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Abstract: In this paper, an SEIR epidemic model with waning preventive
vaccine is investigated. The results of our mathematical analysis indicate that
the dynamics of the system is almost determined by the basic reproduction
number. If the basic reproduction number is less than unity, it is proven that
the disease-free equilibrium is globally asymptotically stable by comparison
arguments. If it is greater than unity, there exists a unique endemic equilibrium
and sufficient conditions are obtained for the global stability of the endemic
equilibrium by the theory of the compound matrices. Numerical simulations
are carried out to illustrate the main results.
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1. Introduction

Over the past few decades, many compartmental mathematical models, such
as SIS, SIR or SIRS (where S, I, and R denote the populations of susceptible,
infectious and recovered), have been used to investigate the spread of the disease
(see, for instance, [2, 11, 14] and the the references therein). In these studies,
it was assumed that the disease incubation is negligible. However, for some
diseases, such as scarlet fever, poliomyelitis and AIDS, on adequate contact
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with an infective, a susceptible individual becomes exposed, that is, infected
but not infective. This individual remains in the exposed class for a certain
latent period before becoming infective. Hence, a new class E called the exposed
class is introduced, in which the susceptible remains for a given length of time
before moving into the infective class. This kind of model is called SEIR (see,
for instance, [7, 9] and the the references therein).

Emerging infectious diseases have devastating impacts on public health. So
it is important to evaluate potential methods for controlling these diseases.
Vaccination is a commonly used method for controlling disease, such as per-
tussis, diphtheria, or influenza. Mathematical models including vaccination aid
in deciding on a vaccination strategy and in determining changes in qualita-
tive behavior that could result from such a control measure(see, for instance,
[5, 6, 15] and the reference therein). In [1], Gumel et al. considered the following
infectious disease model:

S(t) =T — BSI — €S — S, (1.1a)
V(t) =¢85 —(1—7)8VI—uV, (1.1b)
E(t) = BSI+ (1 —7)BVI — oF — uE, (1.1c)
I(t)=aFE — 61 —dI — ul, (1.1d)
R(t) = oI (1.1e)

where the total population IV is divided into five compartments: susceptible,
S(t), vaccinated, V(t), latently infected, E(t), infectious, I(t) and recovered,
R(t), individuals. In (1.1a) — (1.1le), the parameters II, 5,&, u, a,§ and d are
positive constants. II denotes the recruitment rate of susceptible humans, p de-
notes the natural mortality rate, 5 denotes the effective contact rate, & denotes
the vaccination coverage rate, a denotes the rate of development of clinical
symptoms, d denotes the recovery rate, d denotes the disease-induced mortality
rate. 0 < 7 < 1 denotes the vaccine efficacy(7 = 1 represents a vaccine that
offers 100% protection against infection, 7 = 0 models a vaccine that offers no
protection at all). However, some recent clinical studies have shown vaccine-
induced immunity can wane in preventive vaccines against infectious diseases
such as Hepatitis B, Polio and Mumps. Once a vaccine wanes from the body
of the vaccinated person, the person becomes susceptible to the disease again.

Motivated by the work of Gumel et al.[1], we are concerned with the fol-
lowing infectious disease model with a waning preventive vaccine:
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S(t) =11 — BSI — €S — puS +nV, (1.2a)
V() =¢6S—(1—71)BVI - puV —nqV, (1.2b)
E(t) = BSI + (1 —7)BVI — oF — uE, (1.2¢)
I(t)=aFE — 61 —dI — ul, (1.2d)
R(t) = oI (1.2¢)

where 7 is the rate at which vaccine wanes (that is 1/7 is the duration of the loss

of immunity acquired by preventive vaccine or by infection), and the meanings

of the other parameters are the same as those of the model (1.1a) — (1.1e).
The initial conditions for the model (1.2a) — (1.2¢) take the form

5(0) >0, V(0)>0, E0)>0, I(0) >0, R(0)>0. (1.3)

Notice that the recovered population R(t) does not feature in the first four
equations of the model, we will only discuss Equations (1.2a) — (1.2d) in the
following. The dynamic behaviors of R(t) can be obtained from equation (1.2e).

The paper is organized as follows. In the next section, the ultimate bound-
edness of the solutions for the model (1.2a) — (1.2d) is presented. In Section 3,
by analyzing the corresponding characteristic equations, the local stability of a
disease free equilibrium and an endemic equilibrium of the model (1.2a)— (1.2d)
is discussed. In Section 4, by using comparison arguments and the theory of
compound matrices, sufficient conditions are received for the global asymptotic
stability of the disease free equilibrium and the endemic equilibrium, respec-
tively. Numerical simulations are carried out in Section 5 to illustrate the main
theoretical results. A brief discussion is given in Section 6 to conclude this
work.

