International Journal of Applied Mathematics

Volume 27 No. 1 2014, 89-107

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)
doi: http://dx.doi.org/10.12732/ijam.v27i1.9

ASYMPTOTIC LINEAR ARBITRAGE AND UTILITY-BASED
ASYMPTOTIC LINEAR ARBITRAGE IN MEAN-REVERTING
FINANCIAL MARKETS

Mbele Bidima Martin Le Doux

University of Yaoundé I, Cameroon
African Institute for Mathematical Sciences
P.O. Box 15780 Yaoundé, CAMEROON

Abstract: Consider a general mean-reverting discrete-time model of financial
markets in which the stock prices process is a time discretization of a stochastic
differential equation. We introduce a new type of asymptotic arbitrage by
proving existence of self-financing strategies that generate linear growing profits
on investors’ wealth with probability converging to 1 geometrically fast. We
estimate the rate of this convergence using ergodic results on Markov chains
and large deviations theory.

Next, we discuss asymptotic linear arbitrage in the expected utility sense
and its link with the first type of asymptotic arbitrage.
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1. Introduction

In Mathematical Finance, most models in discrete and continuous-time share
the following feature: for any finite time horizon 7' < oo, there is a possibility
to exclude arbitrage opportunity from the market model, see for instance [3].
But, in long-term trading i.e., when 7" — oo, one may always generate riskless
profit, which is known in the literature as asymptotic arbitrage, see for e.g. the
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pioneering works of Kabanov and Kramkov in [7].

This concept of asymptotic arbitrage has been studied since then in slightly
different forms by some authors. For examples, after they discussed they subject
in a typical case of Urnstein-Uhlenbeck process, Follmer and Schachermayer in
[5] conjectured in a general continuous-time diffusion model the possibility of
generating exponential growth profit on investor’s wealth in long-term; what
in a corresponding discrete-time setting, we proved in a joint work in [9] and
called it “asymptotic exponential arbitrage”. Moreover, we introduced in [9]
a more meaningful version of asymptotic exponential arbitrage by considering
a general discrete-time stock prices model, expressed in an exponential form
and by showing existence of exponential growth profit on investors’ wealth in
long-term with the possibility of controlling at a geometrically decaying rate
the probability of failing to achieve such a profit.

In this paper, under the modeling settings below, we introduce the new con-
cepts of “asymptotic linear arbitrage with geometrically decaying probability of
failure” and “utility-based asymptotic linear arbitrage”. The former is similar
to the one we just mentioned above, which we do not recall here as it is indeed
similarly defined but treated under different settings.

Consider a discrete-time financial market with two assets in trading: a
riskless asset (a bank account or a risk-free bond) with fixed interest rate, set
to 0 for simplicity, i.e., with prices normalized to B; := 1 for all time ¢ € N,
and a single risky asset (such as stock) whose (discounted) prices S, t € N, is
an R-valued process governed by the stochastic difference equation

St-‘,—l =5+ ,U(St) + U(St)5t+17 t e N. (1)

So is assumed constant, u: R — R and o : R — R, with ¢ > 0, are measurable
functions determining the drift and volatility of the stock, (€;)en is an R-valued
sequence of i.i.d random variables representing the random driving process of
the stock prices evolution. We assume that the stock prices process is modeled
and integrable in a filtered probability space (2, F,F,P), where F := (F})ien
with F; := o(So, S1,...,5¢), t € N, is the natural filtration of the stock prices
process. [E will always denote the expectation with respect to the probability
measure P.

Note that (1) can be thought as the time-discretization of a general diffusion
process. In particular, if u(x) ;== —ax with 0 < o < 1, and o(z) := 1 for all
x € R, then we get the discrete-time Ornstein-Uhlenbeck process.

Clearly, the stock prices process S; in (1) is a (discrete-time) Markov chain
in the (uncountable) state space R (see pp. 211-228 in [1]). Unlike in our joint
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work [9] and other similar works such as [3], [5], we do not consider it expressed
in any exponential form.

Next, in this market model, trading strategies we consider are R-valued
(Fi)i-predictable processes (m)ieny on the probability space (2, F,P): m; rep-
resents the number of units of the stock an economic agent holds at each time
t and it is F;_i-measurable by predictability. Since since 7; is R-valued, then
it can be negative; meaning that we allow short-selling of the stock, a more
realistic consideration we prohibited from the models in [9].

Given any such trading opportunity m;, we model the corresponding (dis-
counted) wealth an investor allocates in the stock by an R-valued discrete-time
stochastic process V;™ obeying the (self-financing) dynamics

{ Vi = V7 4+ m41(Si41 — Sp) for all time ¢ > 1, @)
Vi == Vo > 0, is the investor’s initial capital.

