z)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−

∞
∑

k=n+1

(k − 1)Θ(λ, µ, η) ak zk−1

(1− λµ)Γ(η − µ+ 2)

Γ(2− µ)Γ(η − λ+ 2)
−

∞
∑

k=n+1

[λ(k − µ− 1) + 1] Θ(λ, µ, η) ak zk−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

−

∞
∑

k=n+1

(k − 1)Θ(λ, µ, η)Γ(2 − µ)Γ(η − λ+ 2)

Γ(η − µ+ 2)
akz

k−1

(1− λµ)−
∞
∑

k=n+1

[λ(k − µ− 1) + 1]Θ(λ, µ, η)Γ(2 − µ)Γ(η − µ+ 2)

Γ(η − µ+ 2)
akz

k−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

< α. (22)

Since |ℜ(z)| ≦ |z| (z ∈ C), if we choose z to be real and let z → 1−, we get

∞
∑

k=n+1

(k − 1)Θ(λ, µ, η)Γ(2 − µ)Γ(η − λ+ 2)

Γ(η − µ+ 2)

≦ α

(

(1− λµ)−

∞
∑

k=n+1

[λ(k − µ− 1) + 1]Θ(λ, µ, η)Γ(2 − µ)Γ(η − µ+ 2)

Γ(η − µ+ 2)

)

,

so that

∞
∑

k=n+1

[

k + α {λ(k − µ− 1)} − 1
]

Θ(λ, µ, η) ≦
α(1− λµ)Γ(η − µ+ 2)

Γ(2− µ)Γ(η − λ+ 2)
,

which evidently complete the proof of Theorem 1.
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Corollary. If function f(z) defined by (1) is in the class Tn(λ, µ, η), then

ak ≦

α(1 − λµ)Γ(η − µ+ 2)Γ(k − µ+ 1)Γ(k − λ+ η + 1)

[k + α{λ(k − µ− 1) + 1} − 1]Γ(2− µ)Γ(η − λ+ 2)Γ(k + 1)Γ(k − µ+ η + 1)
(23)

(0 ≦ λ < 1; µ, η ∈ R; k > max {0, µ − η} − 1).

Remark 1. By suitably specializing or modifying the parameters involved
in Theorem 1, we can derive the characterization properties corresponding to
the fractional calculus operators Dλ

z f(z) and I
λ,µ,η
0,z f(z).

5. A Distortion Theorem

In this section, we prove the following distortion theorem involving the frac-
tional calculus operator Jλ,µ,η

0,z defined by (12).

Theorem 2. If f(z) ∈ Tn(λ, µ, η), then

∣

∣

∣
J
λ,µ,η
0,z f(z)

∣

∣

∣
≦

Γ(η − µ+ 2)|z|1−µ

Γ(2− µ)Γ(η − λ+ 2)

(

1 + Φ(n+ 1)|z|n
∞
∑

k=n+1

Γ(k + 1) ak

)

(24)

(z ∈ U; 0 ≦ λ < 1; µ, η ∈ R)

and

∣

∣

∣
J
λ,µ,η
0,z f(z)

∣

∣

∣
≧

Γ(η − µ+ 2)|z|1−µ

Γ(2− µ)Γ(η − λ+ 2)

(

1− Φ(n+ 1)|z|n
∞
∑

k=n+1

Γ(k + 1) ak

)

,

(25)

(z ∈ U; 0 ≦ λ < 1; µ, η ∈ R),

where

Φ(n) :=
Γ(n− µ+ η + 1)

Γ(n− µ+ 1)Γ(n − λ+ η + 1)
.
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Proof. Since f(z) ∈ Tn(λ, µ, η), by applying the assertion (18), we obtain

n+ {λ(η − µ)}Γ(η − µ+ n+ 2)

Γ(n− µ+ 2)Γ(η − λ+ n+ 2)

∞
∑

k=n+1

Γ(k + 1) ak

≦

∞
∑

k=n+1

[k + α{λ(k − µ− 1) + 1} − 1]Γ(k − µ+ η + 1)

Γ(k +−µ+ 1)Γ(k − λ+ η + 1)
ak

≦
α(1− λµ)Γ(η − µ+ 2)

Γ(2− µ)Γ(η − λ+ 2)
,

which immediately yields

∞
∑

k=n+1

Γ(k + 1)ak ≦
α(1− λµ)Γ(η − µ+ 2)Γ(n − µ+ 2)Γ(η − λ+ n+ 2)

Γ(2− µ)[n+ {λ(η − µ)}]Γ(η − µ+ n+ 2)Γ(η − λ+ 2)
.