2. Preliminary Results

In this section, we study the basic properties of the model (1.2a) — (1.2d).

By the fundamental theory of functional differential equations [4], it is well
known that the model (1.2a)—(1.2d) has a unique solution (S(t), V' (t), E(t), I(t))
satisfying initial conditions in Rj[. Further, it is easy to show that all solutions
of the model (1.2a) — (1.2d) are defined on [0, +00).
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Theorem 2.1. For any solution (S(t), V(t), E(t), I(t)) of the model (1.2a)—
(1.2d), we have

II 11
limsup S(t) < M, limsup V () < 57,
i too pE+p+n) it (e +&+n)
II II
limsup E(t) < —, limsup I(t) < —.
t——+o00 M t—+o0 M

Proof. Define
L(t) = S(t) + V() + E(t) + I(t).

Calculating the derivative of L(t) along the solutions of the model (1.2a) —
(1.2d), it follows that

Lt)=T1— puL —dI — 61 <TI — uL,

a standard comparison argument shows that limsup L(t) < II/u. Hence,
t——+o0

By equations (1.2a) — (1.2b), we get

S(t) <T— (£ +w)S +nV,
V() <ES— (u+mn)V.

Consider the following auxiliary system

Z1(t) = L= (§ + p)z1 + 2z,

G(t) = €21 — (1 +m)2. (21)

It is easy to prove that the positive equilibrium

2 (W +m) /(€ + p4m)), ST/ (e + € + 1))

of system (2.1) is globally asymptotically stable. By comparison, it follows that

II II
limsup S(t) < 1+ 1) limsup V' (t) < 3

o0 TuE At isteo Tpp+E+n) (22)

This completes the proof. ]
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Denote

m. 1 I
D:{(S,V,E,I)eRiO:SJrVJrEJrISE,SgM (ptn) o & )}.

(E+p+n)" ~p(E+ptn

Theorem 2.1 implies that the set D is a positively invariant and the attracting
region for the disease transmission model given by the model (1.2a) — (1.2d)
with initial conditions in Ri.

3. Equilibria and Local Stability

In this section, we study the local stability of a disease-free equilibrium and an
endemic equilibrium of the model (1.2a)—(1.2d) by analyzing the corresponding
characteristic equations, respectively.

The model (1.2a) — (1.2d) always has a disease-free equilibrium

Po = (S0, Vo, Eo, Io) = (W(p +1)/(1(§ + p+n)), E1L/(1(€ + 1+ 1)), 0,0).

Following the method of next generation matrix by van den Driessche and
Watmough [12], one obtains the basic reproduction number for the model
(1.2a) — (1.2d) as

afTl(p + (1= 7)€+ 1)
pla+p)(§+p+n) (0 +p+d)

The basic reproduction number Ry is defined as the expected number of sec-
ondary cases produced in an entirely susceptible population by a typical infected
individual during its entire infectious period [12].

To calculate the endemic equilibrium P*(S*, V*, E*, I*), we solve

Ry =

IT—BS*I" — &S — puS*+nV* =0, (3.1a)
ST — (1 —7)BV*I* — uV*: —nV* =0, (3.1b)
BS*I* + (1 — 7)BV*I* — aE* — pE* =0, (3.1¢)
aE* — 61" — dI* — uI* = 0. (3.1d)
From equations (3.1a), (3.1b) and (3.1d), we get
II * * d+d
oo MVt &5 o S
BI* + &+ p (I—=7)BI*+pn+n !
Equation (3.1¢) yields

a—+ [
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Substituting the expressions of S*, V* E* in equation (3.2) into equation
(3.3), which gives

QUI*) = AI'* + BI* + C =0, (3.4)
where
A=(1-71)p,
_ (=) (Eprtn) ST (et )n)
e e (e | I

C=p+p+n)(1— Ro).

The endemic equilibrium of the model (1.2a) — (1.2d) are given by equation
(3.2) with the positive root I* of equation (3.4). Let I, I; be the roots of
equation (3.4), and the conditions for equation (3.4) to have positive roots are
determined below.

Suppose 0 < 7 < 1, then A > 0. If Ry > 1, C < 0. Then Equation (3.4)
has a unique positive root for I715 = C/A < 0. If Ry =1, B > 0,C = 0. Here,
Q(I) = I(AI + B), with I§ = 0,13 = —B/A < 0. Hence, equation (3.4) has
no positive root. If Ry < 1, A > 0,B > 0,C > 0. Thus, equation (3.4) has no
positive root.