With these modeling settings, we organize the whole paper as follows. In
Section 2 below, we define properly the concept of asymptotic linear arbitrage
strategies (with geometrically decaying probability of failure). We state in The-
orem 2.4 and prove later the main result on existence of such trading strategies
in the models (1) and (2) under suitable conditions. And we check that these
conditions hold in two practical examples of discrete-time financial models.

Next, in the third and last section of the paper, we also define the concept
of “utility-based asymptotic linear arbitrage”, i.e., asymptotic linear arbitrage
linked to the concept of expected utilities (see for e.g. [4, Chap. 5]). Classically,
an optimal investment for an economic agent with utility function U is the
available portfolio m; with (random) wealth outcome V; for which the expected
utility EU(V/") is maximal. In that section, we do not focus on the construction
of optimal strategies (which is well discussed in the literature, see for e.g. [5]),
but rather on treating the following basic question: Among risk-averse and
risk-seeking investors, what type of investor (with a suitable utility function)
for which if he/her wealth V;™ grows linearly fast in the sense of Definition 2.2
above, then his/her expected utility will also increase (at least) linearly fast?
In Theorem 3.2 we provide an answer to this question for risk-seeking investors
with a suitable class of utility functions.

2. The Concept of Asymptotic Linear Arbitrage

Definition 2.1. Let m; be any (self-financing) predictable strategy in the
models (1) and (2). We say that 7, is an asymptotic linear arbitrage (ALA)
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in the wealth model (2), if from zero initial capital Vj, there is a real constant
a > 0 such that, for all € > 0, there is a time t. € N satisfying

P(V]" > at) > 1 — ¢, for all time ¢ > t.. (3)

The financial interpretation of this is straightforward: given a “tolerance
level” € > 0, there is a treshold time t. from which an investor starts to gener-
ate profit in long-term at a linear growth rate, with probability tending to 1.
However, one may need to wait for a long time ¢, before starting to realize any
such profit in long-term. Therefore we formulate a strengthened version of (3)
by connecting the tolerance level ¢ with the running time ¢.

Definition 2.2. We say that the trading opportunity m; generates a
(strong) asymptotic linear arbitrage (ALA) with geometrically decaying proba-
bility of failure (GDP-F) if from zero initial capital Vj, there are real constants
a > 0, and ¢ > 0 such that,

P(V] > at) > 1 — e~ for all large enough time ¢ > 1, 4)
or equivalently,

PV < at) < e, for all large enough time t > 1. (5)

The additional financial feature of this definition is that, by (4) the investor’s
wealth grows linearly fast in long term independently from any treshold time,
and by (5) an economic agent can control at a geometrically decaying rate the
probability of failing to achieve such a linear growth profit in long-term.

In order to investigate trading strategies m; that generate ALA with GDP-F
in the market models (1) and (2):

First, due to the Markovian structure of the stock prices process S;, we
restrict ourselves to bounded “Markovian strategies” i.e., trading opportunities
of the form m := m(S;—1), for all ¢t € N, where 7 : R — R is a bounded
measurable function with respect to the Borel o-algebra B(R).

Next, we assume that the stock prices process S; in (1) satisfies the so-called
“mean-reverting” condition:

(MRC) : lim sup 2+ pl=)|

<1 (6)

This is obviously verified for e.g., by the (discrete-time) Ornstein-Uhlenbeck
process. It means the stock prices have at most a linear growth and they tend
to move about the average price in time.
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And we suppose that the following set of conditions holds in the same models
(1) and (2):

(A1) The random variables £,’s have a common (a.s.) strictly positive den-
sity v with respect to the Lebesgue measure A on R, and this density is (a.s.)
bounded on each compact in R.

(A2) The drift p is locally bounded. The volatility o is positive, bounded
away from zero on each compact and is (globally) bounded.

(A3) And we assume the following integrability property for the law of the
€t’SI

Jk > 0 such that E(e“EQ) =: 1 < o0, (7)

where € has the distribution as the &’s, t € N. We also assume that Ee = 0
holds?.

Under these conditions, to proceed to the statement of the existence theo-
rem, we express first the prices process S; of the stock from (1) in the form

Sty1 — St = p(Si) + 0 (Sp)ery1 = o(St) (@(Se) + €111),

where the function ¢ is defined by ¢(z) := p(x)/o(x), for all x € R.

Definition 2.3. We call ¢ the “market price of risk” function for the stock
prices S;.