(26)
Now, making use of Definition 5, we get

J
λ,µ,η
0,z f(z) =

Γ(η − µ+ 2)

Γ(2− µ)Γ(η − λ+ 2)
z1−µ

(

1−
∞
∑

k=n+1

Φ(k)Γ(k + 1)ak zk−1

)

,

(27)
where

Φ(k) :=
Γ(k − µ+ η + 1)

Γ(k − µ+ 1)Γ(k − λ+ η + 1)
(k = n+ 1, n+ 2, n+ 3, · · · ;n ∈ N).

(28)
Since Φ(k) is decreasing in k, we have

0 < Φ(n) ≦ Φ(n+ 1) =
Γ(n− µ+ η + 2)

Γ(n− µ+ 2)Γ(n − λ+ η + 2)
. (29)

From (27), (28) and (29), it is easily seen that

∣

∣

∣
J
λ,µ,η
0,z f(z)

∣

∣

∣
≦

Γ(η − µ+ 2)|z|1−µ

Γ(2− µ)Γ(η − λ+ 2)

(

1 + Φ(n+ 1)|z|n
∞
∑

k=n+1

Γ(k + 1)ak

)

≦
Γ(η − µ+ 2)|z|1−µ

Γ(2− µ)Γ(η − λ+ 2)

(

1 +
α(1− λµ)Γ(η − µ+ 2)

Γ(2− µ)Γ(η − λ+ 2)[n + α(λ(n − µ))]
|z|n

)

and

∣

∣

∣
J
λ,µ,η
0,z f(z)

∣

∣

∣
≧

Γ(η − µ+ 2)|z|1−µ

Γ(2− µ)Γ(η − λ+ 2)

(

1− Φ(n+ 1)|z|n
∞
∑

k=n+1

Γ(k + 1)ak

)
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≧
Γ(η − µ+ 2)|z|1−µ

Γ(2− µ)Γ(η − λ+ 2)

(

1−
α(1− λµ)Γ(η − µ+ 2)

Γ(2− µ)Γ(η − λ+ 2)[n+ α(λ(n − µ))]
|z|n

)

.

These last inequalities evidently complete the proof of Theorem 2.

Remark 2. By suitably specializing or modifying the parameters involved
in Theorem 2, we can derive distortion theorems for the fractional calculus
operators Dλ

z f(z) and I
λ,µ,η
0,z f(z).

6. Radii of Close-To-Convexity, Starlikeness and Convexity

A function f(z) ∈ Tn is said to be close-to-convex of order ρ in U if

ℜ
(

f ′(z)
)

> ρ (0 ≦ ρ < 1; ∀ z ∈ U). (30)

If f(z) ∈ Tn satisfies the following inequality:

ℜ

(

zf
′

(z)

f(z)

)

> ρ (0 ≦ ρ < 1; ∀ z ∈ U), (31)

then the function f(z) is said to be starlike of order ρ in U. On the other hand,
if f(z) ∈ Tn satisfies the following inequality:

ℜ

(

1 +
zf ′′(z)

f ′(z)

)

> ρ (0 ≦ ρ < 1; ∀ z ∈ U), (32)

then the function f(z) is said to be convex of order ρ in U (see, for details, [2]).

We now prove the following theorems.

Theorem 3. If a function f(z) ∈ Tn, then f(z) is close-to-convex of order

ρ (0 ≦ ρ < 1) in |z| < r1, where

r1 = r1(λ, µ, η, ρ) = inf
k≧n+1

(

(1− ρ)[k + α{λ(k − µ− 1)} − 1]Θ(λ, µ, η)Γ(2 − µ)Γ(η − λ+ 2)

α(1− λµ)Γ(η − µ+ 2)

)
1

1−k

, (33)

where Θ(λ, µ, η) is given by (21).
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Proof. Let the function f(z) ∈ Tn(λ, µ, η) be given by (1). Then, by virtue
of (30), the function f(z) is close-to-convex of order ρ in U, provided that

|f ′(z)− 1| =

∣

∣

∣

∣

∣

∞
∑

k=n+1

kak zk−1

∣

∣

∣

∣

∣

≦

∞
∑

k=n+1

kak |z|k−1

≦ 1− ρ (k ≧ n+ 1;n ∈ N). (34)

Now, in view of (18), the assertion (34) holds true if

k|z|k−1

1− ρ
≦

[k + α{λ(k − µ− 1)} − 1]Θ(λ, µ, η)Γ(2 − µ)Γ(η − λ+ 2)

α(1− λµ)Γ(η − µ+ 2)
(35)

(k ≧ n+ 1; n ∈ N).

