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Abstract: In this note we give the solutions of the Cauchy problems for
the Euler-Poisson-Darboux equations (EPD) with modified conditions in the
spherical space with application to the wave equation.
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1. Introduction

In El-Hafedh and Ould Moustapha [1] and El-Hafedh et al. [2], there are
obtained the explicit solutions of Cauchy problems with modified conditions for
the Euler-Poisson-Darboux equations in Euclidean and hyperbolic spaces. Here
we give the explicit solutions of Cauchy problems with modified conditions for
the Euler-Poisson-Darboux equation in spherical space. The classical Cauchy
problem for the Euler-Poisson-Darboux equation in spherical space is considered
in Fusaro [3] and in Kipriyanov and Ivanov [4] and [5]:
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(a) LU (t,0) = ALU(t,0) 0<t<m, 0 €S
()"
oy v =F6), aU(0,6) =0 f € Co(@S).

More specifically, we are interested in the family of problems:

(a) LyU(t,0) = ALU(t,0) 0 <t <m, 0 €S"
()
(b) U(0,0) = f(8), limyot' QU (t,0) = g(0); f,9 € C®(S")
() AyU(t,0) = AU,0)0 <t <m,0<60<m
(Ep)
o
(YU (0,0) = f (), limyo t'~2HQ,U (t,0) = g (8); f, 9 € C* ([0, 7))
with L, the Laplace-Beltrami operator associated with the spherical Rieman-
nian space S™ given by polar geodetic coordinates:
0? 0 n—1
:w—i-(n—l)cotrg—( 5
and A(r) being a differential operator of second order on the sphere S*~!(r) of
radius 7.
The operator Ay is given by:

2 B 2
ay =9 (1—2y)cot03—<1 2”). (1.2)

L, )2+ A(r), (1.1)

0= 902 " 90 5

Note that in (Eﬁ)”, the second data is zero (¢ = 0) as a solution of equation
(a) can not be regular for t = 0 if its first derivative with respect to ¢ are not
zero. The modified conditions (b) and (b)" allow to take the second data as any
function g, void or while covering the classical Cauchy conditions (b)”. Thus

/
the Cauchy problems (E’f) and (Eli ) correspond to the classical (see Bunke
2 2
and Olbrich[7]) and radial (Theorem 2) wave equations in S".

The main results of this note - Theorems 1, 2 and 3 - are given below, and
their applications are in Section 6.

2. Theorems
Theorem 1. (Classical EPD with modified initial conditions) Let p € (0, 3).

The Cauchy problem (EL‘) with modified conditions for the classical Euler-
Poisson-Darboux equation on the spherical space has the unique solution given
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1
t r\ H72
2 2 /
- — = du (6
sm D) sm 2> M( )

1
2

@) Lo

by:
U (t,0) = op —u(sint) <sin e
1 o \'7T t he
I - ! 2" 2 f /
+ Qua”’“ (sint@t) /th ((9) (sm 5 sin 2) du(0"),
when n is odd
0 3 t r\ M
_ : 2 / 24 2" /
U (t,0) = Bn,—u(sint) <sint8t> /T<tf (¢ <sm 5 sin 2> du(0")
1 0 : / 12 t 2T /
+2,uﬂn’“ (sintat) /<tg (¢ (sm 5 — sin 5 du(@ ),
o
1 1_‘—(11 +2M) ’ Bn,u = 1 Q and r =
2 T2 (34 p) (2m)2

)

when n is even; where o, , =
2 (2r
d(0,0") is the geodesic distance between 6 and 6" in S™
Theorem 2. (Radial wave equation) Let 1 — 2v = 2q be a positive integer
/
The Cauchy problem ( ”) for the radial wave equation on the spherical space

0 O\" 0"\ %
COS 2

has the unique solution given by
Ul(t,0 / f gtW(t 0,0")(sin ) =2 do’'+ / g0 YW (t,0,0")(sin@") =2 de’,
0
SN — S1n 5

(2.1)

where
W(t,0,0") =41 (
e'2 0 !
J_y(zsin = )J_ (2’ sin —)

+oo  pze'
>< / / 't
0 ze "2

and J,, is the Bessel function (see [6], p. 65)
Theorem 3. (Radial EPD with modified initial conditions) Let 1 —2v = 2¢
be a positive integer and p € (0, %) The Cauchy problem (E”) with modified
conditions for the radial Euler-Poisson-Darboux equation on the spherical space
has the unique solution given by
u(t,0,0")(sin @) 2" do/

U(t,0) = (sint) 2“/ f
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1 K
+— [ g0 )W,(t,0,0')(sin0) =o',
2u Jo
where
(1 AN A
W,(t,6,0") = 4”‘”“%’# (sin — sin —> (cos —>
Vrl(5 +n) 22 2
LUt y\Fr g e e o o
X /0 (sin2 5 sin? 5) 8_y/0 /ze_ig J_,(zsin §)J_,,(z/ sin E)

x Jo (\/22 + 2% — 222/ cos %) 27V dzdy. (2.2)

3. Preliminaries

In this section we recall the continuous Jacobi transform, see Walter and Zayed
[8], and we give some lemmas.
If 1—-2v = 2q is a positive integer and f(z)(1+z)” € L' {(-1,1),(1 — 2%)7"},

~

the continuous Jacobi transform f(A) of f(z) is defined by

~ 1 .y
7o) = %/_1 F@)PY() (1 —2%) " de, N> v (3.1)

where PY(x) is the Jacobi function of the first kind, namely:

vy TA+1-v)
K@) = sasora=s

1_
)F<—)\,)\—|—1—21/,1—y, 2"”), (3.2)

and F(a,b,c, z) is the Gauss hypergeometric function, see [6].

