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Abstract: In this paper we discuss on the existence and uniqueness solution
of the Riemann-Hilbert boundary value problem in the form:

ow ow B
T :F(z,w,g)—l—G(z,w,w), z€ D, (1)
Re(a+ib)w =g on 0D (2)

in C1 o(D), where a, b and ¢ are given Holder continuously differentiable real-
valued functions of a real parameter t on 9D. We shall assume that a4+ 0% = 1
everywhere on 9D.
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1. Introduction

Suppose that D is a bounded domain belonging to the class (1 ,, in the complex
plane and F(z,w, 82) € Co(D),0 < a < 1, we define the weakly and strongly

singular operators Tp and [[,, in the form:

To72) = [ / €)dcan,
% /] ﬁf@)dwn,

where £ = (+1in, z = x+iy, and if f € L,(D) then T f is bounded and Holder

continuous, [1], so that
ITpf(2)
az - f(Z)’
IIpf(z)
82 - g f(Z)

Furthermore, we assume that w € C,(D),0 < o < 1, is an arbitrary solution

of:
ow ow _
55 = F(z,w, g) + G(z,w,w).

We define a function ® as follows:

D(z2) = w(z) _TD[F(Z’M’Z_Z)) + G(z,w,w)], (3)

on differentiating ® partially with respect to z and z respectively, we obtain

the following

Q
o
Q

% — [F(z,w, §2) + G(z,w,w)]
. (4)

Q)
n|
n|

52— 90 I[P (2w, %2) + G(z,w,w)]

Furthermore, since F(z,w, 2%) € C,(D),0 < a < 1, the following estimates

hold:
[@fla,p < HWHa p + Tp(F + G)lla.p,

0P
HaD+HH (F"+ G)lla,p-

15 lap < H
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It follows from the first equation (4) and Wely’s lemma [6] that ® is holomorphic

function in D, it belong to the class C,(D),0 < a < 1. Moreover, we deduce
that, if w is a solution of (1), then w necessarily is of the form

w(z) = O(2) + Tp[F(z,w, 8—2”) + Gz, w,w)], (5)

where @ is holomorphic in D. We now suppose that (w, h) is a solution of the
following system:

{ w(z) = ®(z) + ITp[F(z,w, h) + G(z,w,w) (6)
h(z) = ®'(2) + [[p[F(z,w, h) + G(z,w,w)]

Then w is a solution to the given differential equation(1l). On substituting

h = %—1;’ in (6) we obtain the following result.

Theorem 1.1. A function w € Cy (D) in the form in (5), is a solution to
the partial differential equation (1) if and only if, for a holomorphic function
¢ € C14(D), (w, h) is the solution of the system (6).

2. Existence of a General Solution in C (D)

In order to determine the existence of a solution w € C (D), we shall work in
the following space J,(D), 0 < a < 1: we denote by J,(D) the set of all pairs
(w, h) for which both w and h belong to the space C, (D). The norm shall be
defined as follows:

[(w; 7)lla,p == max({lwlla,p; [[2lla,p),

thus the J,(D) becomes a Banach space.
We impose the following assumptions on the complex differential equation

(1):
I. The domain D is bounded and belongs to the class C, 0 < o < 1.
II. The right hand side F'(z,w, h) is a continuous function of z € D, w, h.
III. The function F(z,w,h) € Co(D) if w,h € Cy(D).

IV. F(z,w, h) satisfies a Lipschitz condition in the metric of Holder norm:
1E (2, w, h) = F(z,@,h)|la,p < Lil|(w,h) = (@, ) ||a.p-

|G (2, w, W) — G(z,0,W||a,p < La||w — ©la,p-
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The assumption III is satisfied if the following Lipschitz condition is satisfied:
‘F(Zawv h) - F(E,u?, E)’ < LHZ - g‘a + max(‘w - ’J)‘a ’h‘ - i"’)]

z,2e€D and (w,h),(w,h) € T (D).
In this case we have
|F(Z7w7h) - F(gﬂl}?ﬁ” < Ll[l —f—max(H(a,w),H(a, h))”’z - 2|a’
where

|h(z) = h(2)|

|z — 2|

H(a, h) =su , z,Z€D.

