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Abstract: In this work we construct a numerical scheme based on finite
differences to approximate the free boundary of an American call option. Points
of the free boundary are calculated by approximating the solution of the Black-
Scholes partial differential equation with finite differences on domains that are
parallelograms for each time step. Numerical results are reported.
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1. Introduction

In this paper we propose a numerical method to approximate the free boundary
and the value of an American call option C(S,t) given as the solution of the
Black-Scholes equation ([1])

0?C oC

8t+205852—|—(r 0)585 rC =0, (1)

where o is the volatility of the underlying asset, 1" is the expiry, r is the interest

Received: August 6, 2015 (© 2015 Academic Publications



692 J.C. Aguilar

rate, and Dy is a constant and continuous dividend yield. The time variable
t is on an interval [0,77], the asset value S is on the range [0,00). The call
value C' is known at time T, C(S,T) = max(S — E,0), where the positive
constant E is the exercise price. The domain where C(S,t) satisfies (1) is
of the form 0 <t < T, 0 < S < Sg(t), where Sy an unknown function of
time representing a free boundary interpreted as the optimal exercise price.
Boundary values of the equation are of the form C(0,t) = 0 for any t € [0,T],
and C(Sf(t),t) = Sy(t) — E, %(Sf(t),t) =1, for any ¢ € [0,T].

We restrict this work to the case where r > Dy > 0. At ¢t = T the value of
the free boundary is known to be rE /Dy (see [6]). In the next two section we
describe an algorithm to approximate the free boundary S¢(t), and the call value
C(S,t). The method approximates the free boundary by solving numerically a
sequence of differential equations defined on parallelograms and rectangles by
means of the Crank-Nicolson discretization combined with a shooting method
(see [10]), where Newton’s algorithm to approximate roots is implemented. The
total computational cost of the algorithm is ¢ times the computational cost of
the Crank-Nicolson method, where ¢ is the number of iterations of Newton’s
method; in this work we used ¢ = 7. Other approaches to approximate the free
boundary are based on integral equations [9], finite differences (see [5, 11] for
instance), binomial methods [4].

2. Change of Variables

In this section we rewrite Equation (1) as a constant coefficient differential
equation. Following [11], by making the change of variables S = Fe®, t =
T — 27/0?, and introducing the function u = u(x,7) related to the call value
C(S,t) by the equation C(S,t) = S — E+ Eu(z, ), the Black-Scholes equation
can be written in the new variables z, 7 as

ou 0% 0

E:W—f—(kl—l)a—;b—ku—i—f(x), (2)

2
where k = 0_—2 ki = 2(r — Dy)/o?, and f(z) = (ki — k)e® + k. The variable

x is in the range (—o0,00), and 7 € [0,02T/2]. At 7 = 0 the function u has
values u(z,0) = max(l — e”,0). Moreover the condition C(0,¢) = 0 implies
that lim, oo u(z,7) = 1 for any 7. On the new variables the free boundary is
an unknown function x s of the variable 7 with the properties: u(z¢(7),7) = 0,

u(+(7),7) = 0, 27(0) = In(r/Dy).
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3. Description of the Algorithm Based on the Crank-Nicolson
Method

We now describe how to approximate the free boundary and the solution u =
u(z,7) of Equation (2). Let 0 =19 < 71 < ... < 7, = 0>T/2 be a partition of
[0,0%T/2]. For T € (19, 71], the domain where u = u(x, 7) satisfies Equation (2)
is of the form shown in Figure 1.

(z171)

v

20 X

Figure 1: Domain of the solution u of Equation (2).

Let z; = xy(m), @ = 0,1,...,n. The point (z,7;) = (zy(r),7) on the
free boundary curve is unknown if 4 > 0, and the point (zp,79) is known with
20 = In(r/Dy). Since lim,_,_ o u(z,7) = 1 for any 7, let L > 0 be a constant
large enough so that u(z; — L,7;) = 1 for ¢ = 0,1,...,n. On the parallelogram
with vertices (z; — L,7;), (2i,7), (2it1,Ti+1), (zi+1 — L, Tiy1) the function u
satisfies equation (2) together with the boundary conditions u(z;t+1,7+1) = 0,
u(ziy1 — L,7i41) ~ 1, and initially u has values u(z,79) = max(l — €*,0)

U
for x € [z9 — L, 29]. Furthermore, 8—(zi+1, Ti+1) = 0. We now describe how to
z
approximate z1, 29, ..., zp; as we will see, Newton’s method approximates z; 1 by
U
trying to solve the equation a—(z, Ti+1) = 0 using a suitable approximation to
x

the function v and an initial approximation to z;4+1. Define Zy = 2y and suppose
an approximation Z; to z; has been calculated. Define @(z, 79) = max(1 —e*,0)
for z € [Zp— L, Zp] and assume u(x, ;) has been calculated for x € [z;— L, Z;]. To
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compute an approximation Z; 11 to z;4+1, we construct a sequence of ¢ numbers

