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Abstract: In recent years much attention has been given to Newton series
representations of a regularized Zeta function. Such representations are limited
as they do not lead to a series expansion for the Zeta function that converges
in the critical strip. In this paper, we define a fractional Newton series which
serves as the meromorphic continuation of a classical Newton Series. We show
that the Riemann Zeta function can be represented by a fractional Newton
series in the critical strip. Under this representation the coefficients are given
in terms of differences of the zeta function evaluated at the positive half integers
instead of the usual situation of evaluating at the integers. Using the method
of stationary phase, we derive an asymptotic formula for these zeta differences.
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1. Introduction

A Newton series on the positive integers is an expression of the form
c + 62(5 —-1)+ 63(8 —D(s=2)+cals —1)(s—2)(s —3) + ...

(1)
_Z’“ k+1)

If such a series converges, then it will always converge on a half plane Re(s) > A,
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where \ is referred to as the abscissa of convergence. This paper is based on the
recent interest in the representation of a regularized Riemann Zeta function by
such a series. In this paper we use the standard notation for the Zeta function:

)=

ns’
n=1

One of the main papers in this area is [2], where the regularized Zeta function

1
1—s

¢(s) = (2)

is represented by a Newton series whose nodes are the non-negative integers,
and estimates are made for the asymptotics of the coefficients. Whereas in [5],
a Newton series representation for the function

((s)(1 = 3) (3)
was studied. Here we state the main result from [2].

Theorem A For s € C we have
LSy (® (4)
s—1 = "\n)’

where (2) s a binomial coefficient. Furthermore, the coefficients b, satisfy

C(s) =

1/4
b, = <2_n> e~V cos <2\/7r - 5%) + O(e™ VT4, (5)

s

This theorem gives an asymptotic expansion for the coefficients of the New-
ton series in (4). The series is convergent in the whole plane. In this paper
we look at the idea of expanding a non-regularized Zeta function in a New-
ton series. Since the Zeta function has a pole at s = 1, we would use the set
{2,3,4,...} as the nodes for the expansion and look for a representation of the
form

C(s)=cot+ci(s—2)+ca(s—2)(s—3) + ... (6)
In light of the work done in [2], the most efficient way to do this would be to

first form the expansion

C(s)—s_%:d0+d1(s—2)+d2(s—2)(5—3)+ ..... (7)
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which would be valid in the whole plane, then find a similar expansion for the
function 1/(s—1) and add it to both sides. Since the expansion for the function
1/(s—1) would only be valid in the half plane Re(s) > 1 the resulting expansion
for the Zeta function would only be valid in the same half plane.

In this paper we introduce a series expansion related to a Newton series
that we will refer to as a fractional Newton series. We will then show that
we can expand the Zeta function in terms of the fractional Newton series and
obtain an expansion that is valid for Re(s) > 0. In other words we will find
that the fractional Newton series provides a meromorphic continuation of the
classical Newton series for the Riemann Zeta function into the critical strip. At
this point we introduce the main definition and state the two main results. For
cosmetic purposes all of the Newton series we consider in the remainder of this
paper have nodes existing in a left half plane.

Definition 1. Let p be a complex number. We shall refer to any series of
the form

SYRMUES)
;Ckﬁ (8)

as a fractional Newton series.

Note that the terms indexed by an even k are polynomials that appear in
a standard Newton series with the set of nodes {—1,—2,—3,...}. The terms
indexed by an odd k are the additional feature of a fractional Newton series.

Definition 2. Throughout this paper we will refer to the sets 2 and ﬁ,
defined to be

Q= {ulRe(n) < ~1/2}\ {1, -3/2,~2,---},
Q= {ulRe(n) < 1/2}\ {~1/2,~1,~3/2,--- }.

Our two main results are as follows:
Theorem 3. Let i € Q. Then
1 S I (

=
A
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The above theorem gives the fractional Newton series expansion for a simple
pole.

Theorem 4. Let i € Q. Then

Lo D gy, D 5)
2(( u+2) —;( 1)Ftly, XPEDE (10)
where (3)
L' (5
= k odd
T T (k+ 1) ©
and

e gy (V) oo (2v57) .0 ()

k — o0 k even.

(11)
Remark 1. The critical strip for the Riemann Zeta function appearing
on the left hand side of (10) is contained in €2.
Remark 2. In [3] and [4], for b € (0,1) the expression

i k+1 (%) r ('u + %) (12)

was studied and was shown to be equal to a certain integral over the set
[—1,—b] U [b,1] . Whilst it is possible to prove Theorem 3 by taking a limit
as b — 17 it is of interest to have a direct proof that does not rely on the
introduction of the parameter b.

