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Abstract: In the present paper, the authors establish some fractional inte-
gral and fractional derivative formulas involving a generalized confluent type
hypergeometric function introduced by Parmer [6].

AMS Subject Classification: 26A33, 33B15, 33C05, 33C20, 44A10, 44A20,
33B99, 33C99, 33D90
Key Words: extended Beta function, fractional integral and derivative oper-
ators, extended generalized hypergeometric functions

1. Introduction

The special functions play important role in mathematics and its diverse fields.
In particular, the hypergeometric function is involved in solving numerous prob-
lem of mathematical physics, engineering and applied mathematics (see Ozergin
[5], Samko et al. [11], Kiryakova [3], [4], Kilbas et al. [2], Prajapati and Kach-
hia [8], Kachhia and Prajapati [1], etc.). This inspires the study of several
generalizations of the hypergeometric functions. Before starting and proving
our results, we present some notations, basic definitions and preliminary results
useful for the further discussions.
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We also recall the Pochhammer symbol (λ)n defined (for λ ∈ C) as (Rainville
[9])

(λ)n =























1, (n = 0),

λ(λ+ 1)...(λ + n− 1) (n ∈ N)

Γ(λ+ n)

Γ(λ)
, (λ ∈ C/Z−

0 ),

(1.1)

where Z
−
0 denotes the set of non positive integers.

The classical Beta function is defined by (Rainville [9])

B(x, y) =

∫ 1

0
tx−1(1− t)y−1dt; Re(x) > 0, Re(y) > 0. (1.2)

Recently, a generalization of the beta function has been given by Parmar
[6] as follows:

B(α,β;µ)
γ (x, y) =

∫ 1

0
tx−1(1− t)y−1

1F1

(

α;β;
−γ

tµ(1− t)µ

)

dt, (1.3)

where R(p) > 0,R(x) > 0,R(y) > 0,R(α) > 0,R(β) > 0 and R(µ) > 0.

It is interesting to observe that for p = 0, the generalized Beta function
(1.3) reduces to the classical gamma function (1.2).

The confluent hypergeometric function is defined by (Rainville [9])

pFq

[

a1, ..., ap
b1, ..., bq

; z

]

=

∞
∑

n=0

(a1)n, ..., (ap)n
(b1)n, ..., (bq)n

zn

n!
, (1.4)

with p ≤ q or p = q + 1 and |z| < 1.

The generalized confluent hypergeometric function pF
(α,β;γ)
q

[

a1, ..., ap
b1, ..., bq

; z; γ

]

can be defined as (see Parmar [6])

pF
(α,β;γ)
q

[

a1, ..., ap
b1, ..., bq

; z; γ

]

:=
∞
∑

n=0

Θ(n/p, q)
zn

n!
, (1.5)
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where γ ≥ 0 and the coefficient term Θ (n/p, q) is expressed by

Θ (n/p, q) =



































































(a1)n
q
∏

j=1

B
(α,β;κ)
γ (aj+1+n,bj−aj+1)

B(aj+1,bj−aj+1)
,

(p = q + 1;ℜ(bj) > ℜ(aj+1) > 0; |z| < 1),
q
∏

j=1

B
(α,β;κ)
γ (aj+n,bj−aj)

B(aj ,bj−aj)
,

(p = q;ℜ(bj) > ℜ(aj) > 0; z ∈ C),

[4pt]
r
∏

i=1

1
(bi)n

p
∏

j=1

B
(α,β;κ)
γ (aj+n,br+j−aj)

B(aj ,br+j−aj)
,

(r = q − p, p < q;ℜ(br+j) > ℜ(aj) > 0; z ∈ C),

(1.6)

where the generalized Beta function B
(α,β;κ)
γ (x, y) is given by (1.3).

It is important to mention that for γ = 0, equation (1.5) would reduce
immediately to (1.4).

Definition 1. (Pohlen [7]) Let f(z) :=
∞
∑

n=0
anz

n and g(z) :=
∞
∑

n=0
bnz

n

be two power series whose radii of convergence are denoted by Rf and Rg,
respectively. Then their Hadamard product is the power series defined by

(f ∗ g)(z) =

∞
∑

n=0

anbnz
n. (1.7)

The radius of convergence R of the Hadamard product series (f ∗ g)(z) satisfies
Rf .Rg ≤ R.

In particular, if one of the power series defines an entire function, then the
Hadamard product series defines an entire function, too.