Finally, upon solving (35) for |z|, we readily obtain the assertion (33) of
Theorem 3.

Theorem 4. If a function f(z) ∈ Tn, then f(z) is starlike of order ρ (0 ≦

ρ < 1) in |z| < r2, where

r2 = r2(λ, µ, η, ρ) = inf
k≧n+1

(

(1− ρ)[k + α{λ(k − µ− 1)} − 1]Θ(λ, µ, η)Γ(2 − µ)Γ(η − λ+ 2)

α(1− λµ)Γ(η − µ+ 2)

)
1

1−k

, (36)

where Θ(λ, µ, η) is given by (21).

Proof. Suppose that f(z) ∈ Tn(λ, µ, η) is given by (1). Then, in light of
(30), the function f(z) is starlike of order ρ in U, provided that

∣

∣

∣

∣

zf ′(z)

f(z)
− 1

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=n+1

(k − 1)ak zk−1

1−
∞
∑

k=n+1

ak zk−1

∣

∣

∣

∣

∣

∣

∣

∣

≦

∞
∑

k=n+1

(k − 1)ak |z|k−1

1−
∞
∑

k=n+1

ak|z|k−1



512 P.N. Kamble, M.G. Shrigan, H.M. Srivastava

≦ 1− ρ (k ≧ n+ 1; n ∈ N). (37)

In view of (18), this last assertion (37) holds true if

(k − ρ)|z|k−1

1− ρ
≦

[k + α{λ(k − µ− 1)} − 1]Θ(λ, µ, η)Γ(2 − µ)Γ(η − λ+ 2)

α(1− λµ)Γ(η − µ+ 2)
(38)

(k ≧ n+ 1; n ∈ N),

Θ(λ, µ, η) is given by (21). Thus, upon solving (38) for |z|, we are led easily to
the assertion (36) of Theorem 4.

Theorem 5. If a function f(z) ∈ Tn, then f(z) is convex of order ρ (0 ≦

ρ < 1) in |z| < r3, where

r3 = r3(λ, µ, η, ρ) = inf
k≧n+1

(

(1− ρ)[k + α{λ(k − µ− 1)} − 1]Θ(λ, µ, η)Γ(2 − µ)Γ(η − λ+ 2)

α(1− λµ)Γ(η − µ+ 2)

)
1

1−k

, (39)

where Θ(λ, µ, η) is given by (21).

Proof. Let f(z) ∈ Tn(λ, µ, η) be given by (1). Then, in view of (30), the
function f(z) is convex of order ρ in U, provided that

∣

∣

∣

∣

zf ′′(z)

f ′(z)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=n+1

k(k − 1)ak zk−1

1−
∞
∑

k=n+1

kak zk−1

∣

∣

∣

∣

∣

∣

∣

∣

≦

∞
∑

k=n+1

k(k − 1)ak |z|k−1

1−
∞
∑

k=n+1

kak|z|k−1

(40)

≦ 1− ρ (k ≧ n+ 1; n ∈ N). (41)

By appealing to (18), the last assertion (40) holds true if

k(k − ρ)|z|k−1

1− ρ
≦

[k + α{λ(k − µ− 1)} − 1]Θ(λ, µ, η)Γ(2 − µ)Γ(η − λ+ 2)

α(1 − λµ)Γ(η − µ+ 2)
(42)
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(k ≧ n+ 1; n ∈ N),

where Θ(λ, µ, η) is given by (21).

Finally, upon solving the equation (42) for |z|, we get the assertion (39) of
Theorem 5.

Remark 3. By suitably specializing or modifying the parameters involved
in Theorem 3, Theorem 4 and Theorem 5, it is fairly straightforward to derive
the radii of close-to-convexity, starlikeness and convexity corresponding to the
fractional calculus operators Dλ

z f(z) and I
λ,µ,η
0,z f(z).
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