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Abstract: In this paper the solution of higher order Volterra integro-differential
equations using Legendre wavelets is presented. The problem is reduced into

the solution of non-linear algebraic equations using Legendre wavelets. A reli-

able approach is also discussed for the convergence of the Legendre wavelets.

To demonstrate the validity and applicability of the proposed method, some

examples have been discussed. The results in these examples demonstrate the

reliability and efficiency of the proposed method. The results obtained by the

Legendre wavelet method are very near to exact solution.
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1. Introduction

Most of the real life problems using mathematical modeling are converted into
functional equations like partial differential equations, integro-differential equa-
tion, stochastic equations and others. The mathematical formulations of many
physical phenomena result into integro-differential equations.

An integro-differential equation is an equation which contains derivatives
and integrations of unknown function. These equations arise in fluid dynamics,
biological models and chemical kinetics. In the past several decades for the
numerical solution of linear and non linear differential equations many effective
methods have been presented like variational iteration method [7], Adomian
decomposition method [1], homotopy analysis method [8], homotopy perturba-
tion method [5], He’s homotopy perturbation method [2] and wavelet method
[4].

But there are very few methods for the numerical solution of the boundary
value problems for higher order integro differential equations. The boundary
value problems for higher order integro differential equations had been investi-
gated by Agrawal [3], Morchalo [11], [12], Karimpour [9], Wazwaz [14], Yusu-
foglu [15] and Zhao, Corless [16].

In the recent years, the wavelets have started to play an important role
into many different fields of science and engineering. Many researchers have
started to use different types of wavelets to solve differential equations and
found wavelets a powerful and effective tool for analyzing problems of greater
computational complexity.

Lepik [10] used Haar wavelet method to solve non-linear integro differen-
tial equations. Ghasemi et al. [5] presented the comparison between Wavelet -
Galerkin method and homotopy perturbation method for the non - linear inte-
gro differential equations. Ghasemi et al. also provided numerical solution of
linear integro differential equations by using sine-cosine wavelet method [6].

In the present paper, the Legendre wavelet method (LWM) is applied to
find numerical solution of m-th order integro-differential equation of the form

y™(z) = fz) + /Oxk(x,t)F(y(t))dt, 0<z<b (1)

with the boundary conditions

y(j)(o) = &y, ] = O, 1)27 s T 1’
y(j)(b) =By, j=rr+1,.,m-1,
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where (™) (z) indicates the m-th order derivative of y(z) and F(y(z)) is a non-
linear function, K (x,t) is the kernel and f(x) is a function of z. y(x) and f(x)
are real and can be differentiated any number of times for = € [0,b] and a;,
and (3; are real finite constants.

The Legendre wavelet method converts the integro differential equation into
integral equation and using Legendre wavelets expand the solution having un-
known coefficients. The approximate solution of equation (1) is obtained by
evaluating unknown coefficients using the properties of Legendre wavelets along
with the Gaussian integration formula.

2. Preliminary Concepts
2.1. Wavelets and Legendre Wavelets

The wavelets are families of functions constructed from dilation parameter a

and translation parameter b of a single function called the 'mother wavelet’
U(t). They are defined by

1 t—b
\I/(Lb(t) = \/TT|\II (T)’ a,b S R, a # 0.

Now for the discrete values of a and b, a = aak,b = nboaak,ao > 1,bp > 0,
where n and k are positive integers. We have the following family of discrete
wavelets:

Uyn(t) =| a |12 \y(a'gt - nb0>,

where Wy, ,,(t) forms a basis of L*(R).

Legendre Wavelets. The Legendre wavelet W,,,,,(t) = VU (k,n, m,t) have
four arguments 7 = 2n — 1,n = 1,2,3,--- , 271k can be any positive integer,
m is the order of the Legendre polynomials and ¢ is the normalized time. They
are defined on the interval [0, 1) by

= (2)

22 mt SR (2R —h)  for L <t < AL
Uoum (1)

0 otherwise.