The quantity ¢(S;) bears a straightforward interpretation: since u(S;) rep-
resents the average one-step return of of the stock while o(S;) measures the
one-step volatility of this price as driven by the random “noise” &, ¢(S;) rep-
resents the one-step return of stock per unit volatility.

We may also require the condition below, called “risk-condition”, for the
market price of risk function ¢:

(RC): the set Ry :={x € R | ¢(x) # 0} satisfies \(Rg) > 0. ()

We interpret the set Ry as representing all states of the stock prices Sy
whose market price of risk is not 0. We say that (RC') holds if A\(Ry) > 0.

Set R :={r € R| p(x) >0} and Ry := {z € R | p(z) < 0}. If 1 4 denotes
the indicator function on A for any A C R, consider the bounded Markovian
strategy

7P = 719(S;_1) where 7°(z) := Ly (x) — 1p- (z) for all x € R, 9)

!This is not a restriction of generality. If one had Ee = m one could replace u(z) by
W (z) = p(z) +o(x)m and ; by €} := &; —m and in this way we get back to the case Ee = 0.



94 M.L.D. Mbele Bidima

which is interpreted as being constructable by a potential long-term arbitrageur
as follows: s/he invests all his money in the stock whenever its market price
of risk is positive, s/he sells the stock short when the market price of risk is
negative, otherwise he puts everything into his bank account. Then we state
the first main result of this paper.

Theorem 2.4. Suppose that the market price of risk function ¢ satisfies
the risk-condition (RC) in (8). Then the bounded Markovian strategy ) =
Ly (Si-1) — lpe (Si—1) generates an ALA with GDP-F' in the models (1) and

(2).

We present the proof at the end of this section after an appropriate prepa-
ration.

First, inspecting the dynamics of the investor’s wealth process in (2) for
any bounded Markovian strategy m = 7(S;—1), we express it in the functional
form

t
Vi =Vo+ Z f(®,,), for all time t > 1, (10)
n=1

of the auxiliary process ®,, := (S,,—1,S,) of two consecutive values of the stock
prices process, where f is the measurable function defined on R? by f(z,y) :=
m(x)(y — x). Assume that S_; is an (arbitrary) given initial constant so that
the process ®; = (S5;_1,5;) starts at time 0 as well.

We show below a first set of preliminary results derived from the advanced
theory of Markov chains presented in [10] and from the ergodic theory of func-
tionals of Markov chains in [8].

Proposition 2.5. The stochastic process ®, is a Markov chain with state
space R?.

Proof. We derive this from [1] pp. 211-228, where the Markov property of
any (discrete-time) Markov chain Y; in a Polish state space S is characterized by
its evolution in the form Y11 = f(Y7,&41), with (&), a sequence of i.i.d random
variables independent of Yj and valued in some measurable space &', and f :
Sx 8" — § asuitable measurable function. Indeed, using (1), the Markov chain
Sy is in the form Sy11 = f(St,ei41) for all time ¢t € N, with the measurable
function f defined by f(x,y) := z+ u(x) + o(x)y for all z,y € R. It follows for
all time t € N, that we have q)tJrl = (St, StJrl) = (St; f(St,&ngl)) = F(q)t,ftJrl),
where & := (0,&;) and F is the measurable function defined on R? x R? by
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F((z,y);(a,b)) := (y; f(y,b)). Since the g,’s are i.i.d and independent from Sy,
the &’s are also i.i.d and independent from ®(, showing that the next state
®,11 is generated from the previous state ®;, plus an independent noise &1,
as required. O

Let Ay denote the Lebesgue measure on R? and B(R?) the Borel o-algebra
on R%. For z € R and A € B(R), let us denote P(x, A) := P(S;;1 € A|S; = 1),
t > 0, the one-step transition probability kernel of the chain S;, and P'(x, A) :=
P(S; € A|Sy = z) its t-step transition probability kernel. Also for z € R? and
C € B(R?), let Q(z,C) and Q'(z,C) denote the corresponding kernels for the
chain ®;. Then we have the following

Proposition 2.6. The Markov chain S; is i-irreducible and aperiodic.

Proof. By the definition of i-irreducibility and Propositions 4.2.1 and 4.2.2
on pp. 89-90 in [10], it is enough to show it is A-irreducible, that is; if z € R
and A € B(R) such that A(A) > 0, then, there is an integer ¢ > 1 such that
Pt(x, A) > 0. This clearly follows for ¢t = 1 by Assumption (A4;) and by the
translation invariance property of the Lebesgue measure A applied in the last
of the equalities below:

P(z,A) :=P(Sip1 € A|Si=2) = P(z+ p@)+o(x)ey1 € A)

11
Jitamston ot 1A > 0. D

Next, to prove the aperiodicity of Sy, by Definition 5.14 on p.109 in [10]
and by Theorem 5.4.4 on p.121 of the same reference, it is enough to show that
there exists a subset C' in R with A(C') > 0, n > 0 and a non-trivial measure
vp, on B(R) such that

P"(xz,A) > v,(A) for all z € C, A € B(R), (12)
and the g.c.d (greatest common divisor) of the set E¢ is 1, where
Ec :={n>1:C satisfies (12)}.