Suppose 7 = 1, then A =0, B = B(u+n). Hence, Q(I) = BI + C, with the
root I = —C/B. If Ry > 1, C' < 0. Then equation (3.4) has a unique positive
root. If Ry <1, C' > 0. Then equation (3.4) has no positive root.

In conclusion, we have the following results.

Theorem 3.1. The model (1.2a)—(1.2d) has a unique endemic equilibrium
P*(S*,V* E*, I*) when Ry > 1 and no endemic equilibrium when Ry < 1.

Now we study the local stability of the disease-free equilibrium P, and the
endemic equilibrium P*.

The characteristic equation of the model (1.2a) — (1.2d) at the equilibrium
Py is of the form

A+ ) A+ &4 pAm) [N+ (ot 2+ + d)A+ (o ) (§+d + ) (1 - Ro)]=0. (3.6)

Clearly, equation (3.6) always has two negative real roots \y = —p, A9 =
—& — u —n. The other roots Az, Ay of Equation (3.6) are determined by the
following equation

M (a+2u+6+dN+ (a+ )6 +d+ p)(1 — Ry) =0. (3.7)
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If Ry > 1, A3y < 0, then equation (3.7) has one positive real part root. Hence,
P, is unstable. If Ry < 1, A3 4+ A4 < 0, A3A\g4 > 0, then the characteristic roots
of equation (3.7) have negative real parts. Hence, Py is locally asymptotically
stable.

By Theorem 3.1, the model (1.2a)—(1.2d) has a unique endemic equilibrium
P* when Ry > 1. The characteristic equation of the model (1.2a) — (1.2d) at
the equilibrium P* takes the form

)\4 + al)\3 + ag)\2 + agA + a4 =0, (3.8)
where

a1 =0 +d—+a+&+4u+n+ (2 —7)8I7%,

ag =(BI" + p)(p+n+ (1 —7)BI7) + &+ (1 — 7)BI7)
+(a+2u+d+d)(E+2u+n+ (2—T1)8I"),

a3 =(a+2u+0+d)(B1" +p) (1 =7) B +p+n) +§(1—7) B + 1))
+ (a4 p) (8 +d+ p)(1 —7)BI* + aTBrS* T,

ay =) (5+d+p) (1=7)8I* (BT +E+BI* (1—7)p4n) HapuT 32 S1.

By calculation,

Ay =a1=0+d+a+&+4u+n+(2—71)8I" >0,
A =ayaz — ag
=(a+p) (6 +d+p)(E+2u+n) +a(l —7)BA*(S* +V*)
et @—TB I [lort) 2 A-n) BT (BT + BT (1= )+ n)
+u (BT HpAn+&)H o 2p0+d) (E+3pu+n+(2—7) BT +5+d)|>0,
Az =a3Ay — a%a4
=H+ (p—a)mBI*(6+d+p)(t(0+d+p)(d +d+2u+ )
(7)ot (prtortb4d) HI-7) B2 T2 (6+d)? €+ 3prkartpr@-1) BT,
Ay =asz,

where the expression of H can be seen in Appendix. Since a4 > 0, by the Routh-
Hurwitz criterion, all characteristic roots of Equation (3.8) have negative real
parts for Az > 0.

From what has been discussed above, we have the following results.

Theorem 3.2. For the model (1.2a) — (1.2d), we have the following:
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(1) If Ry < 1, then the disease-free equilibrium Py is locally asymptotically
stable; if Ry > 1, Py is unstable.

(2) If Ry > 1 and Ag > 0, then the unique positive endemic equilibrium P*
is locally asymptotically stable.

From the proof of Theorem 3.2, one can get the following result.

Corollary 3.1. If Ry > 1 and u > «, then the positive endemic equilib-
rium P* is locally asymptotically stable.

4. Global Stability

In this section, we study the global stability of the disease-free equilibrium Fy
and the endemic equilibrium P* of the model (1.2a) — (1.2d), respectively.

Theorem 4.1. The disease-free equilibrium Py is globally asymptotically
stable if Ry < 1.

Proof. Let (S(t),V(t),E(t),I(t)) be any positive solution of the model
(1.2a) — (1.2d) with initial conditions in R .
Since Ry < 1, we can choose € > 0 small enough such that

aBl(p+ (1 =71)+n)+ 2 —7)eu§ +u+mn)

< 1. 4.1
Wa Tt mO+atd .
By (2.2), for £ > 0 satisfying (4.1), there exists a 71 > 0 such that if ¢ > T7,
I(p +n) 3
St)y< — "V 4o V)< —2 4 ¢
©) (€ + p+mn) ©) w(€+ p+mn)

From equation (1.2¢), it is easy to know that if t > T,
: (g +1) ¢l
B(t)< <5<7+e +1-7)B (———+¢) ) I-(a+p)E.
p(ptE+m) €+ ptn)
Consider the following auxiliary system

dg(t) =Qu] — ((5 +d+ H)’LLQ.

