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Abstract: We consider the transmutation operators Vi, V¥ and ‘V,'V,)V as-
sociated respectively with the Cherednik operators and the Heckman-Opdam
theory, called also in [9], [10] the trigonometric Dunkl intertwining operators
and their dual paper. In this paper we prove that the operators Vj, VkW and
'V, 'V are positivity preserving and allows positive integral representations.
Next we study the absolute continuity of their representing measures and we
deduce that the Opdam-Cherednik kernel and the Heckman-Opdam hypergeo-
metric function are positive definite.
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1. Introduction

We consider the differential-difference operator 73,5 = 1,2,...,d on R? asso-
ciated with a root system R, a Weyl group W and a multiplicity function k,
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introduced by I. Cherednik [2], and called the Cherednik operators in the liter-
ature. These operators play a crucial role in the theory of Heckman-Opdam’s
hypergeometric functions; which generalizes the theory of Harish-Chandra’s
spherical functions on Riemann symmetric spaces (see [4],[5],[7]).

To study in [10],[12] the harmonic analysis associated with the Cherednik
operator and the Heckman-Opdam theory, the author has introduced in [9] the
transmutation operators Vj, VkW called also the trigonometric Dunkl intertwin-
ing operators and their dual 'V, V. In many situations to solve problems in
this harmonic analysis we need the positivity of these operators, and the abso-
lute continuity of their representing measures. This property is not yet proved
in the general case, it is obtained only in the one dimensional case (see [3],[11]).

In this paper we prove first that for all g in £(R?) (the space of C*®°-functions
on RY) we have

Va e R Vilo)o) = [ o)) (1.1)
where u, is a positive measure with compact support contained in the closed
ball B(0, ||z||) of center 0 and radius ||z||, and of norm equal to 1.

And for all function f in D(R?) (the space of C*-functions on RY, with

compact support) we have

Yy €RLV(NW) = [ F@)dvy(a), (1.2)

where v, is a positive measure with support in the set {z € R% [|z| > [jy|/}.
From the previous results we have deduced that for all functions g in £(R?)"
(the subspace of £(R?) of W-invariant functions) and f in D(RY)"™ (the sub-

space of D(R?) of W-invariant functions) we have

VR VY (o)) = [ s o) (1.3
and

VyeRLVIV(f)y) = 9 f(@)dvy (y), (1.4)

where 1
w = Trxr1 wTy 1.5
m = wezwu (1.5)

and 1
V;V = i Z Vay - (1.6)

weW
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Next, we establish that for all z € ]Rfeg (the regular part of R?) and y € RY,
the measures iy, ux and vy, V;V are absolute continuous with respect to the

Lebesgue measure on R?. More precisely there exist positive functions K(z, y)
and K" (z,y) such that

dpa(y) = K(z, y)dy, (1.7)
dpy (y) = KV (, y)dy, (1.8)
dvy(y) = K(z,y) A (z)dx (1.9)
dVZV(.’E) = K(z,y)Ap(x)dz, (1.10)

where Ay (z) is a weight function on R? which will be given in the following
section (see (2.6)).

The functions y — K(z,y) and y — K" (2, %) have their support contained
in the closed ball B(0, ||z||), and satisfy

K(z,y)dy =1, (1.11)
Rd
and

9 KW (,y)dy = 1. (1.12)

As applications of the previous results, we prove that for all A\ € C%, the

Opdam-Cherednik kernel G\ and the Heckman-Opdam hypergeometric func-
tion F) possess the following integral representations

Vae ]Rreg, / K(z,y)e "M dy, (1.13)

and

VaeRp, P() = [ KY(z,y)e "M dy, (1.14)
Rd

The relations (1.13), (1.14) show that the functions G and F) are positive
definite.
2. The Cherednik Operators on R? and Their Eigenfunctions

2.1. The Root System and the Multiplicity Function

We consider R? with the standard basis {e1,es, ..., 4}, and the inner product
(.,.) for which this basis is orthonormal.
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We take the root system R C RY\{0} given by
R = {ta;, F204;1 = 1,2, ...,d}. (2.1)
We denote by R4 the set of positive roots
Ry =A{w, 20,0 =1,2,....d}, (2.2)

and by RY the set of positive indivisible roots i.e. the roots o € R such that
5 ¢ Ry4. Then we have

RY = {a;;i=1,2,....d}. (2.3)

For a € R, we consider

2

ro(z) = — (&, z)a, with &= TaTE
(0%

a, (2.4)

the reflection in the hyperplane H, C R? orthogonal to o. The reflections
Ta, @ € R generate a finite group W C O(d) called the Weyl group associated
with R.

The multiplicity function associated with R is a function k : R — [0, +00[
which is invariant under the action of the group W.