The coefficient 4/m + % is for orthonormality, the dilation parameter is 27% and

the translation parameter is n2~%. Here P,,(t) are the well known Legendre
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polynomials of order m which are orthogonal with respect to the weight function
w(t) =1 on the interval [—1, 1] and satisfy the following formulae:

PO(t):L Pl(t):t

and

Pm—l—l(t) - <2m+1>tpm(t) - (L>Pm—1(t)v m=1,2,3,---

m-+1 m+1
2.2. Function Approximation

A function defined over [0, 1] may be expressed as
=3 ) ComTum(). (3)
n=1m=0

Here

Crm = (f(t), ‘I’nm(t)>

(.,.) denotes the inner product. On truncating the infinite series in equation
(3), we have

HZ

Z m ¥ =CTw(t),

m=0
where C' and W(t) are 271 M x 1 matrices given by

C = [Ci0,Ch1, .., C1 -1, G, -y
CQMfl,...702k—10,...702k—1M71]T (4)

and

Y(t) = [10(t), Y11(t), oy b1 m—1(t), Y20 (t), ...,
o M1 (), ooy Y108, ooy g1 g 1] - (5)
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3. Legendre Wavelet Method (LWM) for Higher Order

381

Integro-Differential Equations with Given Boundary Conditions

Consider the integro-differential equation given in equation (1). Now define

L= dxm' So

—/ dac/ dac/ y(z)dr (m-times).
0 0 0
By equation (1),

L Hy™@)} =L Hf(x)} + L {/ K(z,t)F ))dt}
y(x) = g(z) + h(z) + Ll{ /Ox K(z, t)F(y(t))dt},

where h(z 1{ flx } and g(x) is a function of = along with constants.

Now suppose

2(x) = g(x) + h(z),

then
y(z) = 2(z) + / " — O™ K (2, ) F (y(0)) dt
0
Let
y(z) = CTU(z).
So we have

CTO(z) = 2(z) + / (& — )" K (2, () F (CT0 (1)) dt.
0
Now collocate equation (8) at 2¥~1M points z; as

CT(z;) = @(x;) + /Oxi(x — )" K (z,t)F (CTW(t))dt.

9)

On taking the zeros of the Chebyshev polynomials as collocation points, we

have

x; = cos (20 + )m/2°M), i=1,2,..,2" M.
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For using the Gaussian integration formula in equation (9), the interval [0, z;] is
transferred into the interval [-1,1] by means of the transformation 7 = x%_t -1
Then, equation (9) may be written as

oorl )
CTW (2;) = D (x;) + 2 / (:c iy 1))’”
2 /4 2
ZT; T ZT;
x Kz, E(T +1))F(C \11(5(7 +1)) )dr.
Now on using the Gaussian integration formula, we have

CTW(z;) = p 1 ZW ( T+ 1))

><K<x,%(rj+1)) (CT\II( (T]—l-l)))dT, (10)

where 7 is a zero of the Legendre polynomials P, 1, and W; are the correspond-
ing weights. The Gaussian integration formula is used for the polynomials of
degree not exceeding 2s + 1. The weight W; can be evaluated by the formula

1

From equation (10), 2*~'M non-linear equations are obtained which can be
solved for the elements of C' in equation (7) using Newton’s iterative method.

4. Theorems on Convergence and Error Estimation

In this section, some theorems on convergence analysis and error estimation of
proposed method are given.

Theorem 4.1. The solution of problem (1), given by series solution equa-
tion (3), using the Legendre wavelet method converges towards u(z).

Proof. Suppose Wy ,(t) =| a |7'/2 W(akt — nby), where Uy ,(t) form a basis
of L?(R) and let L?(R) be a Hilbert space. In particular, for ap = 2 and
bop =1, ¥y »(t) forms an orthonormal basis. O
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Let
M-—1
’LL(.’E) = Z Ch"l’h’(.’ﬂ),
i=1
where

Cii = (u(x),¥y;(x)) for k =1 and (.,.) represents an inner product.

Now

Let us denote

Uyi(z) as ¥(z) and o = (u(z), ¥(z)).