(4.2)
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It is easy to prove that the equilibrium (0,0) of system (4.2) is globally asymp-
totically stable for (4.1). By comparison, it follows that

lim E(t) =0, tlggo I(t) =0. (4.3)

t—o00

Hence, for arbitrary € > 0, there exists a Ty > 0 such that if t > Ty, E(t) <
g,1(t) < e. From Equations (1.2a) — (1.2b), it is easy to know that if ¢ > Tb,

S(t) > — (Be + £+ p)S + 1V,
V(t) 268 — (1= 7)Be + p+n)V.

Consider the following auxiliary system

vy (t) =IT — (Be 4 & + p)vy + 1z,

Qfg(t) :f’l)l — ((1 — 7')58 + 1% + 77)’1)2. (4.4)

It is easy to prove that the positive equilibrium v* (v}, v3) of system (4.4) is
globally asymptotically stable, where

H((1—71)Be +p+mn)
(Be+ ) (1 =7)Be+p+n)+&((Q—7)8e+ )’
€Tl
(Be+ (L —=7)Be+p+n) +&6((1—71)Bs+p)

v =

vy =

By comparison, it follows that

liminf S(t) > v}, liminfV(¢) > v3. (4.5)

t——+00 t——+o00

Since (4.5) holds for arbitrary e > 0 sufficiently small, it follows that

. I(p+n) . il
M e
By (4.6) and (2.2), it follows that
: (p + 1) Ji
lim S(t) = —— VU V)= —>" 4.7
An, 50 €+ ptmn) tooe €) w(€+ p+mn) @)

By (4.3) and (4.7), P, is globally asymptotically stable when Ry < 1. The
proof is complete. ]
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In the following, the method developed in [8, 10] is used to discuss the
global stability of the endemic equilibrium P*. First, we introduce this method
briefly.

Let G C R™ be an open set. Consider the differential equation:

i = f(2), (4.8)

where the function f:z — f(z) € R",z € G is continuous on G.

Denote E be an n x n matrix and E[ be the second additive compound
matrix of E. Let Q(z) bea (5 ) x (%) matrix-valued function that is continuous
on G and consider

A=Q;Q ' +QJBQ ™Y,

where the matrix @ is the derivative of @ in the direction of the vector field f in
system (4.8), and J1? is the second additive compound matrix of the Jacobian
matrix of system (4.8). Consider the Lozinskii measure ji of A with respect to

n
a vector norm in R(2 , that is

_ . I + hA|
A =1 - .
A) = lim

Lemma 4.1. [10] If Gy is a compact absorbing subset in the interior of G,
and there exist v > 0 and a Lozinskii measure i(A) < —v for all x € Gy, then
every omega limit point of system (4.8) in the interior of G is an equilibrium
in Gl.

The Lozinskii measure in Lemma 4.1 can be evaluated as [13]:
f(A) =inf{k : D, ||z|| < K|z, for all solutions of 2’ = Az}, (4.9)

where D is the right-hand derivative.
Next, we prove the global stability of the equilibrium P* by Lemma 4.1.

Theorem 4.2. If Ry > 1, then the endemic equilibrium P* is globally
asymptotically stable provided that:

u > max{a, n}. (4.10)

Proof. Let (S(t),V(t),E(t),I(t)) be any positive solution of the model
(1.2a) — (1.2d) with initial conditions in R}. By Corollary 3.1, we see that
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the endemic equilibrium P* is locally asymptotically stable provided Ry > 1
and u > max {a, n}.

The second additive compound matrix J2 associated with the solution
(S(@#),V(t),E(t), I(t)) is

BI+&§+2u+ (1 —7)B1 +1n

BI+E&+2u+
2 _ _ g BI+E&+2u+d+d
7 diag (1—-7)BI+2u+a+n
(1-=7)Bl+2u+0+d+n
2u+d+d+ o
0 0 —(1-7)8V 0 8S 0
(1-7)BI 0 BSH(1—7)BV n 0 BS
n 0 @ 0 0 n 0
—BI £ 0 0 pS+(1—7)BV  (1-1)BV
0 0 ¢ a 0 0
0 0 8I 0 (1-7)8I 0
Define
1/E 0 0 0 0 0
O 1)E 0 0 0 0
Q= 0 0 0 1/E 0 0
1 0 0 1/I 0 0 0 |’
O 0 0 0 1/ 0
0 0 0 0 0 1/I
then