Let a; be the positive Weyl chamber given by

a, ={rcR;VaecRy, (az) >0}, (2.5)

we denote by a its closure. Let also Rgeg be the subset of regular elements in

R9, i.e. those elements which belong to no hyperplanes H,, = {x € R? ; (a;,7) =
0},i=1,2,....d.
Let Ay denotes the weight function
vz eR!, A(x) = [] |sinh(%,x>|2k(a). (2.6)
aER 4
This function can also be written in the form
Ve RY Ay(e) = (T, 2240 (TIL, |sinh(g, o) 2k ThEa) ) o
x cosh (%, z)[2k(204), '

In this paper we suppose that the following conditions are satisfied:

1. The vectors aq, a9, ..., g are linearly independent.

2. We have
VaeRs kla)+k(2a) > 0. (2.8)
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2.2. The Cherednik Operators

The Cherednik operators Tj,j7 = 1,2,...,d, on R? associated with the Weyl
group W and the multiplicity function k are defined for f of class C' on R¢
d

and 2 € Ryey = Rd\UHai by

=1
L) = o0+ Y T )~ fa)} - pif0), (29)
aER
with
= % Z k(a)a?, and of = (a,e;). (2.10)

aER 4

The operators T}, j = 1,2, ...,d, can also be written in the following form

k

) . k(as)ad
Tif(x) = 8—95] (CC)JFZl_ei%{f() f(ra,@}
i=1

k(20
- 22 i@ S f (@) = fraa,2)}
1, :
= 5 (Do) + 26200) )ad) £ (a),
=1
by using the fact that from (2.3) we have

Vie{l,2,..,d}, roq,x =rq,x,

we obtain

160) = gm0+ 3 [+ 28 Tl 0) - S
=1

— e~ ({ai@) 1 — e 2eix) | 7

~5 (D k() + 26200l ) f(a). (2.11)

=1
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2.3. The Eigenfunctions of the Cherednik Operators

We denote by Gy, A € C?, the eigenfunction of the operators T;,j=1,2,..d. It
is the unique analytic function on R? which satisfies the differential difference

system
) — i\ d ; _
T;G\(x) = —iNGy(x),z € R% j=1,2,...,d, (2.12)
GA(0) =1.
It is called the Opdam-Cherednik kernel.
We consider the function Fy, A € C? defined by
VzeRY Fy(x Z G (wx) (2.13)

wEW

This function is the unique analytic W-invariant function on R?, which satisfies
the partial differential equation

x X X d
{Z;Ai(’gf}( ) 11?( iNFA(z), xR (2.14)

for all W-invariant polynomial p on R? and p(T) = p(T1, T5, ..., Ty). It is called
the Heckman-Opdam kernel.

The functions G and F) possess the following properties:

i) - For all A € C¢ the fonction z — G (z) is of class C* on RY.

- For all # € R? the function A — G(z) is entire on C.

ii) We have
Vo eRY VAeCl Gi(r)=G_5(2) (2.15)

iii) We have
VazeRY VAeC, |Ga(z)| < Girmny(@). (2.16)

iv) We have
VzeRY VAeR:|Gy(z) < [W|V2 (2.17)
VzeRY VAeRY|F(x)] < |WI[Y2 (2.18)

v) The function Fj satisfies the estimate

d
Vaear, Fole —en TT+ (ay, 2 (2.19)
=1
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vi) Let p and g be polynomials of degree m and n. Then there exists a positive
constant M such that for all z € R and A € C%, we have

0 0
Ip(55)a(5)Ga@)] < M+ [AN™(1 + ao])™ Fo () emexwew Tmiwd.e),

ox
(2.20)
vii) The function Gy, A € C?, admits the following Laplace type representation
VaeRY Gy(z) = (Ky, e "), (2.21)

where K, is some distribution in &(R?) (the space of distributions on
R? with compact support) with support in I' = conv{wz,w € W} (the
convexe hull of the orbit of  under W).

viii) From (2.13), (2.21) we deduce that the function F, A € C%, possesses the
Laplace type representation

Vo eRY Fy\(z) = (KW, e, (2.22)
where KV is the distribution in & (R%) with support in I' given by
1
KY = T > Kue. (2.23)
| | weWw

3. The Transmutation Operator V}, and its Dual 'V, Associated with
the Cherednik Operators (see [9])

Notations. We denote by
- £(R?) the space of C™-functions on RZ. Its topology is defined by the
semi-norms

qn,x () = sup |[DFo(x)|,
|pu|<n
reK

where K is a compact of R4, n € N, and

olu

DH =
o1 OM29...0Md Ly

d
NS Nd7 ‘/.L‘ = Z/J/’L
1=1

- D(RY) the space of C*®-functions on R? with compact support. We have

DRY) = | Da(RY,

a>0
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where D,(R?) is the space of C*-functions on R? with support in the closed
ball B(0,a) of center 0 and radius a. The topology of D,(R?) is defined by the
semi-norms

pu(¥) = sup |D'(x)], neN.

lu|<n
z€B(0,a)

The space D(R?) is equipped with the inductive limit topology.