Lemma 1. We have Xz\f()\) =—(A+q)?F(\), where A € RY, g = 3V

Proof. It suffices to write

1 8 . 1—2 8 1-—2v 2
A =~ 7 v Y
0= Gmoyros "m0 g ( 2 ) ’
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to do two integrations by parts and the change of variables z = — cos 6 in (3.1).

Lemma 2. An inverse transform of the continuous Jacobi transform (3.1)
is given by:

f(z) = 4n /0 -

2
~ Acot[(g — \)7]

F'(A+q) fO— q)Pf_q(—x)F(q - Mg+ A)

F(A+3)

dx.  (3.3)

Proof. By using the properties of the Gamma function (see Magnus et al.
[6], p. 2), we unify several formulas for the inverse transform in Walter and
Zayed [8] ((5.1),(5.4),(5.9) and (5.11)) when 2q is a positive integer.

Lemma 3. For0<t, 0, 0 <,

—+o00 zei% 0 0/
J(t,0,0) = / / , Jou(zsin5)J_, (2 sin =)
0 ze '3 2 2

t
x Jy <\/22 + 22 — 222 cos 5) 27V dzd?

then if t is sufficiently small, we have the following asymptotic formula:

isin § | 1 1 1
J(t,6,0 %—2/ —F<——u,—+u,—,z)d,
,6,4) orsin0sin® J vz \2 2 D2t )?

a?—(b—c)? t 0
where Z = e b—a<c<b+a, a= \/1—p2sin§, b = sin g,
c
c:sin%/.

Lemma 4. If W} is a solution of (a)’, then we have:
(i) Al | (sint)> qu(t,e)] — (sint)?* AW (t,6);

.. . R . . . "
(ii) (sint)**W¥ ,(t,0) satisfies equation (a)' in (E},)";

-2 1—

(iii) W,} (t,r) and (sin t)QMW_H%(t,T) satisfies equation (a)

with r = d(6,0").
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Lemma 5. For 0 <t <m and#, 0 € S" let

t o T

H=3
Wn,lt(ta 07 0/) - Cn”“ (Sln2 5 — Sln 5)

ART (1 + p)
21+ p—2)

with C, ,, = and r = d(6,0'), then we have:

o nl . 94 9 r\H— ;
(i) Wmu(t,ﬁ,@’):{O‘”vﬂ(sinatat) 7 (sin® £ — sin 2) 2 when n is odd

)2 (sin? 5 —sin? £)" when n is even,

i) W,..(t,z,2") satisfies the equation (a).
W

Lemma 6. Let J, be the Bessel function, then we have:

(i) Ay [Sin” 87 ,(2sind)] = —isin” 8By [J_,(zsin )],
(i) AY [sm 8 cos™ 8J_,(zsin g)] = —1sin” 8 cos® 4BV [J_,(2sin 9)]
where B”:z28d——|-(3 2V) L+ (1—-v)? 422,
(iii) [ (BY¢) Q,Z)dz = [ ¢ (CYY) dz for g € L}, (R+) and ¢ € D(R™)
W1thC”’:z8 —1—(1—1—21/) L+ 24 22
(iv) The function (t, z,2') = z*”Jo <\/z2 + 2% — 222/ cos 2) satisfies the equa-

tion —XC¥y(t, 2,2') = g—;¢(t,z,z’).

The proofs of Lemmas 3, 4, 5 and 6 are analogous of the corresponding
lemmas in El-hafed et al. [2] and are left to the reader.

4. The Classical Euler-Poisson-Darboux Equation

Proof of Theorem 1. — To prove that U(t,0) satisfies equation (a), we use

Lemmas 4 and 5.
— To see the initial conditions, we introduce the polar coordinates centralized

in 0: ¢ = 0+tan fw, w € S"!, and the change of variable sin § = (sin §)s, 0 <
s < 1, we obtain:

n
2

t ! t
U (t,0) = 2", _, cos® 5/0 ff(gosin 5)(1 — sH)TH

n—2
t\ 2 C, t
x (14 s%sin? = " s 4~k on gin?k =
2 2 2
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—2

n—z

s" s,

! t n
X / g#((psin—)(l—s 2 (1+s sin? >
; 2 2
where f(9 = Jgn-1 f(0 +rw)do(w) and ¢ = i ,
\/1+ s%sin? L
n— P—p—5)T(3)
s = "y

212 and fol(l — ) THT e

T (3)

eI

since [g,-1 do(w)
5. The Radial Wave Equation

Proof of Theorem 2. — To prove that the kernel W(t,6,6’) given in (2.1)
1), we use Lemma 6.

satisfies the equation (a)’, (u = 3),
— To see the initial conditions, we use Lemma 3 and the change of variables

.0 3 i t
sing +qgv/1—p-sins
274 P 2), —1<pg<l.