383

Suppose {S,} is the sequence of partial sums of (a;¥(z;)) and S,,S,, are

arbitrary partial sums with n > m.
Now we prove {S,} is a Cauchy sequence in Hilbert space.
Let

S =Y o ¥(x;).
Jj=1

So

(u(@), Sn) = <U(fv)7zaj‘1’($j)>
j=1

= > au(@), W) = > wa; =D |aj P
j=1 i=1

j=1
Now we claim that

n
| Sn—Sm IP= > |aj* for n>m.
Jj=m+1

Then,

Iy () |!2—< > W), > aj‘lf(wj)>

Jj=m+1 i=m+1 Jj=m+1

= > > wm (V) U(x) = > am= Y |a; .

i=m+1j=m+1 Jj=m+1 Jj=m+1
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Hence || Sy, — Sp ||?= D iemtt | > for n > m.

By the Bessel inequality, we have 772, | oy | is convergent and hence
| S — Sm ||?>— 0 as m,n — co. Now || S,, — Sy, || converges to 0 and {S,} is a
Cauchy sequence so suppose it converges to 's’. We prove that u(z) = s,

(s —u(z), U(z;)) = (s, ¥(z;)) — (u(z), ¥(z;))
= (lim Sy, W(z))) —aj = lim (Sp, ¥(zj)) — o5 = aj —
= (5 — u(), V() = 0.
Hence u(z) = s and 37, a;¥(x;) converges to u(z).
4.1. Error Estimation
Error estimation for the approximate solution of equation (6) is discussed in
this part using the method presented in [13].

Suppose T(z) is the approximate solution for u(z) and E,(z) = u(z) —u(zx)
is the error function,

u(z) = @(x) + /Ox(:c — )™ K (z,t)F(y(t))dt + Hn(z),

where H,(z) is the perturbation term,
Hy,(z) =1u(z) — 9(x) — /Ox(:c — )™ K (z,t)F(y(t))dt. (11)

Now find an approximation E,(z) to the error function E,(x) in the same
way as we did before the solution of the problem. Subtracting equation (11)
from equation (6), the error function E,(t) satisfies the problem

En(x) + /0 N — O K (2, ) (y(8)) dt = —Ho (). (12)

Equation (12) is recalculated in the same way as we did before the solution of
equation (7) for the construction of E, () to E,(x). Hence the stability of the
Legendre wavelet method is established through this convergence theorem and
error estimation.
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5. Numerical Examples

In the following examples, the proposed Legendre wavelet method is discussed
to find the numerical solution of two boundary value problems of fourth order
integro-differential equations.

Example (i). In the following example, we consider linear boundary value
problem for the integro-differential equation

T

y (x)=5e"—1 +/ y(x)dz, 0 <z <1, (13)
0

subject to the boundary conditions

’ /

Y(0) =0,y (0) = 1,y(1) = e,y (1) = 2e. (14)
We apply the Legendre wavelet method presented in this paper and solve the

equation (13) for k =1 and M = 4.
On applying L' both sides of equation (13), we have

/ y(fv)dfv]
0
Az?  Bad a2t

_ <~ Lfl T Lfl
y(x) x+—2 +—6 +24+ [5e®] +

"

L7y (@)] = L' [5e"] = L7 [~1] + L

/ ) y(sc)d:c] |

where 5" (0) = A4, 4" (0) = B,

(A-5)2> (B—5)23
2 + 6

+ 5e” + /x(:r —t)4y(t)dt.
0

y(r) = =5 — 4z +
A

24

_|_

On replacing y(x) by CTW(x),

(A —5)2? n (B —5)x3
2 6

4

+§—4 +5e” + / (=)' CTWw(t)dt. (15)
0

CTW(z) = -5 — 4z +
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On solving equation (15), we have

—B—T7(2A+ B)
24
24+ B B

TN A I TV &

On using the boundary conditions, we have A = 2, B = 3. Now by equation
(7) we have

—4— (244 B)
43 ’

ClO - ) Cll =

y(x) = C1o¥10 + C11¥11 + C12V12 + Ci3¥ 3.

