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Abstract: In this work, we sfudy tN@inver#f problem stability of the con-
tinuous-in-time model which is e used for the finances of public
etermining the Loan Measure from

ey are density measures. For this inverse
eorem, obtain a procedure for constructing

1. Introduction

In the last two decades, the theory and practice of inverse problems have been
developed in many scientific domains. Consequently, it is rapidly growing, if not
exploding. Moreover, document [4] shows how much researchers contribute to
this field. Many inverse problems arising in scientific domains present numerical
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instability: the noise affecting the data may produce arbitrarily large errors
in the solutions. In other words, these problems are ill-posed in the sense of
Hadamard. The concept of ill-posedness was introduced by Hadamard [2] in the
field of partial differential equations. We mention the book on the mathematics
of ill-posed problems by Tikhonov and Arsenin, [3].

We constructed in previous work [8] the continuous-in-time godel which

is based on using the mathematical tools such convolution an egration.
Indeed, this model uses measures over time interval to descai cheme,
reimbursement scheme and interest payment scheme. The & ain@some
financial quantities. For instance, the Repayment Patt is a non-
negative measure with total mass which equals 1, th ding Mea-

sure ¢ is defined such that the difference betwe gs antl incomes re-
quired to satisfy the current needs between ti i

/ 1)

and the Loan Measure Ag is defined s th he amount borrowed between
times t; and to is:

to

t Fp. (2)

The measu absoNliely continuous with respect to the Lebesgue mea-
sure dt. Thi t it reads (t)dt, where t is the variable in R. The work
[8] propo n of the inverse problem over the space of square-

e paper [18], we use a mathematical framework to discuss
of determining the Loan Measure kg from Algebraic Spend-
8. This inverse problem is used in [8] on simplified examples in
o show its capability to be used to forecast a financial strategy.

In this paper we provide some general results on this inverse problem for
any density 7. We show the stability of the inverse problem. We continue to
extend some results of this inverse problem in measure space with proving its
stability. In other words, we describe a more complete numerical study for the
inverse problem. The main result of this paper is the existence and uniqueness
of solutions for the system modeling the financial multiyear planning. This
result ensures the mathematical well-posedness under the balanced equation
assumption.
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The paper is organized as follows. Section 2 describes the inverse problem
of the model in L2([t1, Omax]). Section 3 shows the inverse problem of the model

in M([t]:, @max])-

2. Inverse Problem of the Model in
LZ([tIa 9max])

Denote by L%([tr, Omax]) the space of square-integrable fungg
their support in [t1, Omax] and by L%([0,0,]) the space
functions over R having their support in [0,0,]. stal®
Pattern Density v as follows:

v € L*([0,0,]) (3)

where ©, is a positive number such that:

0, <
We justify relation (3) because the supf@rt of cofivolution of two compactly sup-
ported densities kg in [t1, Oma ] a i

Lemma 1. The line era acting on Loan Density kg € L2([t1, Omax

—0,]) and defined as;

Llkp| = KkE (kp*v)(t) — a/t (kp — kp*7)(s) ds, (5)

is compact, L2([t1, Omax — ©4]) to L%([tr, Omax))-

ition (5) of the operator £ gives that for any two Loan
kg, the following equality:

() —LEE () = k5, (1) = £E (1) = (kB = £E) *7)(F)

t
—a / s (5) — 5y (5) — (s — Ri) %7)(s) ds.

(6)

Taking norm L2([t1, Omax]) and applying triangle inequality to relation (6), we
obtain the following inequality:
1Lk E,] = LK e lL2 ([t 0max)
< |lkE, — kB — (KB, = £E1) * V)L2([t1,0max)) (7)
+ | Q | XCEfv
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where Cpz is defined and is increased as follows:

CE% = ‘ / (K“Ez - K“El)(s) - ((HE2 - HE1) *7)(3) ds

t1

L2([t1,Omax])

_ J/jm‘“ (/t:(,% — ki )(8) = (kmy — Ry) %y

<v Omax — t1 X H(KEQ - ’€E1) - (’{Ez - KE1) )‘

We use the Cauchy-Schwartz inequality to obtad:

< (Omax —t1) X [(kp, — £8) — (kB2 — £8) * VL2 (tr,0mad)-  (10)
From this and according to relation (7), we get:

[£lkm]=LIE B2 (t,0ma)) < (14 | @[ X (Omax — 1))

)
X ||K/E2 — ke, — ((K/EQ - ’{El) *7)‘|L2([tlv@ma}c])'

(11)
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The triangle and the Young inequalities imply that:

kB, — kB, — (KB, — KEy) * V)IIL2([tr,0max])

< kB, = KB L2 ([t1,0max—04])

+ 1((kEy — £Ey) * V)2 ([t2,0max])

< kB = KB L2 (11,0 max—04]) (12)
+ kB, — KB IL2(jt1,0max—04)) X 1V]IL1 (0,0, \

< (1+ Il oe,)) ¢

X kB, — KBy L2 ([tr,Omax—0-])-

From this and according to relation (11), we gety

L[k E,] = LIEE L2 (tr,0max
< (14| a| x(Omax — & (1+ 1([0,0,])) (13)

X ke, — KEllL2 (1.0 —04])-

Consequently, linear operator Lgguinifo nded and is a Hilbert-Schmidt

operator in L?([t1, ©max]) of con | X(Omax—11)) X (14|71 (j0,0,))5

achieving the proof of th ma O

Lemma 2. Lj given by relation (5) is Fredholm operator
such that:

dim Im(L) = dim Ker(L) < oc. (14)

Proo er L the space of continuous linear applications of L2([tr,

1, Omax|). We define operator K in L as an integral operator:

Gmax
ik € (11, O — O Klel0) = [ Floayenly) dy. (19
t1

We want to show that linear operator £ is a difference between the identity
application from space L?([t1, Omax — O4]) to L?([t1, Omax]) and the compact
operator K given by (15) as the following form:

LIre](x) = Td12([t;,0 max—0-]) L2 ([t1,0ma]) [FE](¥) — K[kE](z),  (16)

where, F' which defines operator K, is a function in L2([tr, Omax — 0,] x
[t1,Omax]) to be determined. In what to follows, the definition (5) of linear



626 T. Chakkour

operator £ is used in order to introduce the indicator function 1y, <,y. It allows
to simplify integrals because of using the Fubini-Tonelli theorem to interchange
the integrals. These simplifications can be detailed as follows:

Clrg)(@) (1)
@max
~ wp(@) = (g =)@ = [ Ly i = s x2)(0)
@rInaX
= (o) = ()@ = [ w0z dy .

Gmax
+ / aly<py(hE *7)(y) dy
t1

@max
= kp(z) - / kp@) (T —y) dy — or <o) dy

at function F' is square-integrable over [t1,Omax — O] X
show that three functions they are. Indeed, these functions

@max

(z —y), (z,y) = Lgy<yy and (z,y) = [7" Ly y(t —y) dt
I

ise, since we have:

) @maxfg»y Omax 9
|’]l{y§m}H]L2([t17@max_@'y}X[tL@maXD = /t / ]l{ygzt} dy dx (19)
I

53

Omax—6y Omax — O — t1)?

_/ (:r—t;[)dx( = 2’\/ I),
t1

we have (z,y) = Ly<q) € L?([t1, Omax — ©5] X [t1, Omax]). In what to follows,
we will show that function ft?m‘“‘ ]l{tgx}'y(t — y) dt is square-integrable over
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[t1, Omax — O] X [t1, Omax]. For that, we set the following inequality:

2
®max

Lyt —y) dt (20)

f L2([t1,Omax —O~] X [t1,Omax])
Omax—0+ [ Omax | [Omax 2

_ / / / Ljpeayy(t —y) dt| da d\
tr tr tr
Omax—O+  [Omax . 2

S/ / ( Iv(t—y)ldt> dz ¢
t t1 t1

We use the Cauchy-Schwarz inequality to obtain:

x
Vl’ S [tI7 @max - 97]7 ( |7(t dt (21)
53
< )|? dt.
t1
Since the density v satisfies the relati ere exists a constant C, such
that relation (21) gives:
Y dt <(z—t1) x Cy. (22)

, we get the following inequality:
2

]L2([t1,@max—@'y] X [tl,emax}) (23)
% (Gmax - G’y B t1)2
2 b

proves that function (z,y) — ft?“‘“" L4<z)v(t —y) dt is square-integrable
interval [t1, Omax — O] X [t1, Omax]. Consequently, we get:

F € L*([tr, Omax — O] X [t1, Omax]). (24)

It is concluded that linear operator £ can be written in the form which is shown
in relation (16). We showed that operator £ is Fredholm operator (see Th. 3.45,
p. 206 in [5], or the Fredholm Alternative Theorem 1.3.1 in [19], p. 13). In
addition, the Fredholm Alternative Theorem (Lemma 4.45, p. 160 in [6]) is
used to get that linear operator £ has a finite codimension, a closed image and
a finite dimension of its kernel. Thus the lemma is proved. U
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Lemma 3. Linear operator D acting on Initial Debt Repayment Density
pF € L2([t1, Omax]) defined as:

Omax
DlAI(t) = —o / pE(s) ds — o (1), (25)

is compact operator from L?([t, Omax]) to L2([t1, Omax])-

Proof. The triangle inequality is applied to definition R atogD to

get:
@max
Iy
t

IDlok 2 (21,0 <1 e | X

1.2 1®max}) (26)
+ llok 2 (rr, I
@max
Since | [ k(o) ds < (009 — 11) % 1okl O

t L2

and according to relation (26),
IDloic] 12 (ftr,0rmas]) (27)
]

We can de e the Mgebraic Spending Density o defined in relation (1)
as a sum of gperatorNg and D:

o(t) = Llrg](t) + Dlpx](t). (28)

he singular point of function 1— F () is zero for any constant

Proof. If the Repayment Pattern Density v is a constant function given by:

A(t) = @%n[@,@ﬂ 0) (20)

we have:

L (e 1), (30)

VEERTL-F)(O) =1 g5
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From this, we get:

VE e R*, 1 — F(v)(§) = 0= £0, =sin(£6,) and cos(£6,) =1,
= (0, +1=1, (31)
= (6, =0.

Since the real ©, is positive, the function £ — 1 — F(y)(§) is not function
over R*. Conversely, if a real ¢ is zero, function £ — 1 — F( is a9y a zero

Mis dfined

(32)

Furthermore, since density « is with total #fasSQghich e®tials 1, relation (32)
implies that:

(33)
Now we will show that the sin i unction 1 — F(v) is zero for an
affine density v given by:

(34)

1 .
The integratj @s‘ca es that:
®, - FO)©)
1 i ; i - (35)
—i€O —i€O
+ e T—1)— —e .
((sw 25(%) ( )~ ¢e,
Froigthis, we get the following system of equations:

(c08(€07) = 1) + %57 sin(£0,) = (66,)%, (35)

—sin(£0,) + £0, cos(£0,) + %(cos(f@y) —-1)=0.

From this, we get the following equality:

co, (1 + 3(5(;)7)2> - (1 + 9(%(;?7?) §in(£0.,) = 0. (37)
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According to Figure 1, we state that equation (37) does not have solution on
R*. Consequently, the function £ — 1 — F(v)(£) is not a zero function over R*.
Inversely, assuming that real £ is zero, we get:

—+o00
1—f<fy><o>=1—/ y
-2 /GV at — — Gyd 0 o
—1-— tdt — — t=0.
@3 0 204 Jo \

L L L L L L L L L
—0.04 —0.03 —0.02 —0.01 o 0.01 0.02 0.03 0.04 0.05

ure 1: Graph of the function {0, — {©, <1 + W) — (1 +

w sin(£©,) over interval [—0.05,0.05]. Also shown that zero

is its singular point.

We conclude that function 1 — F(7) is zero at the origin for density 7 given
by (29) (or by (34)). In what to follows, we want to extend this conclusion for
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any affine density v given by:

Y(t) = (cat + 1)L, 1(1), (39)
where coefficients ¢; and co satisfy:

CQ@ 1

’Y—_
o+ =g \ (40)

We obtain using the integration by parts:

Ve e R 1 - F(7)(€) = 1—02<

icy(e”%O

Next, we obtain by separating the r
1 — F(v) the following system of equ

(42)
£9,)-1) _
Let us check t i ) the system of equations given by (42). Indeed, if
coefficients respectively equal to ﬁ and &, then we get relation
Y
(36).
(43)
2 c1(c20, +c1)\ .
= (5—2 + 0,(c20, + 1) + %) sin(£0-).
According to relations (42) and (43), we get:
(e 2
@Tv Leo, 4 98 <§2 +2+ ) $in(£0,). (44)