In the next section we give proofs of Theorems 3 and 4.

2. Proof of Main Results

We begin this section with three lemmas that will be necessary for the proofs.
The first lemma is a generalized version of Dirichlet’s convergence test. We
present the proof for convenience since in the literature it is mainly the standard
Dirichlet test that is presented.
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Lemma 5. Suppose that {a,} is a sequence such that |37 ;a;| < M
for all n. If {c,} is of bounded variation and lim, . ¢, = 0, then > a,cy

converges.

Proof. Let A}, = anl aj and let Ag = 0. Then
Zajcj = Z (Aj = Aj1)e
7=1
= ZAJCJ =Y Ay
j=1 j=1
n n—1
= ZA]'C]' - Z A]’Cj,1

—ancn—i-ZA —¢j-1)

Therefore, if n > m, then

n—1
Z a;jci| < lancy — amem| + M Z lej — ¢jyl- (13)
Jj=m+1 j=m

Thus, it is easy to see that the partial sums of ) a;c; form a Cauchy sequence.
O

Lemma 6. Let © = {u|Re(p) < —1}\ Z. If p € O, then

i L(n+4p) 0
n=1 F(n)
r
Proof. Let K be a compact subset of © and p € K. Since lim M =
n—oo F( )n”

it follows that for some M >0 and n=1,2,---
r
Lo+ | g

I'(n)

m
r
Thus from Weistrass M-test it follows that E (Fn(i—i—),u) converges uniformly
n
n=1

on K as m tends to co. For each n = 0,1, 2, ...,7the function I'(n + ) is analytic
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on ©. Therefore, if f(u) = i W

n=1

, then f is analytic on ©. If u € ©,

then

= ['(n)
:g(n—ury)r(nr_(i;r“)
= i(n— 1)W +:OIMW
- ir(?(;ii)m”i W

Thus for all u € O,
F(u) = f(u) + pf(p—=1).
Therefore f(pu — 1) = 0. But f is analytic on © hence f(u) =0 for p e ©. O

Lemma 7. Let € Q. If

- T(u+k/2)
M T(k/2+1/2)

for k=1,2,---, then Y ;- |bx — bgt1| converges.

Proof. If a, 8 are complex constants and if z + a, z 4+ 5 are not negative
integers, then

Dta)  apfy, @=B)a+s-1 0
v = <1+ - +0(2] )) (14)

as z — oo (see [8, pg. 133]). Let z = k/2,a = p and § = 1/2. Then
A —1/2)(p —1/2
2 k

Now let z =k/2,a = pp+1/2 and f =1 in (14). Then

o= (£)7 (14 LD o)
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Therefore

L, (1)2—p 1 _
__9l/2 2
b — gy = 21/270 ( k3/2— * k3/2—u0(k )> (15)

for k large enough. Since Re(u) < 1/2, it follows that Re(3/2 — u) > 1. Hence
S |k#=3/2| converges. Thus the convergence of 3 |by — by1| follows. Since the
absolute values of terms on the right side of (15) depends only on k and the
real part of p, it is easy to see that the series converges uniformly on compact
subsets of Q. O

We now give the proof of Theorem 3.

Proof. Let 1

f(u) = 1

From [6], pages 307-308, the function f has the Newton series representation

S L(p+ k) 1
Zl (k?-i-% (1 + 1)’ Re(u) < 3 (16)

The Newton series above consists of the even terms from (9). We now use the
fact that for p € © the odd terms from (9) sum to zero,

0 ()
2y ey "

This follows from Lemma 6. Both sums (16) and (17) are divergent for Re(u) >
—% however if we interlace the terms we will see that the resulting series con-

verges on the set Q. Now, for € Q

1 — I'(5) Ttk
20+ 1 _Zr

Using Lemma 5 together with Lemma 7 we see that the series appearing in the
third line is uniformly convergent on compact subsets of 2. The result follows
by meromorphic continuation. U
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We now give a proof of Theorem 4. The method is based on the method of
stationary phase applied to Norlund-Rice type integrals. We follow very closely
the technique used in [2], pages 62 — 66.

Proof. We begin with the entire function

1 1 1
h) = =3¢ (‘“*5) TR

on the negative integers. By the second theorem on page 311 of [6], the function
h can be represented by a Newton series on the negative integers.