Let us consider the function sF
(α,β;κ,µ)
s+r [z; p]. Its decomposition is illustrative

as

sF
(α,β;γ)
s+r

[

x1, ..., xs
y1, ..., ys+r

; z; γ

]

= 1Fr

[

1,
y1, ..., yr

; z

]

∗ sFs
(α,β;γ)

[

x1, ..., xs
y1+r, ..., ys+r

; z; γ

]

(|z| < ∞).

(1.8)

We need to recall the following pair of the Saigo hypergeometric fractional
integral operators (see Saigo [10], Kiryakova [4]).
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For x > 0, µ, ν, η ∈ C and α > 0, we have

(Iµ,ν,η0,x f(t))(x) =
x−µ−ν

Γ(µ)

x
∫

0

(x− t)µ−1
2F1

(

µ+ ν,−η;µ; 1−
t

x

)

f(t) dt, (1.9)

(Jµ,ν,η
x,∞ f(t))(x) =

1

Γ(µ)

∞
∫

x

(t− x)µ−1t−µ−ν
2F1

(

µ+ ν,−η;µ; 1−
t

x

)

f(t) dt,

(1.10)
where 2F1(·) is a special case of the Gauss hypergeometric function.

The operator Iµ,ν,η0,x (·) contains both the Riemann-Liouville Rµ
0,x(·) and the

Erdélyi-Kober Eµ,η
0,x (·) fractional integral operators as particular cases, by means

of the relationships:

(Rµ
0,xf(t))(x) = (Iµ,−µ,η

0,x f(t))(x) =
1

Γ(µ)

x
∫

0

(x− t)µ−1f(t) dt, (1.11)

(Eµ,η
0,x f(t))(x) = (Iµ,0,η0,x f(t))(x) =

x−µ−η

Γ(µ)

x
∫

0

(x− t)µ−1tηf(t) dt. (1.12)

And also, note that the operator (1.10) incorporates the Weyl type and the
Erdélyi-Kober fractional operators as follows:

(W µ
x,∞f(t))(x) = (Jµ,−µ,η

x,∞ f(t))(x) =
1

Γ(µ)

∞
∫

x

(t− x)µ−1f(t) dt, (1.13)

(Kµ,η
x,∞f(t))(x) = (Jµ,0,η

x,∞ f(t))(x) =
xη

Γ(µ)

∞
∫

x

(t− x)µ−1t−µ−ηf(t) dt. (1.14)

We also use the following image formulas which are well known facts and
easy consequences of the definitions of the operators (1.9) and (1.10) (see Saigo
[10]):

(Iµ,ν,η0,x tλ−1)(x) =
Γ(λ)Γ(λ− ν + η)

Γ(λ− ν)Γ(λ+ µ+ η)
xλ−ν−1 (1.15)

(λ > 0, λ− ν + η > 0),

(Jµ,ν,η
x,∞ tλ−1)(x) =

Γ(ν − λ+ 1)Γ(η − λ+ 1)

Γ(1− λ)Γ(ν + µ− λ+ η + 1)
xλ−ν−1 (1.16)
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(ν − λ+ 1 > 0, η − λ+ 1 > 0).
Let µ, µ

′

, ν, ν
′

, γ,∈ C, C being the set of complex numbers and x > 0. Then
the generalized fractional derivative operators are defined as (Saigo [10])

(

Dµ,ν,η
0+ f

)

(x) =
(

I−µ,−ν,µ+ηf
)

(x) =

(

d

dx

)n
(

I−µ+η,−ν−η,µ+η−n
0+ f

)

(x), (1.17)

(R(µ) ≥ 0, n = [R(µ)] + 1).

(

Dµ,ν,η

0−
f
)

(x) =
(

I−µ,−ν,µ+η
− f

)

(x) =

(

−
d

dx

)n
(

I−µ+η,−ν−η,µ+η−n
− f

)

(x),

(1.18)
(R(µ) ≥ 0, n = [R(µ)] + 1).

The operator
(

Dµ,ν,η
0+

)

(.) contains the Riemann-Liouville Dµ
0+(.) and Weyl frac-

tional derivatives by means of the following relationships:

(Dµ,−µ,η
0+ f)(x) = (Dµ

0+f)(x) =

(

d

dx

)n 1

Γ(n− µ)

∫ x

0

f(t)dt

(x− t)µ−n+1
,

(x > 0, n = [R(µ)] + 1, µ ∈ C,R(µ) ≥ 0).