By using the distribution K,z € R?, given by (2.21), we define the trans-
mutation operator called also the trigonometric Dunkl intertwining operator Vj
on £(R?) by

VzeRY, Vilg)(x) = (Ku,g). (3.1)

The operator V}, is the unique linear topological isomorphism from £(R%) onto
itself satisfying the transmutation relations

0 .
YV eRY TjVi(g)(z) = Vk<a—y,g)<x),y =1,2,..,d, (3.2)
J

and the condition
Vi(9)(0) = g(0). (3.3)
The dual 'V}, of the operator V} is defined by the following duality relation

L Wihwsds = | V)@ @A (3.4
with f in D(R?) and g in £(RY).
The operator !V}, is a linear topological isomorphism from D(R?) onto itself
satisfying the transmutation relations
0

Vye Rdvtvk((irj + Sj)f)(y) = a—yjtvk(f)(y)v J=12,...d, (35)

where S; is the operator on D(RY) given by

Vo eRY, Si(h)(x) = > k(a)adh(raz).
a€ER ¢

Remark 3.1. By using the distribution K}V given by (2.23) we have defined
and studied in [12] the transmutation operator called also the trigonometric
Dunkl intertwining operator V¥ on £(R?)W (the subspace of functions of £(R?)
which are W-invariant), and we have studied also its dual 'V}’ on D(R%)W
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(the subspace of functions of D(R?) which are W-invariant), and we have given
properties of these operators.

Proposition 3.2. Let t > 0. For all z,y € R%, we have

Vi(pe () () = /R NG (), (3.6)

where p;(u, z) is the classical heat kernel given by

. u—z 2

Vou,z € R py(u, 2) = / eI gihu=2) g\ — (%)dme* S (3.7)

Rd

Proof. From (3.1) we have
V2 € R\N{0},u € RY Vi (pe(u, ) (z) = (Ku,pi(u,.)). (3.8)

Thus from (3.8), (3.7), for all x € R4\{0},u € RY, we have
Vo, ))(a) = (I (), [ e PFee-slay, (3.9)
Rd

As the distribution K, belongs to &'(RY), then the relation (3.9) can also be
written in the form

Ve(pe(u, ) () = /R TP (2), ) g, (3.10)
Thus from, (3.10), (2.21), for all € RA\{0},u € R?, we get
Vi (i, ) () = /R PP Gy ) O, (3.11)
On the other hand from (3.3), (3.7), (2.12), for all u € R?, we have
Vi (pe(u, .))(0) = pi(u,0) = /Rd eI i) g\ (3.12)

We deduce (3.6) from (3.11), (3.12) and the continuity of the function x —
Vie(pe(u,.))(x) at = = 0.

Proposition 3.3. Let t > 0. The function Vi (p¢(u,.))(z) is of class C*° on
R? x R? with respect to the variables x and u and satisfies the equation

0
Vx,u€ R (T) + %)Vk(pt(u, N(x)=0,7=1,2,..,d. (3.13)
J
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Proof. We obtain the results by derivation under the integral sign with
respect to the variables xj,u;, j = 1,2, ..., d, in the relation (3.6) by using (2.20),
(2.18), and by applying the relation (2.12).

Proposition 3.4.

i) Let t > 0. There exists a positive function My(t) such that
Yz, u € R [ Vi(pie(u, ) (x)| < Mo(t)Fo(x). (3.14)
ii) Let t > 0. We have

VzeRY lim Vilp(u,.)(z) =0. (3.15)

l[ul| =00

iii) Let t > 0. The function (z,u) — Vi(p(u,.))(z) is bounded on R? x RY
and we have

lim  Vi(pi(u,.))(z) = 0. (3.16)

[l(@,u)[|—=+o0
Proof.
i) We deduce (3.14) from (3.6), (2.20), (2.18).

ii) By using (3.6) and the fact that from (2.17) the function A — e~ tIM* G, (2)
is for all € RY, integrable with respect to the Lebesgue measure on R¢,
we deduce (3.15) from Riemann-Lebesgue Lemma.

iii) - The relations (3.14), (2.18) imply that the function (z,u) —
Vi(pe(u,.))(z) is bounded on RY x RY,
- We consider x € Rgeg = RN\ UL, H,,. There exists w € W such that

r = wa’ with 2T € a,. Then from (3.14), (2.19) there exists a positive
function M () such that

d
VaeRE  ueRY [Vi(pe(u, ) (@) < M) (J](1+ (i, at)))e= e,

i=1

Thus the function Vi (p:(u,.))(z) tends to zero when z goes to infinity,
uniformly with respect to the variable u. We deduce (3.16) from this
result and the continuity of the function V4 (ps(u, .))(x) on RY with respect
to the variable x.
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4. Positivity of the Operators V, and 'V},

In this section we prove first that for ¢ > 0, the function (z,u) — Vi(pi(u,.))(z)
given by (3.6) is positive on R? x R?, and next we deduce the positivity of the
operators Vj, and V.