We will show that relation (44) is consistent. Indeed, assuming that coefficients
c1 and ¢y are respectively equal to ﬁ and &, we get relation (37). Otherwise,
vy
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relation (44) gives:

02 + (£€6,)%(1 + 62%7)) =0. (45)

in(£6,) — O ( >
S1n v 2 02@% + (fGW)2(2+ z_;)

We use equalities (45) and (40) which is multiplied by o to give the following
system of equations:

c cz@
o= 1+3 @2 + =
¢t 1 l
20, T cg@% 2
2
. o . C
Replacing quantities > uality (45),

M)

obtain the following equahty

' 02@,2y +
sin(0,) — {6, 202 =0 (47)
202 + ( )
As
R* Slné(é(j"/) S 17 (48)

using inequality 48), we S@tain according to (47) the following inequality:

1 1 20?2
— <1+ — 7 49
+ CQ@?Y S+ CQ@?Y + 4’ ( )
figdto give
-2 < 02, (50)

shows that equation (47) does not have solution on R*. Consequently,
the proof of the lemma is done. O

Many inverse problems in finance involve its study with regular singularities.
For instance, paper [1] deals with inverting the differential operators on the half-
line having a discontinuity in an interior. For studying the inverse problem we
agree that together with function 1 — F(v) we suppose that zero is only its
singularity for any density . This assumption gives a constructive procedure
for the validity of the following theorem.
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Theorem 5. If Repayment Pattern v satisfies relation (3) and following
relation:

Je > 0, € L*(R), (51)

1= F() = 00,—e[U]e, 00

where F stands for the Fourier Transform Operator. And if Initia]&l?tRepay-

ment Density pk is in L?([t1, Omax]), then for any Algebraic Spen Density
o in L2([tr, Omax]) is satisfying the following equality: *
@max y
[ (@ piibm o [0 - DUyl SN 62
t1 53

there exists an unique Loan Density kg stabl 1.2 — ©,]) which is

-5 -20

Figure 2: Graph of the function (567,0263) — sin(0,) —
o ( c202+(60:)*(3+ —57)

626%

co©2
€202 +(£0,)* (14 by +277)

) over interval [—20,20] x [—2,20].

Also shown that zero is its singular point.
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given in terms of o by:

B .F(U — D[pIIC] + a/t.(o—(s) — D[P]IC](S)) PICED) ds)
v ( 1=F() > )

where F ! stands for Inverse Fourier Transform, such that (28)

have the following inequality: ||xkg, — 2 ) < C25, where CF is
a real constant to be determined,

(54)

)(s) e(*=9) ds) )

! preserves the norm from L2(R) to
m relation (54) the following equality:

(55)

6B — KB L2 ([tr, Omax—©-))

1
<supl{——— Y x|oa—0
EeR* { ’ 1— (’Y)(f) ’ } H 2 1||L2([t17®max}) (56)

/.(02 —a1)(s) + e ds

t1

| afx

L2([t1,Omax])
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We want to increase quantity || [ (o2 — 01)(s) e(*=5) (s

L2([tz,Omax])
stant to be determined multiplied by [|o2 — 01(/12([t;,0 ma)):

/ "0 — 01)(5) =) ds

tr

®max t
I

2
o9 — o1)(s) e(t=5) ds) d

\ /i
®max

<
\ e
< \/Opax —tr X sup {e®me

[tI ®ma

@max
0'2—01)( )e o s t
tI

(e
Y

X oz = o1llLi (1,0 max])

S \% @max - tI X ea(@max ) X - 0—1|’L1([tl,®max})'

Using the Cauchy-Schwarz ineq

max — t1 X [|02 — 01|12 ([t7,Omax])

57), we get
S su —— >+ || X @m < — t X ea(emax—tl)
1y 7000 \} | X(Om —t2)
2([t17@max])'
= sup S — + | & | X(Omax — t1) x e(Omax—ts)
gers | [ 1=F()() | ’

we get:

6B — KB L2 ([tr,0max—04)) < Ca X |02 = 1|2 (11,0 max]) -

L2([t11®max}) \

635

by a con-

(58)

(59)
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3. Inverse Problem of the Model in
M([t];, 9max])