Hence,

3 x4

_ 2 T T
y(x) =z + 2"+ 51 + 3T
Therefore, we have y(z) = ze® which is the exact solution.
Table 1 shows the error for different values of M compared with the exact
solution for Example (i).
Example (ii). Now we consider the non-linear boundary value problem

for integro-differential equation

" X (&

Yy (x):36$—————2$6$—§+/ y2di, (16)
3 2" J,

subject to the boundary conditions y(0) = 1,y(1) = 1+ ¢e,5'(0) = 2,5 (1) =
1+e. For k=1, M = 4, we have by equation (16)

nm CC3 623c r
Ly (x)]=L7! [3696 - = — — —2ze* — —] + L7t / yida
3 2 )
Axz?  Ba?
— 142+ 2
y(x) t2r+——+ 5
3 e2x T
+L 1[369”———7—230690——} + L7t / yidx |,
0
where 3" (0) = A,y (0) = B,
()7193 111 +8A—55 2+4B—193 1 4
S =30 "6 16 - 24 © 16"

1 1 ’
—omgg? 116" — o€ — 2ze” + / (x — )4 (y(t)) dt.
0
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Table 1 The error for example (i) at M =4, 10, 15

387

M X Exact Solution LWM Solution Error between Exact and LWM solution
4 0.0 0.0 0.0 0.0
0.2 0.24428054 0.2442666 0.00001394
0.4 0.59672984 0.59626667 0.00046317
0.6 1.09327128 1.0896 0.00367128
0.8 1.78043272 1.76426667 0.01616605
1.0 2.71828182 2.66666667 0.05161515
10 0.0 0.0 0.0 0.0
0.2 0.24428054 0.24428058 0.00000004
0.4 0.59672984 0.59672972 0.00000012
0.6 1.09327128 1.09327356 —0.00000228
0.8 1.78043272 1.78043666 —0.00000394
1.0 2.71828182 2.71828889 —0.00000707
15 0.0 0.0 0.0 0.0
0.2 0.24428054 0.24428054 0.0
0.4 0.59672984 0.59672978 0.00000006
0.6 1.09327128 1.09327112 0.00000016
0.8 1.78043272 1.78043298 —0.00000026
1.0 2.71828182 2.71828334 —0.00000152

On replacing y(x) by CT¥(z) and solving it, we have

—-B—-72A+ B
Cio = 2(4 ), Ci =
o _2A+B B
12 DYV 13 2077

By using the boundary conditions, we have A = 1, B = 1. Now by equation (7)

we have

Hence,

Therefore, we have y(z) = x + e which is the exact solution.

y(x) = C1o¥10 + C11¥11 + C12V12 + Ci3¥ 3.

y(x) =142z +

2

T
— 4+ —

2!

(L‘S

3

Table 2 shows the error for different values of M with the exact solution for

Example (ii).
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Table 2 The error for example (1) atM =4, 10, 15
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M X Exact Solution LWM Solution Error between Exact and LWM solution
4 0.0 1.0000000 1.0000000 0.0
0.2 1.4214027 1.4213333 0.0000694
0.4 1.8918246 1.8906667 0.0011579
0.6 24221188 2.4160000 0.0061138
0.8 3.0255409 3.0053333 0.0202076
1.0 3.7182818 3.6666667 0.0516151
10 0.0 1.0000000 1.0000000 0.0
0.2 1.4214027 1.4214011 0.0000016
0.4 1.8918246 1.8918111 0.0000135
0.6 2.4221188 2.4221011 0.0000177
0.8 3.0255409 3.0255222 0.0000187
1.0 3.7182818 3.7183333 =0.0000515
15 0.0 1.0000000 1.0000000 0.0
0.2 1.4214027 1.4214022 0.0000005
0.4 1.8918246 1.8918233 0.0000013
0.6 24221188 24221111 0.0000077
0.8 3.0255409 3.0255455 —0.0000046
1.0 3.7182818 3.7182889 =0.0000071

6. Conclusion

In this paper the Legendre wavelet method (LWM) has been proposed for the so-
lutions of boundary value problems of higher order linear and nonlinear Volterra
integro-differential equations. The Gaussian integration method and the prop-
erties of the Legendre wavelets are used to reduce the problem into nonlinear
algebraic equations. For the given function approximation, the convergence of
the Legendre wavelet method is also proved. Illustrative examples are given
to demonstrate the validity, accuracy and correctness of the proposed method.
The error between the approximate solution and exact solution decreases when

the degree of approximation increases.
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