Proposition 4.1.
i) Let t > 0. For all z,u € R? the function Vi (p¢(u,.))(z) is real.
ii) Let t > 0. The function Vi (p¢(u,.))(z) is strictly positive on the set

Y ={(z,u) e RTxR?; z=0,ucR

Proof.

i) We obtain the result from the relations (3.6), (2.15) and a change of
variables.

ii) By using the relation
VAeR?, Gy(0) =1,

we deduce from (3.6), (3.3), (3.7) that

_ lug?

Yu e R Vi(pi(u,.)(0) = pi(u,0) = (%)d/ze Y >0

Proposition 4.2. Let t > 0. We consider the function U;(x,u) defined by
Va,ue R Uz, u) = Vi(pe(u, ))(x). (4.1)
For all a;,i € {1,2,...,d}, and z,u € R?, we have

Ui(ro,z,u) — Us(x, u) — (&, ) (VU (z, 1), a;)

1) 12
+5({ci, 2))2al D*Uy (€, u)ay, (42)
with some £ on the line segment between x and rq,.
Proof. We obtain (4.2) from the relation (2.4) and Taylor’s formula.
Proposition 4.3. There exists jo € {1,2,...,d} such that
d .
pjo == > _(k(ai) + 2k(201))ad® # 0. (4.3)

i=1
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Proof. We denote by

K = k(@) + 24(20)),

and we consider the matrix M given by

1

Klal KQOé2 Kdag

M— Klal K2a2 o Kgag
Klal K2a2 Kdozg

We have
det(M <H K) det ( Ji<i ]<d) (4.4)

On the other hand the det(M) can also be written in the following form

(zgzl Kal) K2a2 . Kol p1 KQ% e Kga
2

sy - | (E Kel) Kook || pr s
(L, Ka) K2a2 o Kgad | | pa Kaod . Ko

(4.5)

From (2.8) and the fact that the vectors aq,aq,...aq are linearly independent,
the relation (4.4) implies that det(M) # 0. Then we obtain (4.3) from the
relation (4.5).

Notations. We denote by:

-Cp, 0 =1,2,...,2d, the Weyl chambers relating to the root system R, with
Cl = a4.

-Cy, 0 =1,2,...,2d, the closure of Cy,¢ = 1,2, ...,2d. We have R% = U%d Cy.

-0Cy, 0 =1,2,...,2d, the border of Cy,l =1,2, ...,2d.

Theorem 4.4. For all t > 0, we have

Va,ue R, Vi(ps(u,.)(x) > 0. (4.6)

Proof. The proof is made up of two parts.

In the first part we obtain some results concerning the positivity of the
function Uy(z,u) given by (4.1) on each of the sets Cy x R%, £ = 1,2, ..., 2d.

In the second part we use the fact that R? x R? = (U4,)Cy x R? and
the result of the first part to deduce the positivity of the function U;(x,u) on
R x R4
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1st Part. We consider the set Yy defined by
Yy ={(z,u) eR*xR?; € CpuecRY
We denote by
Vf(x7 ’U,) = Ut(xv ’U,)lye (.CU, ’U,),

where 1y, is the characteristic function of the set Yy. From Proposition 4.1
i), the function V{(x,u) is strictly positive on the set Y. We shall prove that
it is positive on the set Y;\Y. If not we suppose by using Proposition 4.1 i)
and Proposition 3.4 iii) that it attains a strictly negative absolute minimum at
(z%,u") € Y\ e

Vit ub) = inf Vi(x,u) <0. (4.7)
(zu)€Y,

There are two possibilities: The point (2, uf) is in the open subset (Y;\Y)? of
the set Yy\Y, or in the set

V) = {(z,u) eR* xR?;  z € 9Cq,ucRY. (4.8)

We suppose that (zf,u’) € (Y;\Y)". As the point (zf,u’) is an absolute mini-
mum, then we have

0 o L L 0 o L L .
— = — = =1,2,...,d. 4.
ax]Vt(x ,’U,) au]Vt(x ,U) 07 J ) <y 7d ( 9)