(1.19)

and

(Dµ,−µ,η

0−
f)(x) = (Dµ

−f)(x) =

(

−
d

dx

)n 1

Γ(n− µ)

∫ ∞

x

f(t)dt

(t− x)µ−n+1
,

(x > 0, n = [R(µ)] + 1, µ ∈ C,R(µ) ≥ 0).

(1.20)

It is noted that the operators (1.17), (1.18) include also the Erdélyi-Kober
fractional derivative operators (Kiryakova [3]) for ν = 0 and µ, η ∈ C,R(µ) ≥ 0:

(Dµ,0,η
0+ f)(x) = (D+

η,µf)(x) =

(

d

dx

)n

(I−µ+n,−µ,−µ+η−n
0+ f)(x),

(x > 0, n = [R(µ)] + 1, µ ∈ C).

(1.21)

(Dµ,0,η
0−

f)(x) = (D−
η,µf)(x) =

(

−
d

dx

)n

(I−µ+n,−µ,−µ+η−n
− f)(x),

(x > 0, n = [R(µ)] + 1, µ ∈ C).

(1.22)

We also use the following image formulae which are easy consequences of
the operators’ definitions (Saigo [10]). Namely, for µ, ν, η ∈ C and R(µ) ≥ 0,
x > 0, λ > −min[0, µ + ν + η],

Dµ,ν,η
0+

(

xλ−1
)

=
Γ(λ)Γ(λ+ µ+ ν + η)

Γ(λ+ ν)Γ(λ+ η)
xλ+ν−1, (1.23)
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and for µ, ν, η ∈ C and x > 0, R(µ) ≥ 0, λ < 1 + min[(− ν − n), (µ + η)],

Dµ,ν,η

0−

(

xλ−1
)

=
Γ(1− λ− ν)(1− λ+ µ+ η)

Γ(1− λ)Γ(1− λ+ η − ν)
xλ+ν−1. (1.24)

2. Fractional Derivatives of Hypergeometric Function

The right-sided Saigo fractional differentiation of the generalized Gauss hyper-

geometric type function pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; z; γ

]

is given by the following

result.

Theorem 1. Let x > 0, R(γ) > 0, µ, ν, η, ρ, e ∈ C be parameters such

that

R(µ) > 0, R(ρ) > 0, R(ρ) > −min{0,R(µ + ν + η)},

Then, the following fractional derivative formula holds:

Dµ,ν,η
0+

{

tρ−1
pFq

(α,β;γ)

[

a1, ..., ap
b1, ..., bq

; et; γ

]}

= xρ+ν−1Γ(ρ)Γ(ρ+ ν + η)

Γ(ρ+ ν)Γ(ρ+ η)

×

{

pFq
(α,β;γ)

[

a1, ..., ap
b1, ..., bq

; ex; γ

]

∗ 2F2

[

(ρ), (ρ + ν + η)
(ρ+ ν), (ρ+ η)

; ex

]}

.

(2.1)

Proof. For convenience, we denote the left-hand side of the result (2.1) by ς.
Using (1.5) and then changing the order of integration and summation, which
is valid under the conditions of Theorem 1, we find

ς =

(

Dµ,ν,η
0+

[

tρ−1
∞
∑

n=0

Θ(n/p, q)
(et)n

n!

])

=

∞
∑

n=0

Θ(n/p, q)
en

n!

[

Dµ,ν,η
0+ (tρ+n−1)

]

. (2.2)

Now, making use of the result (1.23), we obtain

ς =

∞
∑

n=0

Θ(n/p, q)
(e)n

n!

Γ(ρ+ n)Γ(ρ+ n+ ν + η)

Γ(ρ+ n+ ν)Γ(ρ+ n+ η)
xρ+n+ν−1

which, by applying the Hadamard product series and using equation (1.7) yields
the desired result, equation (2.1). �
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The left-sided Saigo fractional differentiation of the generalized Gauss hy-

pergeometric type function pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; z; γ

]

is given by the follow-

ing result.

Theorem 2. Let x > 0, R(γ) > 0, µ, ν, η, ρ, e ∈ C be parameters such

that

R(µ) > 0,R(ρ) < 1 +min[R(−β − n),R(µ + η)], n = R[µ] + 1.

Then, the following fractional derivative formula holds:

Dµ,ν,η
0−

{

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

;
e

t
; γ

]}

= xρ−ν−1Γ(1− ρ− ν)Γ(1− ρ+ µ+ η)

Γ(1− ρ)Γ(1− ρ− ν + η)

×

{

pF
(α,β;γ)
q

[

a1, ..., ap
b1, ..., bq

;
e

x
; γ

]

∗ 2F2

[

(1− ρ− ν), (1 − ρ+ µ+ η)
(1− ρ), (1 − ρ− ν + η)

;
e

x

]}

.