Zﬁkru £) where i 2 1h( )(l;)
pt (n+1) = '

The [k, can be written in terms of a Norlund integral representation, see [7] and
[2], and a closed form expression from (16). We have,

_ 3 ! TG
Bk = 47 /C<<S+2> s(s—1)...(s—[k—1]) d8+F(k—2F%)’

where C' encircles the integers {0,1,2,. — 1} in a positive direction and is
contained in Re(s) > —5. The contour can be chosen to be made up of a line
from —1/4 —iT to —1/ 4 +¢T" followed by a clockwise arc of radius 7', that lies
to the right of the line. As T — oo the contribution from the arc vanishes.

Hence
1, -
(_1)1971 /—Z—i—zoo 3 1
_ e d
= T i TR Sem e
3
N r(3) '
T(k+3)
We then move the contour to the left and account for the residue at s = —% to
obtain
(_1)k—1 /2+i00 3 1
= - ds. 19
el BRI Gt B s y w5 K

We now use the reflection formula for the zeta function

¢(s) = 2T(1 — 5)(27m)° L sin (”25) C1—s) (20)
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to obtain

g, — CVT! /__2+mr <—s _ %) sin (”(STJF%» fls)ds,  (21)

27i 2—100

where
oo (-5 —))
J(s) = s(s—1)...(s—[k—1])

We then make the substitution t = —s — 3/2 to obtain

1 1 1/24i00

B = -~ L T (¢ + 1) sin (g) g(t) dt, (22)

k' 271 1/2—i<>0

where

El(2m) 71 (t+ 1)
(t+3/2)(t+5/2)..  (t+k-+1/2)

The integral appearing in the previous expression is, up to a constant, iden-
tical to the integral appearing in [2], equation (19), except that the zeroes in
the denominator have half integer instead of integer values. We now make ap-
proximations to the integrand as |t| — oo. In particular we make use of the
approximations

g(t) =

Ct)=1+0 (2—36“)) . Re(t) >3/2

and also in the upper half plane

. Tt . —1 —imt 1 —ZIm(t)
sm<7>—2i62 —I—%O(e2 )

Therefore we think of (22) as

1 1 1/24i0c0

_ w(t) 2
/Bk k! 4 12— o0 € dta ( 3)

where a model for w(t) in the upper half plane is

Wypper(t) =~ (=t — 1) log(2m) — Zﬂ_t
D(k+DI(t+ DI(t +3/2) (24)
Hog[ T(t+k+3/2) :
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Furthermore we make use of Stirling’s approximation
D(t+1) = V2 t11/27 ( +0 (’t’>> Re(t) > 0.
Letting t = 2k to take into account the scaling of the saddle points, we obtain
s 1
Wapper(@VE) = 2VE (— log(2m) — 5 2+ 2log x) + 1 log k

2
+ glogx - % + Ok,

Wypor (V/F) = <— log (27 — %T —I—2log:r> (25)

o e tO7)
@B =7 +0 ().

From these equations we see that an approximation for the location of the
saddle point is t = ¢™/4/27 and the value of & (the angle of approach for the
contour) is 57/8. These quantities are the same as in [2]. Consequently the
saddle point analysis proceeds in the same way. The contour and the second
order scaling are chosen as in [2]. Therefore, we substitute the approximations
(25) into (23) and obtain the asymptotic approximation for the /3, (taking into
account the factor of 2 for the contribution to the contour from the lower half
plane). We obtain

upp er

B = —% [(ﬂ) e~2VTE (g (2\/%) + O <€72m>] . (26)

So far we have shown that
I( +
Z 5k M pe C,

where 3, satisfies (26). Now we use the result from theorem 3 and add the
fractional Newton series for the pole. In doing so we obtain

—%C (—M - %) = Z(—l)kﬂwzr(fji%_i)) peQ,

k=1
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where (3)
I (5
= k
Yk T (k‘ I %)7 Oddv
and
Vi = ﬁ + L [(ﬂ) e™2VTh cos (2%) +0 (6_2\/@)} )
r'(k+3) & (27)
k — o0, k even.

O

3. Discussion

We have found that a Newton series for the Riemann Zeta function will con-
verge in a half plane but that half plane will not contain the critical strip. For
convergence in the critical strip one must consider a fractional Newton series.
By doing so one naturally ends up using the half integers as nodes and the coef-
ficients of the even terms in the fractional Newton series are divided differences
of the Zeta function evaluated at these nodes.

In [3] and [4] an integral over the set Fy = [—1,—b] U [b, 1] was expanded in
a fractional Newton series which is the expression given in (12). The integrand
for this integral is very closely related to a set of orthogonal polynomials on the
set Fs. A natural question to consider in the future is what kind of integral and
possibly what kind of orthogonal polynomials are associated with the fractional
Newton series

~—

%0 k
Z(—b)kﬂ’mir (ot 3

> SPESIR be(0,1) ? (28)
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