By using the fact that
Vie{l,2,..,d}, ('rai:):e,uz) ¢ Yy,
and by applying the relation (4.1), (3.13), (2.11), (4.9), (4.7), we obtain the

linear homogeneous system

DL C—— %) + 2k(2ai)<m _ %))}Qg _o,

1 — e—{euzt)

i=1
j - 17 27 . 7d7
which can also be written in the form
d .
Y alX;=0, j=1,2,..4d (4.10)
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with
X; = (k(ew) + k(203)) coth<%,xf> + k(2ai)tanh(%,xé>,i =1,2,..,d. (4.11)

We write the linear homogenous system (4.10) in the form of the matrix equa-
tion
Bx =0, (4.12)

where B = (ag)lgingd is the d x d matrix of coefficients, y the column matrix
of elements X1, X, ..., X4y and the zero in the right member denotes the zero
d x 1 matrix. As the vectors aq, as, ..., ag are linearly independent then we have

det(B) # 0. (4.13)

Thus
x=0&Vie{l,2,..,d},X; =0. (4.14)

On the other hand from (4.11), (2.8), and the fact that (zf,u’) € (Y,\Y)?,
implies that for all i € {1,2,...,d}, (a;,z") # 0, we deduce that

Vie{l,2,..,d},X; #0. (4.15)

Then from (4.14), (4.15) we obtain a contradiction and then the point (x¢,u")
does not belongs to the set (Y7\Y)". Then it is in the set Y.

2nd Part. From Proposition 4.1 ii), the function U(x,u) given by (4.1)
is strictly positive on the set Y. We shall prove that it is positive on the set
R?x R4\ Y. If not we suppose by using Proposition 4.1.i) and Proposition 3.4.iii)
that it attains a strictly negative absolute minimum at (zg,ug) € R x RN\Y.

We suppose first that the point (xo,up) is in the subset Y1\Y. As we have

Ut(xo, UO) - (:v,u)ier]giXRd Ut(-T, U) = (:U,LI)ngl Ut(x’ U)7
then the point (zg,up) is a strictly negative absolute minimum in Y;\Y. By
using the result of the first part, we deduce that the point (zg,ug) is not in the
open subset (Y7\Y)? but it belongs to Y given by (4.8).

Next we make the same previous suppository with each of the sets Y5\Y ...,
Y4\Y, and we show that the point (zg,up) does not belongs to each of the
open subsets (Y2\Y)?, ..., (Yz\Y)?, and it is in each of the sets Y3, ..., Y,). Then
(.’Eo,Uo) eyl = U%il}/éo-

But we have

YO = {(z,u) e R x RY;Vie{1,2,..,d}, (o, x) = 0,u € RI}.
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As the point x = 0 belongs to the set {x € R?;Vi € {1,2,....d}, (oy,z) = 0},
and the vectors ai, as,...,aq are linearly independent then

YO = {(z,u) e RTx R? ;2 =0,u € R%}.

Thus o = 0. We shall prove in the following that the point (zg,ug) is not in
the set YV, As the point (g, ug) is a strictly negative absolute minimum, then
we have the following relations

Ut(wo,uo) = (ac,u)iEI]ngRd U(z,u) <0, (4.16)
and
iU(f’f“)*iU(fE uy) =0,j=1,2,....d (4.17)
axjtan—authaO—aj_a,...,, )

We consider the relations (4.1), (3.13), (2.11) and we write them for z € R,
ug, and for jy of Proposition 4.3, and we obtain

d
B 0 k() 2h(20:) 1 o
Uiz, up) +—8uj0Ut<x,uo>+izl[ e Ty |

x{U(z,u0) — Up(ro,x,u0)} = pjoUs(z, uo).

axjo

(4.18)
Then by passing to the limit in (4.18) when (o, x), for all i € {1,2,...,d}, goes
to (o, xo) = 0, and by using Proposition 4.2, and the relation (4.17), we obtain

ijUt(CCo,’LLo) = 0
But from (4.3) we have pj, # 0. Then
Ut(xo, UO) = 0. (4.19)

Thus (4.16) and (4.19) imply a contradiction and the point (zg,ug) is not in
the set Y0, Then the function Uy(x,u) is positive on the set R? x RH\Y. We
deduce (4.6) from this result and the fact that the function Vj(p:(u,.))(z) is
positive on the set Y.

Theorem 4.5. For all positive function f in D(R?), we have

Yy e RLWL(F)(y) > 0. (4.18)
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Proof. From the relations (3.4), (3.7), for all t > 0 and y € R?, we have

/ Vi) @)pely, z)dz = / FEVi@i(w:)) () Ax(2)dz.
Rd Rd

But from Theorem 4.4, the second member of this relation is positive. Then

L D@l )dz = Vilr) < Eilw) 2

with F; is the classical Gauss kernel given by

VY ue Ry Eyu) = / o2 i gy,
R4

and = is the classical convolution product on R
Thus

Vi(F)y) = %Lf%tvk(f) * Ey(y) > 0.