(2.3)

Proof. As in the proof of Theorem 2, taking the operator (1.18) and the
result (1.24) into account, one can easily prove (2.3). Therefore, we omit the
details of the proof. �

Setting ν = 0 in Theorems 1 and 2 yield the results asserted by the following
corollaries.

Corollary 1. Let x > 0, R(p) ≥ 0 and µ, ν, η, ρ, e ∈ C be parameters

such that

R(µ) > 0, R(ρ) > 0, R(ρ) > R(−η).

Then the right-hand side Erdélyi-Kober fractional derivative of the generalized

Gauss hypergeometric type functions is given by

Dµ,0,η
0+

{

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; et; γ

]}

=

xρ−1Γ(ρ+ µ+ η)

Γ(ρ+ η)

{

pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; ex; γ

]

∗ 1F1

[

(ρ+ µ+ η)
(ρ+ η)

; ex

]}

.

(2.4)



196 J.P. Patel, N. Pandey

Corollary 2. Let x > 0, R(p) ≥ 0 and µ, ν, η, ρ, e ∈ C be parameters

such that

R(µ) > 0, R(ρ) > 0, R(ρ) < 1 +R(η).

Then the left-hand side of Erdélyi-Kober fractional derivative of the generalized

Gauss hypergeometric type functions is given by

Dµ,0,η
0−

{

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

;
e

t
; γ

]}

= xρ−1Γ(1− ρ+ µ+ η)

Γ(1− ρ+ η)

×

{

pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

;
e

x
; γ

]

∗ 1F1

[

(1− ρ+ µ+ η)
(1− ρ+ η)

;
e

x

]}

.

(2.5)

Further, if we replace ν with −µ in Theorems 1 and 2 and use the relations
(1.19) and (1.20), we obtain the Riemann-Liouville fractional derivative of the

generalized Gauss hypergeometric type function pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; z; γ

]

given by the following corollaries.

Corollary 3. Let x > 0,R(γ) > 0 and µ ∈ C be parameters such that

R(µ) > 0 and R(ρ) > 0.

Then the right-hand side Riemann-Liouville fractional derivative of the gener-

alized Gauss hypergeometric type function is given by

Dµ,−µ,η
0+

{

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; et; γ

]}

= xρ−µ−1 Γ(ρ)Γ(ρ+ η)

Γ(ρ− µ)Γ(ρ+ η)

×

{

pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; ex; γ

]

∗ 2F2

[

(ρ), (ρ + η)
(ρ− µ), (ρ+ η)

; ex

]}

.

(2.6)

Corollary 4. Let x > 0,R(γ) > 0 and µ ∈ C be parameters such that

R(µ) > 0 and R(ρ) > 0.

Then the left-hand side Riemann-Liouville fractional derivative of the general-



FRACTIONAL CALCULUS OPERATORS OF... 197

ized Gauss hypergeometric type function is given by

Dµ,−µ,η

0−

[

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

;
e

t
; γ

}]

= xρ+µ−1Γ(1− ρ+ µ)

Γ(1− ρ)

×

{

pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

;
e

x
; γ

]

∗ 1F1

[

(1− ρ+ µ),
(1− ρ),

;
e

x

]}

.

(2.7)

3. Fractional Integral Formulas involving Generalized

Hypergeometric Function

Now the Saigo fractional integrations of generalized hypergeometric type func-
tions are given by the following results.

Theorem 3. Let x > 0, R(γ) > 0, µ, ν, η, ρ, e ∈ C be parameters such

that

R(µ) > 0,R(ρ) > max[0,R(−ν − n)].

Then, the following fractional integral formula holds:

Iµ,ν,η0,x

{

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; et; γ

]}

(x) = xρ−ν−1 Γ(ρ)Γ(ρ+ ν + η)

Γ(ρ− ν)Γ(ρ− µ+ η)

×

{

pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; ex; γ

]

∗ 2F2

[

(ρ), (ρ − ν + η)
(ρ− ν), (ρ+ µ+ η)

; ex

]}

.

(3.1)

Proof. Using (1.9), we obtain

Iµ,ν,η0,x

{

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; et; γ

]}

(x)

=
∞
∑

n=0

Θ(n/p, q)
en

n!
Iµ,ν,η0,x

{

tn+ρ−1
}

(x).