A=Q;Q7 +QJMQ™
BI+ (1 —7)pI + B3OV 4 ey — o
BT + ,551+(1b:7),5v1 fEtp
(1—7)B1 + B0 4y
BI+2E + ¢4
(1=7)BI+°F +p+n
%—I—u—l—a

= —diag
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(1-7)BVI BSIT
0 0 0 EliTE o ol 0
(-npr 0y B psreengvr %
I+(1-7)8VI  (1-7)BVI
T 0 - .
0 0 0 n 0
0 0 <2E ¢ 0 0
0 0 0 BI (1—-7)BI 0
Define the norm on R°[1]:
|2l = max{Uy, Uz},
where z € R® with component z,i=1,2,---,6, and
max{|21], [22 23|} if sgn (z1)=sgn (zo)=sgn (zs)
.f e et
Ul (21,29,2)— max{ |22, [21[+z3} 1 sgn (z1)=sgn (z)=—sgn(z3)
max{|z1], |22/, |23} if sgn(z1)=—sgn(zo)=sgn(zs)

max{|z1 [+ 23|, |22+ 23]} if-sgn(z1)=sgn(z2) =sgn(z3),

|za 425+ 26] if sgn (24)=sgn (z5)=sgn (z6)
Us (24,25, 26)— max{|z4[+|25], |24+ z6]} if sgn(z4)=sgn(z5)=— sgn(ze)
T max{lsl labHol}  ifsen()=— sgni—sento)

max{|z4[+H 26|, |25+26]} if — sgn(z4)=sgn(zs)=sgn (ze).

Clearly,
|zo] < Ui(2),|23] < Ui(2), |22 + 23] < Ui(2),

and
‘Zz‘ < U2(Z)7 ‘ZZ + Zj’ < UQ(Z)a ’24 + 25 + ZG’ < UQ(Z)v = 475767i 7é ja

for all z = (21, 22, 23, 24, 25, 26) € RE.
Case 1: Ui(z) > Ua(z), sgn(z1) = sgn(ze) = sgn(z3) and |z1| > |22] + |23].
Then ||z]| = |21], so that

Dyllzll =D+ (J21])

< (-1 (- mpr- B i) )
%Vﬂ +%|25|.

Since |z4], |25] < Ua(2) < U1(z) < |21], we have

Dyllz] <o =& —p—n)lzl.
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Thus,
Dollz]] < (=& —p—n)]l]l. (4.11)
Case 2: Uy(z) > Us(z), sgn(z1) = sgn(z9) = sgn(z3) and |za| + |z3] > |21].
Then ||z|| = |22| + |23], so that
Dzl =Dy (|22] + |23])
SI+1-7)pV I SI+1-1)pV I
(o SOV O10-r)

I I | 24+25+26 |

L e ) R

Since |z4 + 25 + 26| < Ua(z) < Ui(z) < |22| + |23 and —781|z1| < 0, we have

Dlzll (=81 = p)|z2| + (=(1 = 7)BI — p)|z3] < —plz2] + |z3])-

Thus,
Dy |l2ll < —pz]. (4.12)

Case 3: Ui(z) > Us(z), sgn(z1) = sgn(z2) = —sgn(z3) and |za| > |2z1] + |23]-
Then ||z|| = |22], so that

Dyllz]| =D (]=2l)

S e
—1lz3| + %Im + 26| + %Iml.

Since |z4|, |24 + 26| < Ua(2) < Ur(2) < |z2|, |21| < |22| and —n|z3] < 0, we have

D lz]] (=781 — € — p)|z2| < (=€ — p)]zal.
Thus,
Dylz]| < (=€ — )] (4.13)

Case 4: Uy(z) > Ua(z), sgn(z1) = sgn(z2) = —sgn(z3) and |21+ |23] > |22].
Then ||z|| = |z1| + |23], so that

Dyllzll =Dy (21] + |23])

< <—(1 —7)BI - ﬁSH_(lE_ T)ﬁVI—f—,LH-O) |21[—€] 22|

+ (—(1—7') BI 5SI+(1;T)BVI ,u—79| z3|+

1-npVI
% |z4+25+26].
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Since |z4 + 25 + 26| < Ua(z) < Ui(z) < |z1| + |23]| and —¢|z2| < 0, we have

Dol (-2 b (- (1-r)s =25 g

<(a = p)([z1] + [23]).