Theorem 4.6. There exists a o-algebra m in R? which contains all Borel
sets in R?, and for each y € R?, there exists a unique positive measure vy on m
such that for every f in D(R?), we have

Vi) = [ Faiv,(a). (1.19)

The measure v, satisfies
vy (K) < 400, for every compact K C R%. (4.20)
Proof. We deduce the results from the relation (4.18) and Theorem 2.14,

p.42 of [6].
Theorem 4.7. For all g in £(R?), positive, we have

VzeRY Vi(g)(x) > 0. (4.21)

Proof. From the relation (3.4) for all f in D(RY) positive, and g in £(R?)
positive we have

/ Vi(g) (2) £ (2) A () = / Vel ) () 9(w)dy.
R4 Rd
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By applying Theorem 4.5 to the second member, we deduce that

» f@)Vi(9) (@) Ag(2)dx = (Ty,(g).4, ) (4.22)

where Ty, (g), s the distribution of D'(R?) (the space of distributions on R%)
given by the function Vi(g)Ag. From (4.22) and Theorem V of [8], p. 29,
this distribution is the positive measure of density Vi (g).Ax with respect to the

Lebesgue measure on R%. Then by using (2.7) and the continuity of the function
Vi(g) on R? we obtain (4.21).

Theorem 4.8. There exists a o-algebra m in R? which contains all Borel
sets in R? and for each x € R?, there exists a unique positive measure ji, on m
with support in the closed ball B(0, ||z||) of center 0 and radius ||z||, such that
for every g in E(R?), we have

Wo)@) = | owdus(o) (423)

Proof. From (3.1), (4.21) we have
Vi(9)(z) = (Kz,9) 20, (4.24)
with K, in &'(R%) such that supp K, C B(0,|z]]).

Thus from (4.24) and Theorem V of [8], p. 29, the distribution K, is a
positive measure on m denoted by p, with support in B(0, ||z||).

Corollary 4.9. Let m be the o-algebra in R? which contains all Borel sets
in R?. Then we have the following:

i) For each y € R? there exists a unique positive measure V;V on m such
that for ever f in D(RH)W, we have
W= | r@an) @, (4:25)
with 1
vy = T > vy, (4.26)

weW

where v, is the measure given by (4.19).
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ii) For each x € R? there exists a unique positive measure /LXV on m with
support in the ball B(0,||z||), such that for every g in E(RY)W | we have

W @) = [ ot o), (427)
with .
M?]__ﬁiﬂlggéuwx’ (4.28)

where i, is the measure given by (4.23).
Corollary 4.10. We have the following:

i) The Opdam-Cherednik kernel Gy(z),z € R4\ € C?, and the Heckman-
Opdam kernel Fy(z),z € R% X\ € CY, possess the Laplace type integral

representations
Gale) = [ (o). (4.29)
Rd
B = [ el ). (4.30)
Rd
ii) We have
VaeRY VAR Gi(x) > 0. (4.31)
VazeRY VAeRY Fiy(z) > 0. (4.32)
iii) For all x € R?, the functions A\ — Gy(z) and A — F\(x) are positive
definite.
Proof.
i) We deduce (4.29) from (4.23), (2.21), and we obtain (4.30) from (4.27),
(2.23).
ii) We get (4.31), (4.32) from (4.29), (4.30) and the positivity of the measures
ptz and Y.
The relations (4.31), (4.32) have been proved in [6] by using another
method.

iii) The relations (4.29), (4.30) imply the result.
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5. Absolute Continuity of the Measures p, and v,

Notations. We denote by

- B(c,a) the open ball of R? of center ¢ € R? and radius a > 0, and by
B(c, a) its closure.

- X the Lebesgue measure on R%.

Proposition 5.1. Let yo € R? and a > 0. We consider the sequence
{9ntnem\foy of functions in D(RY), positive, increasing such that:

_ 1
Vne N\{O}78uppgn C B(y(]aa’)?v Yy e B(y07a - E)?gn(y) = ]-7
and

vy eRY lim  gn(y) = Lio.0)(9),

n—

where 1p(y, o) is the characteristic function of the ball B(yo,a). We have

d 7 - .
Ve eRY, lim Vi(gn)(x) = Jim - In(y)dpz(y)
= [, e

The function © — p.(B(yo,a)) = / 1B(yo,a) (¥)dpiz (y), which can also be de-
Rd

noted by Vi(1p(y,.q)) (%) is defined almost every where on R? (see [1], p. 17),
measurable and for all f in D(R?), we have

/ 4o (B (o, @) f () Ay (i) = / Vel f) ). (5.1)
R

B(yo,a)

Proof. For all n € N\{0}, the function Vi(g,) belongs to £(RY). Then
we obtain the results of this proposition from the continuity of the operator

Vi from €(R?) into itself, the monotonic convergence theorem and the relation
(3.4).