(3.2)
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Now, making use of (1.15), we get

Iµ,ν,η0,x

{

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; et; γ

]}

(x)

=
∞
∑

n=0

Θ(n/p, q)
en

n!

Γ(n+ ρ)Γ(ρ− ν + η + n)

Γ(n+ ρ− ν)Γ(n + ρ+ µ+ η)
xn+ρ−ν−1.

(3.3)

The Hadamard product series and (1.5), give the desired result (3.1).

Theorem 4. Let x > 0, R(γ) > 0, µ, ν, η, ρ, e ∈ C be parameters such

that

R(µ) > 0,R(ρ) > max[0,R(−ν − η)].

Then, the following fractional integral formula holds:

Jµ,ν,η
x,∞

{

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

;
e

t
; γ

]}

(x)

= xρ−ν−1 Γ(ν − ρ+ 1)Γ(1 − ρ+ η)

Γ(1− ρ)Γ(ν + µ− ρ+ η + 1)

×

{

pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

;
e

x
; γ

]

∗ 2F2

[

(ν − ρ+ 1), (η − ρ+ 1)
(1− ρ), (ν + µ− ρ+ η + 1)

;
e

x

]}

.

(3.4)

Proof. As in the proof of Theorem 3, taking the operator (1.10) and the
result (1.16) into account, one can easily prove result (3.4). �

Setting ν = 0 in Theorem 3 and Theorem 4 yield the results asserted by
the following corollaries.

Corollary 5. Let x > 0, R(γ) > 0, µ, ν, η, ρ, e ∈ C be parameters such

that

R(µ) > 0, R(ρ) > 0, R(ρ) > R(−η).

Then, the left-side Erdélyi-Kober fractional integral of the extended generalized

hypergeometric type function is given by:

Eµ,η
0,x

{

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; et; γ

]}

(x) = xρ−1 Γ(ρ+ η)

Γ(µ+ ρ+ η)

×

{

pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; ex; γ

]

∗ 1F1

[

(ρ+ η)
(ρ+ η + µ)

; ex

]}

.

(3.5)
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Corollary 6. Let x > 0, R(γ) > 0, µ, ν, η, ρ, e ∈ C be parameters such

that

R(µ) > 0, R(ρ) > 0, R(ρ) < 1 +R(η).

Then, the right-side Erdélyi-Kober fractional integral of the extended general-

ized hypergeometric type function is given by:

Kµ,η
x,∞

{

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

;
e

t
; γ

]}

(x) = xρ−1 Γ(1− ρ+ η)

Γ(1 + µ− ρ− η)

× pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

;
e

t
; γ

]

∗ 1F1

[

(1− ρ+ η)
(1− ρ+ η + µ)

;
e

t

]

.

(3.6)

Further, if we replace ν with −µ in Theorem 3 and Theorem 4, we obtain
the Riemann-Liouville fractional integrals of the generalized hypergeometric
type functions given by the corollaries.

Corollary 7. Let x > 0, R(γ) ≥, µ, ν, η, ρ, e ∈ C be parameters such that

R(µ) > 0, R(ρ) > 0, R(ρ) > R(−η).

Then, the left-side Riemann-Liouville fractional integral of the extended gener-

alized hypergeometric type function is given by:

Rµ
0,x

{

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; et; γ

]}

(x) = xρ+µ−1 Γ(ρ)

Γ(ρ+ µ)

× pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

; ex; γ

]

∗ 1F1

[

(ρ)
(ρ+ µ)

; ex

]

.

(3.7)

Corollary 8. Let x > 0, R(γ) ≥ 0, µ ∈ C be parameters such that

R(µ) > 0, R(ρ) > 0.

Then, the right-side Riemann-Liouville fractional integral of the extended gen-

eralized hypergeometric type function is given by:

Rµ
x,∞

{

tρ−1
pFq

(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

;
e

t
; γ

]}

(x) = xρ+µ−1Γ(1− ρ− µ)

Γ(1− ρ−)

×

{

pFq
(α,β;γ)

[

a1, , ..., ap
b1, ..., bq

;
e

t
; γ

]

∗ 1F1

[

(1− ρ− µ)
(1− ρ)

;
e

x

]}

.

(3.8)
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4. Concluding Remarks

The extended hypergeometric type functions defined by (1.5) have an advantage
that most of the known and widely-investigated special functions are expressible
in terms of the generalized Gauss hypergeometric functions. Therefore, we
conclude this paper by noting that the results can lead to other numerous
fractional calculus formulas for special functions, by suitable specializations of
the arbitrary parameters.
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