The aim of this section is to study the inverse problem in measure space. Denote
by M([t1,Omax]) the Radon measure space which is a continuous and linear
form acting on continuous functions space CZ([t1, Omax]) defined over a time
interval [t1, ©max|. The usual norm on M([t1, Onax|) is:

s tp
T — { I ® 62)
wecg([tL@maxDﬂzgéo
(63)
(64)

(4). By relation (64), the sup-
upported measures Ag in [t1, Omax — O]
ax)- Indeed, formally:

where ©, is positive number sa
port of convolution of two

E*7) C Supp(Fe) + Supp(7). (65)

Let £ be a li¥far
n Meas

rator ®efined from M([t1, Omax — ©4]) to M([t1, Omax])
iE by

:/%E—/%E*fy—a</%E—/%E*f?,]l“tht[>dt. (66)
erator defined in M([t1, ©max]) acting on Initial Debt Repay-
Yy

D[k = —a( 5k, 110l )t — k- (67)

Algebraic Spending Measure ¢ is defined such that the difference between
spendings and incomes required to satisfy the current needs. Measure & is
decomposed as a sum of operators £ and D; given by relations (66) and (67),
respectively:

G = Li[rEp] + Di[pk]. (68)
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Theorem 6. If Repayment Pattern Measure 7 is satisfying relation (64)

and the following relation
1
—_— € L*®(R), (69)
1= F(3) —c0,—elUle, +o0l

for any positive real € and if Loan Measure kg exists in M([t1, Omax — ©4])
for any Initial Debt Repayment Measure py- and for any Algebr pending
Measure ¢ in M([t1,Omax]) satisfying the following equality:

4
i _1<F<5——D1[ﬁ11c] +aéa<5—pl[ﬁ}c]7e* @
e (70)

1=F@)
MU Ornay — O,]).

then, the Loan Measure kg is unique and stabl

Proof. We notice that since that the inverse rier transform F~! is not
surjective from M(R) to M([t1, Omax] solutio
inverse problem. Moreover, if Loan
(70), then it is unique due to the inje
18).

Now we will show that the s n Measure kg is stable. Definition
(66) of operator L givi t fOffany two Loan Densities kg, and kg, the

following equality:

ity off@perator £; (see Lemma 3.4 in

RE,

f(@ — &1+ aéa<52 — 01, e*autnt[»
1-F®#) > (71)

The usugRadgh norm Sn M([tr, Omax — ©,]) of quantity Ag, — Ap, is defined
by:

Ey — REI ||M([t1,@max*®~/})
B . { | (i, — iy, ) | } (72)

€€ ((t1,0max—04]),6720 L@l Lo ([t1,0max—04))

We replace measure kg, — fp, given by (71) in right equality (72) in order to
obtain the following equality:
1

5By — KB | M([t1,0max—04]) = mx

{| (52— 51 + a5 — 51,0y ) F()) |}

H¢|’L°°([t1,@max*@'y})

(73)

sup
$€C2([t1,Omax—0]),6#£0
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By the Fourier Transform of function ¢ € CZ([t1, Omax — ©,]), we get the fol-
lowing inequality:

@max_@'y X
EOGINY) olw)e™ " da
I
@maxfg’y 77;225 (74)
</ €75€] da X [0l 100 (11, 0m_0
t1
< (Gmax - 6'\/ - tI) X H¢HL°‘3([t1,@ma ) ‘
Using relations (73) and (74), we obtain:
HREQ - ,‘%El HM([tI,@max*G"/])
< (Gmax - 6"/ - tI) X Sup {
R+ (75)
| (62 — a1+
sup {
#EC ([t1,Omax—0~]),¢7#0
Since we have:
(76)
we obta
a<&2 - 5lae—a|[tl,t[>a~r(¢)> ’
<J | X (O — tr) x elol(©@nex=t) (77)

X ”6—2 - 5-1HM([tI,®maxD X H‘F(gb)”[/oo([tlygmax_@'y])

According to relations (75) and (77), we obtain the following inequality:

1FEs — KBy | M([t1,0max—©4])

1
< (Gmax - @7 - tI) X gseuﬂg {W} (78)

X (L4 | | X(Omax — tr) x ellOm==1)) s 155 — 61 0g((12, 01
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