Remark 5.2. There exists a o-algebra m in R? which contains all Borel
sets in R%. Then for all E € m, the function z — p,(E) is defined almost every
where on R?, measurable and we have the following relation

[ uBf@a@d = [ M@, D@ 62)
R4 E
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Proposition 5.3. Let g € R? and a > 0. We consider the sequence
{fn}nemyoy of functions in D(RY), positive, increasing such that:

_ 1
Vne N\{O}7 Suppfn C B(‘T07a)7 Ve B(CC(],CL - E)? fn(‘r) = 17

and
d .
Yz e RY nll)r_{loo fn() = 1B(20,0) (7)),

where 1p(y, q) is the characteristic function of the ball B(xo,a). We have

Vye Rdangr_{lootvk(fn)(y) = lim o fn(x)dl/y(:c)

n—-+00

= / 1B(x0,a)(x)dyy(x)'
Rd

The function y — vy(B(xg,a)) = / 1B(zo,a)(z)dvy (), which can also be de-
R4

noted by "Vi(1p(z4,4))(y) is defined almost every where on RY (see [1], p. 17),
measurable and for all g in £(R?), we have

[ nBleoaygias = [ Vilg)w) Ao (5.3)
R

B(zo,a)

Proof. For all n € N\{0}, the function Vi (f,) belongs to D(R?). Then the
continuity of the operator ¥V}, from D(R?) into itself, the monotonic convergence
theorem and the relation (3.4) imply the results of this proposition.

5.1. Absolute Continuity of the Measure v,

The purpose of this subsection is to prove that for all y € R, the measure vy
is absolute continuous will respect to the Lebesgue measure on RY.

Proposition 5.4. For x € Rfeg, there exists a unique positive function

K(z,.) integrable with respect to the Lebesgue measure \, and a positive mea-
sure ps on R? such that for every Borel set E, we have

polB) = [ Koy + (). (5.4)

Proof. We deduce (5.4) from (1.1) and Theorem 6.9 of [6], p.129-130, and
Theorem 8.6 and its Corollary of [6]. p. 166.

Remarks 5.5.
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i) The supports of the function y — K(x,y) and the measure u? are con-
tained in the ball B(0, ||z||).

ii) The measures p3 and the Lebesgue measure A are mutually singular.

iii) From Theorem 8.6, p. 166 and Definition 8.3, p.164, of [6], we have

K(z,y) = lim % . (5.5)

Proposition 5.6. We consider z € Rfeg and a positive function f in D(R?)
with support contained in the ball B(0, R), R > 0.

i) For all Borel set E, we have

/ N (y)dy = / 15(E) f () Ay (), (5.6)
E B(0,R)
where
N (g) = Vil(f) () — / Kl (@) Ap@)dz.  (5.7)
B(0,R)
ii) We have
VyeRY N (y) >o. (5.8)
Proof.

i) By using the relations (5.2), (5.5), we obtain

/ Vi) (w)dy = / o (E) £ () A (1)
E

B(0,R)

= [ [ Ky +(B)] o) Auta)de,

B(0,R)

We deduce (5.6) by applying Fubini-Tonelli’s theorem to the second mem-
ber.

ii) From the relation (5.6), the positivity of the measure u3 implies that for
all Borel set E, we have

/ N (y)dy > 0.
E
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Thus
VyeRLN (y) >o0.

Proposition 5.7. The measure Af on R?, given for all Borel set E by

A (B) = /E N (y)dy, (5.9)

is positive and bounded.
Proof.
- The relation (5.8) gives the positivity of the measure A/,
- From the relations (5.9), (5.6), for all Borel set E we have

Af(E)g/B(

On the other hand by using (5.4), we obtain for z € RY

reg>
Ni(E) < :ux(E)v

1 () Ap () dee. (5.10)
R)

)

thus
luzll < llpall = 1.

By using this result, the relation (5.10) implies that for all Borel set E, we have
N(EB) < My,

where

My = /_ f(x)Ag(z)dx.
B(0,R)
Then the measure A/ is bounded.

Proposition 5.8. Let x € Rfeg and f be the function given in Proposition
5.6.

i) For all Borel set E we have

A (E) =o0. (5.11)
ii) For y € RY, we have

Vi) () = / K, 1) f (2) Ax()de. (5.12)
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Proof.

i) From the relations (5.9), (5.6), for all Borel set E the measure A/ possesses
also the following form

M) = [ B @A) (5.13)
B(0,R)

On the other hand from Proposition 5.7 the measure A/ is absolute con-
tinuous with respect to the Lebesgue measure A and from Remark 5.5 ii)
the measure ps,r € B(0, R), and the Lebesgue measure \ are mutually
singular. Then from Proposition 6.8 (f), p.129, of [6], the measure A/
and ps,z € B(0,R), are mutually singular. By using the definition of
measures mutually singular (see p. 128 of [6]), we deduce (5.11) from
(5.13).

ii) By using the i) and (5.9), (5.7), we obtain (5.12).