0’ = 2arcsin P
COS 5 +1psi 5

Remark 1. By applying the Jacobi transform (3.1) to this problem, we

have from Lemma 1:
sin(\t)
W50 - g). (5.1)

U(t A —g) = cos(A)F(A — )+ —
By using the inversion formula (3.3) and interchange the order of integration

we have from Lemma 2:

U(t,0) / f(O)=W(t,0,60")(sin ) =2 de’
+/ g0 YW (t,0,0")(sin 0 =2 de’,
0

2
T [T IA+ | v
W (t,0,0") = =gy m PY_ (cos0)Py_,(cos ')
sin(At) cot[(q — A\)7] I\

L(g—MI(g+A)



232 C.0.M. El-Hafedh, E.O.E. Telmoudy, M.V.0O. Moustapha

6. The Radial Euler-Poisson-Darboux Equation
Proof of Theorem 3. — To prove that U(t,0) satisfies equation (a)’, we use

Lemmas 4, 5 and 6.
— To see the initial conditions, we use Lemma 3 and the change of variables:

t 0 t
sin% :ssin§ and 0’ = 2arcsin (sin§ +qv'1 —p2ssin§> , —1l<g<1

Remark 2. By applying the Jacobi transform to this problem, we have
from Lemma 1:

. 1 1 .
Ot A — q) = (cos 2)2 o FL (= — A = + A1 — p,sin® L) FA = g)
> 2 M3 >
1 ¢ o ¢
+ﬂ(28in 5)2“ 2F1(5 A5+ A1+ 1, sin’ 309\ —q). (6.1)

By the inversion formula and interchanging the order of integration, we have
from Lemma 2:

U6.0) = im0 [ SO (0.0,0)sin )~ a0
0

1 ™
+— | g0 )W,(t,0,0")(sin0) =g,
2u Jo

21 ptoo
t
W, (t,0,0") = ZNL—l (2 sin 5) /0
5t

1 1 .
X2F1(§ —)\,§+)\,1—|—u,sm 5)

2

r
(A+a) P{_,(cosO)Py_,(cos b))

I(A+3)
Acot[(g — M)}
(g =M (g+A)

7. Applications

Corollary 1. (Bunke and Olbrich [7], Proposition 2.2) The classical wave
equation in the spherical space of dimension n). We let p — % in Theorem 1,
we obtain the solution of the Cauchy problem for the classical wave equation

inS" (f=0):

U(t,60) = — 0_\"" 1/ (8')dpu(0')
T omm \sintor ) sint Jg,p) 0 MY
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1
du(8'),

1 (sinatat>m_l /Sn g(el)%\/cos(t) — cos(d(6,0"))

U(t,0) =
(t,9) NI
when n is even (n = 2m), where d(6,0") is the spherical distance between 6 and

when n is odd (n = 2m + 1), where S;(0) is the sphere of radius t around 0;

0.
Corollary 2. (The radial wave equation in the spherical space one-dimen-
L in Theorem 3. We obtain the solution of the Cauchy

sional) We let p — 3
problem for the radial wave equation (see Theorem 2).

8. Numerical Trials

Example. When v = —% the radial wave problem
2 2
) (L +2cotal — 1)U (t,2) = Ut 2),
U,z) =0, U0,z)=sinz

has a unique solution given by
Ut,x) = 2t — sin(?t) cos(2x) '
4sinx

We compare the exact solution with the approximate solution obtained by dis-
cretization of an interval [A, B], A > 0 with a step Az and a discretization of

time with a step At (see Figure 1).
Let 2;j = A+jAz , 1 <j<n,, L=B—-A, Az =L/(n, +1) and

ty = TLtAt

Numerically solving the problem (P) means finding a discrete function U
defined in points (xj,%,), we note Uj” the values of U at these points. The

function U is obtained as the solution of a discrete problem
1-0—-(1- n)Rj]Uf_*f —[2(1-6)+ rl]Uj’H'l +1-0+(1- U)Rj]Uffll
= (nR; — H)Uj,l + (20 — 2r; — 'rg)U]T’ — (6 + nRj)UJnH + TIUJn—l
Uy =0, Uj' = —(At)g(x)),
A
i (We take A =0.5, B =
()
0.5).

Az)?
)2, ro = —(Az)? and R; = -

where r; = N
3, n,=10,n, =30, At =0.0l and 0 =n =
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Figure 1: Representation of the two solutions to the radial wave
problem
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