Zz‘(-ly)p zﬁ_)l,...,zi(_‘f_)l that approximate z;41 by means of Newton’s method starting

with an initial approximation zi(g_)l which we define as zi(i)l =2z, —Z;_1if i > 0,

and 2" = 25 +0.9034,/77 1. We will define %1 as 2%} and it will be the
approximation to z;11. In what follows we describe how to compute Z;41 using
Newton’s method and how to approximate w(z,7;+1) for z € [Zi41 — L, Zi1].

We first construct a sequence of parallelograms Ag, Ay, ... as follows: with the

(0)

i—(l]—l to z;11 we define the parallelogram Ag with vertices
(zZ — L,1i), (Zi,73), (Z,i(_?_)177—i+1), (zi(_(:)1 — L, 7;4+1) shown in Figure 2. Now A is

. P ¢ (1)
used to obtain a new approximation z;; to zit1, and z;

1) ), ( 1)

parallelogram A; with vertices (Z; — L, 7;), (2, 7i), (2,01, Tiv1)s (2337 — Ly Tig1),
and so on. In general, the parallelogram A, has vertices (%, — L,7;), (%, ),

P 1), (22 = L)

initial approximation z

is used to defined a

0 )
@ - Lot (Zi+1 Tix1) (i1 Tinr)
0} () —o (Ziv 1 Ti1
(zr - L.t (z1-71) .
(zrT1) 4

(Zi- L) (Zi i)

(z0 - L 10) (z0-70) X X

(a) (b)

Figure 2: (a) Starting parallelogram Ay in the approximation of z.
(b) Starting parallelogram Ay in the approximation of z;41.

(p+1) (p)
i+1 i1
of Equation (2) on the parallelogram A, with boundary conditions u

Let ugp ) be a solution
(p)( zl(ﬁ)l .

7

We describe now how to obtain z from z

L,7it1) =1, u(p)(zg)l,nﬂ) = 0 and initial data u(p)(x,n) = u(z,7;) for z €

% 7

!The value of the initial approximation zio) is based on the expansion of the free boundary
for small values of 7 (see [11]); the initial approximation zﬁ)l = 2%;—Z;—1 if i > 0 was obtained
by intersecting the straight line through the points (Zi—1,7i—1), (Zi, 7s) with the line 7 = 741

assuming that 741 — 7 =75 — Ti—1.
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[2i — L, z;]. Once ugp ) has been computed, zi(f_J{l) is defined as
oulP) ( )
(p+1) _ _(p) 9z \Zit1> Titl
Zit1 T R T 82u§p) o . (3)

W(Zprlv’r’i-f—l)
Since u”) will be approximated ically, the partial derivatives 24 (=) 7:11)
. pproximated numerically, the partial derivatives == (2,1, Ti+1
2,,(P)
887;"2 (zl@l, Ti+1) are approximated through backward finite differences.

We now turn to the problem of approximating the function ugp ), By defini-
(p)

7

and

tion the function w; "’ satisfies the partial differential equation

ou® 52, ® ou?
S = b+ (kD — k) + f(a), (4)

(p)

on the parallelogram A,. In addition, u; ’ satisfies the boundary conditions

ugp)(zg)l — L,1i41) = 1, 'U,,Ep)(zi(i)l,Ti+1) = 0, and initial value ugp)(x,n) =

(z, ;) for x € [Z; — L, %]. Introduce a new variable w related to the = and

> (p)
Zi — z

7 variables with the formula w = x + s;,(7 — 7;) + R; where s; ), = A .l
Titl — T

and R; = zp — Z;. In the w — 7 plane, the point (w,7) belongs to a rectangle
with vertices (z9 — L, 7;), (20, 7), (20 — L, Ti+1), (20, Ti+1) if the point (x,7) is on
parallelogram A,,.

Define a function o at 79 as v(w,79) = max(l — €“,0), and o(w,7;) =
z(p)(wﬂ—) =

a(w — Ry, m;) for w € [z9 — L, z9]. Let vz(p) be a function given by v
(p)
u

Z(p) (x,7) = ugp)(w — 8ip(T — 7)) — Ri, 7). Since u;’ is a solution to Equation

4), it follows that o) satisfies the constant coefficient differential equation
(2
81}2@) B a%i(p) avi(p)

or - w2 + (kl —1- Si,p)% - kvz(p) + gi,p(waT)v (5)

where g; p(w,7) = f(w — sip(T — 75) — R;).