Theorem 5.9. For all f in D(R?) we have

VyeRY Vi(f)y) = » Kz, y) f () Ay (z)d. (5.14)

Proof. We obtain (5.14) by writing f = f* — f~ and by using Proposition
5.8 ii).

Remark 5.10. Theorem 5.9 shows that for all y € R? the measure vy
given by the relation (1.2), is absolute continuous with respect to the measure
A (z)dz. More precisely we have

dvy(z) = K(z,y)Ag(z)dx. (5.15)

5.2. Absolute Continuity of the Measure i,

d
reg

is absolute continuous with respect to the Lebesgue measure on R%.

The purpose of this subsection is to prove that for all € R%_ the measure p,

Theorem 5.11. For all g in £(RY) and xg € R%,_, we have

reg’

Vita)(eo) = | Klav.p)al)dy. (516)
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Proof. By writing ¢ = g — g, it suffices to prove the theorem for g
positive.
From the relation (5.3) we have

v A (2)d — vy(B(xo,a))
B o)) /B@o,a) Vii(9) () Ag(2)d /Rdg(y) \Blooa) Y 1D

By using the relation (5.14), and by applying Fubini-Tonelli’s theorem to the
second member of (5.17), we obtain

1
BT o, O A =

1
m /B(:vo,a) [ RA ’C(%y)g(y)dy} A (x)dx.

By applying the relation (2) of [6], p.168, to the two members of this relation
we get

Al Vi(o) o) = An(eo) | Ko, p)alo)dy,

as
Ai(xg) #0 &z € RY

reg?

thus for g € Rgeg, we have

Via)(eo) = | Klao.p)at)dy.

Remark 5.12. From Theorem 5.11 and the relation (1.1) we deduce that

for all x € Rfeg the measure p, is absolute continuous with respect to the

Lebesgue measure on R%. More precisely, we have

dps(y) = K(z, y)dy. (5.18)
Corollary 5.13.
i) For all A € C? and x € Rﬁeg, we have
Gi(z) = / K(z,y)e "M dy. (5.19)
Rd
i) For all z € R%, , we have

reg

/ K(z,y)dy = 1. (5.20)
Rd
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iii) For all z € Rffeg, we have

suppKi(z,.) € B0, o). (5.21)
Proof. We deduce the results of this Corollary from (1.1), (5.19), and

Theorem 5.11.
Theorem 5.14. We have

VzeRY . lim Gy(z)=0. (5.22)
97 A |=+oo

Proof. From the relation (5.20) the function C(z,.) is integrable on RY
with respect to the Lebesgue measure on R?. Then we deduce (5.22) from the

relation (5.19) and Riemann-Lebesgue Lemma for the usual Fourier transform
on R%.

5.3. Absolute Continuity of the Measures Z/ZV and !/

Theorem 5.15. For all f in D(RY)W | we have

vy eRL V(D) = | K (@ 9)f @) Ax(@)de, (5:23)

where KW (z,y) is the function given by

1
(W

KW (z,y) = Z K(wz,w'y). (5.24)

w,w'eW

Proof. The relations (1.4), (1.6) and Theorem 5.9 imply the relations
(5.23), (5.30).
Theorem 5.16. For all g in £(R)Y | we have

VaeR, VWig(x)= » KW (. y)g(y)dy, (5.25)

where KW (x,y) is the function given by the relation (5.24).
Proof. We deduce (5.25) from the relations (1.3), (1.5) and Theorem 5.11.

Remark 5.17. Theorems 5.15, 5.16 show that the measures I/ZV .y € R4
and p)/, @ € RY, . given respectively by the relations (1.4), (1.3), are absolute
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continuous with respect to the Lebesgue measure on R%. More precisely we
have

dl/;/v(x) = KW (z,9) Ap(2)dz, (5.26)
and
dpy (y) = K" (z, y)dy. (5.27)

Corollary 5.18.

i) For all \ € C? and x € R%, | we have

reg’

F\(z) = y KW (2, y)e "M dy. (5.28)

i) For all x € RY, , we have

reg’

9 KW (z,y)dy = 1. (5.29)

iii) For all z € Rffeg, we have

suppKW (z,.) € B(0,]|z)). (5.30)

Proof. The relations (1.3), (4.30) and Theorem 5.16, imply the results of
this Corollary.

Theorem 5.19. We have

VezeRY | lim Fy(z)=0. (5.31)

reqg’
97 1A= +o0

Proof. We deduce (5.31) from the relations (5.28), (5.29) and Riemann-
Lebesgue Lemma for the usual Fourier transform on R,
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