Thus,
Dyllz] < (a=p)l=].- (4.14)
Case 5: Ui(z) > Us(z), sgn(z1) = —sgn(z2) = sgn(zs) and |z1| > |za|, 21| >
|z3|. Then |[|z|| = |21], so that

Dyllzll =D+ (lz1)

g(—ﬁ[—(l — )8l

(1-7)BVI
+—

BSI+(1—7)BVI
E

—f—u—n+a) | 1]
BST

|za] + B z5).

Since |z4|, 25| < Ua(2) < Ui(z) < |21|, we have

Dyl < (=BI = (1 =71)BI —=§ = p—n+a)|z1] < (@ =& — p—n)lal.

Thus,
Dyllz|| < (@ =& —p—mn)lz]. (4.15)
Case 6: Ui(z) > Us(z), sgn(z1) = —sgn(z2) = sgn(z3) and |z2| > |21, |22| >
|z3|. Then ||z|| = |22, so that

Dyllz]l =D (|22)

<~ (- nptlal+ (o1~

551+(1E— T),BVI_g_'u> o
(1-7)BVI

n=3 4 6 4

Since |z4|, |24 + 26] < Uz(2) < U1(2) < |22|, —(1 — 7)BI|21| < 0 and —n|z3| < 0,
we have

Di|lzll <(=8I = § — p)lz2| < (=€ — w22l
Thus,
Diflz]l < (=€ = )] (4.16)
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Case 7: Ui(z) > Ua(z), sgn(z1) = —sgn(z2) = sgn(z3) and |z3| > |21}, |23] >
|z2|. Then ||z|| = |23, so that

Dzl =D (l23])

< tlar|~€lal+ (~0-npr - DI i
+ /821’25‘ + (1= 25‘/]‘2’5 + z6].

Since |25, |25 + 26| < Ua(z) < Ui(2) < |z3], —BI|z1] < 0, and —&|z2| < 0, we
have
Dyllzll <(=(1=7)BI — p—m)lzs| < (—p —n)lzs].
Thus,
Dyllz]l < (=p = n)ll=]- (4.17)
Case 8: Ui(z) > Ua(z), —sgn(z1) = sgn(z2) = sgn(zz) and |z1| + |23] >
|z2| + |23]. Then ||z|| = |z1| + |23], so that

Dllz]l = Dy (l21] + |z3])

<(-a-nor- BT i) fal + e

+<41—T)BI ﬁSH—(l; mAVI M—a|23|+%|24+25+26|-

Since |z4 + 25 + 26| < Ua(z) < Ui(2) < |2z1] + |23] and |z2| < |z1], we have

S S
I L Lt
<(a—p—mn)(lz1] + |z3]).

Thus,
Dyllz]| < (0= p —n)llz]l (4.18)
Case 9: Ui(z) > Us(z), —sgn(z1) = sgn(z2) = sgn(z3) and |za| + |z3] >
|z1] + |23]. Then ||z|| = |22| + |23], so that

Dylzl = Dol + )
<rptlal + (~ - nar - BLEEZDVL

BSI+(1-n)BVI )  BSIH1-7)BVI
|22+

_|_(_5] i I I 24 tz5t+26 | .
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Since |z4 + 25 + 26| < Ua(z) < Ur(z) < |22| + |23] and |z1] < |22|, we have

Dllzl| <1 = 7)BI = 22|+ (= (1 = 7) BT — p)|z3| <—pu|z2] + [23]).

Thus,
Dy llz]l < —pllz]]- (4.19)

Case 10: Us(z) > Ui(z), sgn(z4) = sgn(zs) = sgn(zg). Then ||z]| = |z4] +
|z5| + |26, so that

Dy|lzll = D (lza] + |25] + [26])
- ok 2 ok 1251 ab 264 aF .y
N % Ji 24 % Ji zZ5 O— b I 26| I |22 T23].

Since |z2 + 23] < Ui(2) < Ua(2) < |z4| + |25| + |26/, we have

Dyllzll < = plzal = plzs| + (= = p)lz6| < —pllza] + [25] + |261)-

Thus,
Dy fl2ll < —pll2]. (4.20)

Case 11: Us(z) > Ui(z), sgn(z1) = sgn(zs) = —sgn(ze) and |z4| + |25 >
|z4] + |26]. Then ||z|| = |z4| + |25], so that

Dllzll = Dy (lza] + [25])
ol ) ol
B —p—— 2|+ (-0=7)BI —p— — |lzsH——[22+23].
1 1 1
Since |z2 + 23] < Ui(2) < Ua(2) < |z4| + |25|, we have