Equation (5) together with the boundary conditions vgp )(zo —L,7i41) =1,

vgp)(zo, Ti+1) = 0, and initial value vgp) (w, ;) = v(w, ;) for w € [z0 — L, 2p], can

be discretized using the Crank-Nicolson method obtaining m+ 1 approximation
(p) (p)

values vg, v1,...,um of v, (W, Tig1) = v; where zp — L = wg <
wy < wg < ... < Wy = 29 are m + 1 equally spaced numbers on [zy — L, 2g].

, with v

Therefore ugp) (xj,Tiy1) = v; where zj = w; — 8; p(Tit1 —7) — Ri, j=0,...,m

are m + 1 equally distributed numbers on [zi(i)l - L, zgﬁ)l]. The values vg and
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v, are given as boundary conditions, vg = 1, v,, = 0, while vy, ....,v,,—1 are
calculated by solving a tridiagonal linear system of equations AU = b, where
A e Rim=1)x(m=1) ig defined as
Qo Q3
o] Qg a3
a1 Qo O3

A= 5
a1 Q9 O3
a1 (9
with
ATiy1 = Tig1— T, (6)
Aw = L/m, (7)
ATiq AT
= 5 (k1 —1—=58,p)—,
o 2(Aw)? (kn Six) 4Aw ®)
AT ATiqq
- —k 1
a2 (Aw)? 2 ’ )
ATi-{-l ATi-{-l
- S 1
s 2(Aw)? h i) Taw (10)
Bl = —oq, (11)
52 = —Q9 — 2, (12)
53 = —Qs3. (13)

The right hand side b = (by, ..., by,—1) is defined as

3

~ ATy
b = Zﬁjvj—l— 2Z+ (9(w1,7i) + gip(w1, Tig1)) — au,
j=1
5 AT,
- +1
bm—1 = Zﬁjvmﬂ—:a— 2Z+ (9ip(Wim—1,7i) + gip(Wm—1,Ti+1)),
j=1
5 AT,
- i+1
b = Zﬁjvr+j—2— 2Z (9i,p(Wrtj—1,Ti) + Gip(Wrtj—1,Ti41)),
j=1

forr=2,....m — 2,
where 0; = 9(wj, ;). Having approximated u?, zi(flq) is calculated with (3) and

backward finite differences. This process is done to calculate zi(}r)l, ey zfi)l. We
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used the value ¢ = 7 in numerical tests. We define Z;11 = zi(_‘f_)l as our approxi-

mation to z;y1, and define the function ¥ at 7,41 as O(w, 74+1) = vz(q) (w, Ti41),

and set @(x, Ti41) = ul (T, Ti1), @ € [Ziy1 — L, Ziy1] (actually z is restricted to a
set of m + 1 equally distributed points Z;11 — L =29 < 1 < ... < Xy = Zi41)-

In Figure 3 (a) it is shown the final domain where the solution % is approx-
imated; such domain is a union of parallelograms. The domain of function o
is a union of rectangles shown in Figure 3 (b). The solution u of the Black-
Scholes equation (2) is approximated by @ as follows: for each i = 1,...,n,
w(xj, ) ~ U(xrj, ) where Z; — L = xg < 21 < ... < Ty = %, with z; =
z — L+ j#, j = 0,...,m. The value of the call C(S,t) is approximated as
C(S),t;) = S; — E + Eiu(x;,7;), where S; = Fe®, x; defined as before, and
ti =T — 27;/0>.

I
!

(z3.13)
[@ @(72 o)
1«& W (Z7)

Z0- L 20 X Z0- L 20 w

(a) (b)

Figure 3: a) Domain of @. The dashed curve represents the free
boundary. b) Domain of o.

4. Numerical Tests

In this section we provide two numerical tests of the algorithm to approximate
the free boundary at several times to expiry.

Example 1. In this example we used ¢ = 0.8, r = 0.25, Dy = 0.2, £ = 1.
The free boundary was calculated at 1 year, 6 months, and 3 months to expiry.
The values shown on Table 1 were calculated using 2000 points to discretize
the x variable on the interval [—15, zg], where zg = In(r/Dy) = 0.22314355...
At one year to expiry the variable 7 has the value 0.32. We used 100 time
steps to calculate the free boundary in each case. The estimated relative error
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of approximation was calculated using a larger interval for = (that is, a bigger
value of L), a larger number of points in the x variable, and a larger number
of time steps. The algorithm calculates the free boundary xy; the tabulated
values of the free boundary correspond to Sy which is given by the relation
Sy = Ee®f. On Table 2 are shown the values of the free boundary with a slight
change of the algorithm: instead of a second order, it uses a fourth order finite
difference discretization of first and second derivatives in the x variable. We
used 1000 points to discretize the = variable on the interval [—15, zp] and 100
time steps in each case.