With the aid of the right hand side of (5) we now define an operator @ as
follows: For (w,h) € Jo(D), let Q(w,h) = (W, H):

W(z) = ®(z) + Tp[F(z,w, h) + G(z,w,w)],

H(z +H (z,w,h) + G(z,w,w)],

where @ is a holomorphic function in D and ® € C (D).
By the properties of the integral operators Tp, [[ in Cq (D), we conclude
that the Q maps J,(D) into itself. The following estimates hold:

Wlla,p < [l + T (F + G)lla,p,
1Hlo,p < @1+ I T [(F + Olla.p-
D

In order to be able to apply the Banach fixed point theorem, we now compare
the distance between two elements (w,h), (w,h) € Jo(D) and that between
their corresponding image (W, H), (W H ) under the mapping Q. Thus,

VY =&+ TD[F(vaaiL) + G(Zawaw)]
W =&+ Tp[F(z,w,h) + G(z,w,w)] ’
H =" +][[plF(z,w,h) + G(z,w, )]
H = '+ [1plF (2,0, h) + G(z,w,w)]
It is an immediate consequence that
W = Wlla < ITollalllF(z,w, h) + Gz, w,@)] = [F(z,@, h) + G(z,w,9)]]la

< LiKi(a, D)||(w, h) — (@0, h)||a + LoKa2 (v, D)||w — ®|la,p,
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1~ Hllo < | T lalllF (20, 2) + Gz w, )] — [F(z, 0, F) + Gz, w,5) o
D

< LiKs(a, D)L||(w, h) — (@, 1)l + L2Ka(et, D) |w — @]|a,p,

where the constants K1, K9, K3 and K, are depending to o and D. Then
(W, H) — (W, H)|lo <max(L1 K, + LyKy, L1 K3 + Ly Ky)||(w, h) — (@0, h) | -

If
0< max(L1K1 + LoKo, 1 K3 + L2K4) <1,

then the Q is contractive in J,(D). Consequently by fixed point theorem Q
has exactly one fixed element (w,h), with the condition Q(w,h) = (w,h) so
that

w=®+Tp[F(z,w,h)+G(z,w,w)], h=a®& + H[F(z,w,h) + G(z,w,w)].
D

By Theorem 1.1, the corresponding w is then a general solution of the partial
complex differential equation (1). We now consider the modified Riemann-
Hilbert boundary value problem. We determine the solution w satisfying the
following conditions:

ow ow B
e :F(z,w,g)—i—G(z,w,w), z€ D, (7)
Re(a+ib)w =g on 0D, (8)

where a, b, ¢ and g are given Holder continuously differentiable real-valued
function of a real parameter ¢ on 0D, and we shall assume that a? + b> = 1
everywhere on 0D.

It was shown earlier that a general solution w of the partial differential
equation (1) has the form

dw

w=®+Tp[F(z,w, P

)+ G(z,w,w)], (9)

where ® is any function in C; ,(D), 0 < a < 1, and holomorphic in D. We
replace @ in (9) by a sum of two holomorphic functions ¢4 and ¢, ). It follows
then from (7) and (8) that

Re(a 4 ib)[¢g + ¢ n) + Tp(F +G)] =g,

or

Re(a + ib)py + Re(a +ib)pey p) = g — Re(a +ib)Tp(F + G).
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Thus the modified Riemann-Hilbert problem for w reduces to a similar
problem for the holomorphic functions ¢4 and ¢, ). That is, these functions
should satisfy the following conditions:

L. Re(a +ib)py = g,
II. Re(a +1ib)p(y pn) = —Re(a +ib)Tp[F(z,w, h) + G(z,w,w)].
Since both g and —Re(a+ib)Tp[F(z,w, h) + G(z,w,w)] are in C} (0D), both

problems have a unique solution in C (D), [1].

3. Conclusion

In this paper we have discussed the modified Riemann-Hilbert boundary value
problem for complex partial differential equation (1) and (2) in C1 . We can
discuss on the existence and uniqueness of the boundary value problem in the
Sobolev space.
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