Dlzll (=81 = p)|zal + (=(1 = 7)BI — p)|zs| < —pl|za] + |z5])-

Thus,
Diflz| < —pll=].- (4.21)

Case 12: Us(z) > Ui(2), sgn(zy) = sgn(z;) = —sgn(zg) and |z4] + |26] >
|z4] + |25|. Then [|z]| = |z4] + |26], so that

Dy|lzll = Dy(lza] + [26])

<(-281-6-2F Jeabtor-G-mBD (o7 Yiabt Pl
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Since |z2] < Ui(z) < Ua(2) < |z4] + |26], |25| < |26| and —(1 — 7)5I|z5] < 0, we
have

Dyllzl <(=281 = & = p)lzal+(n — o = p)lz6| < (0 — p)(|zal+26])-

Thus,
Diflzl| < (n— )=l (4.22)

Case 13: Us(z) > Ui(z), sgn(z4) = —sgn(zs) = sgn(ze) and | 25| > |z4|+|26]-
Then ||z]| = |25/, so that

Dzl =D+ (l2s))

al al
<= dlal+ (0 -191 = 2F =) sl + 2Pl

Since |z3| < Up(z) < Ua(z) < |z5| and —&|z4] < 0, we have

Dyllzll <(=(0 = 7)BI — pp = mn)lzs| < (—p = n)]zs]-

Thus,
Dy|lz]l < (=p = n)ll=]- (4.23)

Case 14: Us(z) > Ui(2), sgn(z4) = —sgn(z5) = sgn(ze) and |z4|+]|26] > |25].
Then ||z|| = |z4| + |26], so that

Dyllz]l = Dy (|2a] + |26])

<(enF Jlatn-a-nanizsh{-a=2F Jaokt 2F .

Since |z2| < Uy(z) < Ua(z) < |z4| + |z6] and (—n — (1 — 7)B1I)|z5| < 0, we have
Dllz]] <(=€ = p)lza] + (= — p)|z6| < —pullza] + |26])-

Thus,
Dy flzll < —pll2]. (4.24)

Case 15: Us(z) > Uy(2), —sgn(zy) = sgn(zs) = sgn(zg) and |z4| + |2zg| >
25| + |z6]. Then [|z]| = |z4] + |26], so that

Dy|lzll = Dy(lza] + [26])

<(-281-6--F Jeab(@ =BT -nlssl (o= F ) skt 2l
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Since |z2| < Ui(z) < Ua(z) < |za| + |26, |25] < |z4] and —n|z5] < 0, we have
Dyllzl <(=(0+7)BI = & = w)lza| + (—a = p)lz6] < —pl[za] + [ 26])-

Thus,
Dyl < —ul2I|. (4.25)

Case 16: Us(z) > Ui(z), —sgn(z4) = sgn(zs) = sgn(ze) and |z5| + |z¢| >
|z4] + |26]. Then ||z|| = |z5| + |26], so that

Dy|lzll = D (lzs] + [z6])
aF aF aF
<€+ 8D zab—p =1 — — | [ (——p—— ] |z6|+ —z3].
1 1 1
Since |z3| < Ui(z) < Ua(z) < |z5] + |z6| and —(& + BI)|z4| < 0, we have
Dyllzl <(=p = n)lzs| + (—a = p)lz6| < —pllzs] + |z6)-

Thus,
Diflz| < —pll2].- (4.26)

Combing the results of (4.11) — (4.26), we obtain

D |z|| €< max{—p+a, —p+n}|z|.

By (4.9),
f(A) < max{—p +a, —p+mn}.

Thus, i(A) < 0 by (4.10).

In Section 3, it has shown that when Ry > 1, the model (1.2a) — (1.2d) has a
unique endemic equilibrium P* and the disease-free equilibrium F; is unstable.
The instability of Py, together with Py € 0D, implies the uniform persistence
of the state variables. This can be seen by using the same arguments from
Theorem 4.3 in [3] and Proposition 3.3 in [7]. The uniform persistence, together
with boundedness of D, is equivalent to the existence of a compact absorbing
set in D. By Lemma 4.1, the endemic equilibrium is globally asymptotically
stable in the interior of D. The proof is complete. O
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Fig. 1: The temporal solution found by numerical integration of the model
(1.2a) — (1.2e) with p = 1.4671,5 = 3.4180,I1 = 3.4748,¢ = 1.0062,d =
0.5059,6 = 0.9750,« = 1.4399,7 = 0.9308,7 = 1.0664 and initial conditions
S(0)=1,V(0)=1,E(0) =1,1(0) =1, R(0) = 1.

5. Numerical Simulations

In this section, we show the feasibility of the conditions of Theorem 4.2.