Example 2. In this example we used ¢ = 0.2, r = 0.1, Dy = 0.05, £ = 1.
The free boundary was calculated at 1 year, 6 months, and 3 months to expiry.
The values shown on Table 3 were calculated using 2000 points to discretize the
x variable on the interval [—15, zp], where zp = In(r/Dg) = 0.6931471805... At
one year to expiry, the variable 7 has the value 0.02. We used 100 time steps
to calculate the free boundary in each case. On Table 4 are shown the values
of the free boundary using a fourth order finite difference discretization in the
x variable with 1000 points, and 100 time steps to calculate the free boundary.

Time to expiry | Value of the free boundary Sy | Approximated relative error
1 year 2.8095239 8.4 x 1076
6 months 2.4419893 1.0 x 107°
3 months 2.1113720 3.0x107°

Table 1: Approximation of the free boundary S of Example 1 using
second order discretization in the x variable. We used 2000 points to
discretize the = variable on the interval [—15, zp] and 100 time steps
to calculate the free boundary in each case.

Remark 4.1. The numerical scheme proposed in this work can be com-
bined with other methods to deal with the fact that the function max(S — E,0)
for the initial value of the solution of Equation (1) has a corner at S = E (see
[8]). The Rannacher time-stepping with a few initial backward Euler steps (see
[7]) can be easily incorporated; for the calculation of the free boundary in our
numerical tests it made little difference in the results. The advantage is that
it produces a smooth approximation of the call value C(S,t) for t € [0,T). We
will report on future work a more challenging modification of the algorithm so
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Time to expiry | Value of the free boundary Sy | Approximated relative error
1 year 2.8095166 5.8 x 1076
6 months 2.4419988 6.6 x 107°
3 months 2.1114250 5.3 x 1076

Table 2: Approximation of the free boundary S of Example 1 using
fourth order discretization in the x variable. We used 1000 points to
discretize the = variable on the interval [—15, zp] and 100 time steps
to calculate the free boundary in each case.

Time to expiry | Value of the free boundary Sy | Approximated relative error
1 year 2.2377075 2.9 x107°
6 months 2.1725228 3.8 x 107°
3 months 2.1240239 5.1 x 107

Table 3: Approximation of the free boundary S of Example 2 using
second order discretization in the x variable. We used 2000 points to
discretize the = variable on the interval [—15, zp] and 100 time steps
to calculate the free boundary in each case.

that it includes an initial time-stepping method of higher order than Euler’s
method (see [2, 3]).

Remark 4.2. Although this method gives a higher precision than other fi-
nite difference methods that approximate the free boundary by choosing certain
grid points on a fixed mesh, it requires an initial approximation for Newton’s
method. If the size of Az is ”big”, the algorithm may not converge due to the
way we choose the initial approximation in Newton’s method. Using less than
40 points per unit length in the spatial variable x produce no convergence of the
method in our tests. Taking into account that the algorithm is computationally
efficient, using more tan 40 points per unit length is not a severe restriction.
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Time to expiry | Value of the free boundary Sy | Approximated relative error
1 year 2.23764219 2.3 %1077
6 months 2.17243864 3.5 x 1077
3 months 2.12390951 2.3 x 1076

Table 4: Approximation of the free boundary S of Example 2 using
fourth order discretization in the x variable. We used 1000 points to
discretize the = variable on the interval [—15, zp] and 100 time steps
to calculate the free boundary in each case.

5. Conclusion

We have presented an algorithm to approximate the free boundary and call value
of an American call option given as the solution of the Black-Scholes partial
differential equation. By making a well known change of variables, the solution
of the equation is sought on a domain bounded from the right by the free
boundary, and from the left by a translation of the free boundary. This domain
needs to be approximated since the free boundary curve is unknown. We used
7 iterations of Newton’s method to construct a sequence of parallelograms that
approximate such domain. We used finite differences and the Crank-Nicolson
method to solve the Black-Scholes equation with modified boundary values
that approximate the original ones on each parallelogram. The computational
cost of the algorithm is 7 times the cost of the Crank-Nicolson method which
is proportional to m X n, where n is the number of points to discretize the
spatial variable, and m is the number of time steps. The accuracy in the
approximation of the free boundary is higher than methods based on finite
differences that use a fixed mesh. The Rannacher initial time-stepping with
some initial backward Euler steps can be easily added to the method; this has
the advantage of smoothing out the approximate solution for the call value. On
the other hand, the algorithm can be improved if a method of higher order than
Fuler’s method for the initial time-stepping is implemented. We will report on
this improvement on future work.
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