Example. In (1.2a) — (1.2e), let p = 1.4671, 5 = 3.4180,11 = 3.4748,¢ =
1.0062,d = 0.5059,60 = 0.9750, « = 1.4399, 7 = 0.9308, n = 1.0664. The model
(1.2a) — (1.2e) with above coefficients has an endemic equilibrium

P*(0.5665,0.2171,0.7999, 0.3907, 0.2596).

A direct calculation show that Ry = 1.0003 > 1,n — u = —0.4007 < 0,0 — pp =
—0.0272 < 0. By Theorem 4.2, we see that the endemic equilibrium P* is
globally asymptotically stable. The numerical simulation illustrates our result
(see Figure 1).

6. Conclusion

In this paper, the dynamics of a SEIR epidemic model with a waning preventive
vaccines is investigated. We have shown that the dynamics of the system are
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almost completely determined by the basic reproductive number Ry. If Ry < 1,
the disease free equilibrium is globally asymptotically stable while the endemic
equilibrium is not feasible. In this case, the disease dies out. If Ry > 1, the
endemic equilibrium is globally asymptotically stable provided u > max{c«,n}.
To control the disease, a strategy should reduce the basic reproduction number
to below unity. From the expression of Ry, we see that Ry is an increasing func-
tion of 1. Thus, it is necessary and important for public health management to
control an epidemic by increasing the duration of the loss of immunity induced
by vaccination (1/7n), which reduces the the basic reproduction number.

Appendix

The expression of H in Ag is defined in the following.

H=arB2S* I*{(a+p) (0 +d+ p)(E+n) +a(l —7)52I*(S* +V*)
+ula(p+d+d)+(E+n+2—7)BI")(a+p+ 9+ d)

+ (E+pu+n+ 2 — 7)) [(a+p+0+d)(E+u+n+(2 — 7)BI*+0+d)
(ot w)? + (E+2p+n+ 2 —7)BI)[(1 - 7)BI (BT +p+E+n)
+ Bl + p(BI* +n+E+6+d)}

+a(l —7)B2(S* + V) {(a+ p)(6 +d+ p)(1 — 7)3T*
+(a+2u+d+ad) (B +p+E§+n)(p+ (1L —7)3I") +™BI"]}
+(1=7) BI* (artp) (e ) { (atp) [(§+ 240+ 6 +d) +aut-(1—7) BI7)]
+(p+0+d)2pu(E+2u+n+(2 — 7)BI) +(u+ (1 — 7) BT ) (a+5+d)]
+ (€4 2u+n+ (2= 7)B) B + a+2u+n+E)
+(E+2u+n+2—-7)B") (a+2u+0+d)]}
+(L=7)BI (p+ 0+ d)*(BI* + p+E+n)(E+2u+n+ (2—7)BI%)
+ (L=7)BT? [ +2u+ 1+ (2 — 7)B)* (1 + 2(5 + d))

+ 0+ d)*(E+3u+n+2—7)BI  +a)( +n+ (2—7)BI")]
+[(1=7) B (B +ptétn)+rn B { (et 2p+0-+d) [(+ ) (G+dHu) (§4n)
+E+2u+n+2-7)B)(BI" +p+n+E2p+ (1—7)BI7)
+(§+2p+n+ (2 —7)B")TnBI"]
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+(E+2u+n+(2-7)B)(a+ p)lala+2u) + BI(6 + d + p)
+(a+2u+8+d)(E+2u+n+(2—7)8I") + p?]}
H(E2ptH(2—7) BI7) (ot 2p40+d) (B + p+-1+ ) [W(BI +p+1+8)
+(E+2u+n+2-7)BI")(a+2u+d5+d)
FE+2n+n+Q-7)BI)(p+0+d)?[BIn+ (1 —7)(p + €)BT]
+u(a+p)(d+d+p)[(1 — 7)(a+d+d)npI* + (a+0+d) I (E+2p)
F2u(BI" +pn+8E)(E+20 + n)+(a+d+d)(p + 1+ §)(E + 2u + )]
+pla+ p)*[(1=7)BI (8 + d)(p + 1+ &) + (1 = 7)BI (a + 21))

+ B+ p+n+ €+ 2u+n+ BIY)(+2u+ 6 + d)]

+p(p+ 0+ d) (o + 20+ 6+ d)?[n(p+n+E)

+ €42+ 2—7)BI")(BI + p+n+ &)+

+ (1 =7)BF um(p+ 6 + d)[(e + p) (o + 2p+ 5+ d) + (u+ 6 + d)?]
+ B (6 +d 4 p)3(E+n+ (2 —7)BIY)
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