Indeed, fix any compact subset C'in R with \(C) > 0 and let n := 1. Using
Assumptions (A1) and (As), it follows from (11) that P'(z, A) = P(x, A) >
cA1¢(A) for some constant ¢ > 0 and for all x € C, A € B(R). Indeed,
¢ := (sup{o(u) : u e C}) 'inf {V(L"(u)) ca€Ciue C}. So, taking vy 1=

o(u)

cAle, where vi(dy) := c\(dy N C), we get 1 € E¢, hence g.c.d(Ec) = 1. O
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Proposition 2.7. The Markov chain ®; is also i-irreducible and aperi-
odic.

Proof. Similarly to the preceding proof, we show first that @, is irreducible.
Using condition (A;), for all y € R the random variable y + p(y) + o(y)e; has
a A-a.e. positive density, pi(u),u € R. By the same argument, for all u € R
the random variable y + u(y + u(y) + o(y)u) + o(y + u(y) + o(y)u)ez has a
A-a.e. positive density ps(u,w),w € R which can be chosen jointly measurable
in (u,w). Hence, by independence of €1, 5, when &y = (z,y), the density of

Py = (y+ p(y) + o(yer,y + ply + p(y) + o(y)er) + oy + u(y) + o(y)er)e2)

with respect to Ao equals p1(u)pa(u, w), and this is Ag-a.e. positive. In partic-
ular, for all A, B € B(R) with A\y(A x B) > 0, setting (x,y) = z, we have

Q%(2, A x B) = P(®y € A x Bl = z) = / p1 (W)pa oty w) Ao (du, dw), (13)
AxB
which is strictly positive, showing Ao-irreducibility and hence t-irreducibility
of the Markov chain ®;.

Next for aperiodicity, take any compact rectangle C' := C] x (5 such that
A2(C) > 0 with C7 and Cy intervals in R, there exist constants c¢i,co > 0
such that, with the measure vy := ¢jco\a1¢ defined on B(R?) by v (dyy, dy2) =
c1eao(dy1 NCOY, dyaNCs), we have Q2((w,y); Ax B) > v(Ax B) for all x € C1,
y € Cy and all A, B € B(R), which proves that 2 € E¢ (where E¢ is defined
using the kernel @ instead of P in (12)). Moreover, by an additional similar
argument, one gets also 3 € E¢, showing that g.c.d(E¢) = 1, as required. [

Lemma 2.8. The random variable ¢ in (7) of Assumption (As) satisfies
the following property: for every real number a > 1, we have,

E(e“'s‘) < ¢’ for some fixed constant ¢ > 0. (14)

Proof. Set ¢ := |¢|. Then we have

P> 0) = P(ewp (x[29]") > exp (i[122]%))

Texp ( — k(log(z)/ a)Q) by Markov Inequality
I(%)(K/CLQ)lOgQC’

IN

see (7) for the definition of I. Since the exponent (k/a?)log x > 2 provided that

T > 62‘12/", we have E(eaf) = fOOOIP)(e“E > :c)dac < e2a’ /K 4 If;op@az/,{) 1/x2dx.
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The last integral is less than floo 1/22dx, which is finite, thus we conclude the
proof by taking for example ¢ = ¢; + (2/k) with ¢; > 0 large enough. O

Applying this lemma, we check below the following

Proposition 2.9. The Markov chain S; satisfies the “drift condition”
(DV'3+) (i) on p. 6 of [8], which is recalled in the proof below.

Proof. (DV3+) (i) means: the chain S; is ¢-irreducible, aperiodic and there
are (measurable) functions V,W : R — [1,00), a subset C' in R verifying (12)
above for some n, and constants § > 0, b < oo such that log ("' Pe")(z) <
—6W (x) + ble(z), for all x € R, with Pe" defined by

PeY(zx) = /ev(y)P(x,dy), for all z € R.

This is equivalent to requiring that,
PeY (z) < eV@70W@)+b1e(@) for all 1 € R. (15)

By Proposition 2.6, S; is ¢-irreducible and aperiodic. Next, define V (z) =
W(z) := 1+ qa?, for all x € R, where ¢ > 0 is a small number to be chosen.
Consider a compact set C' := [~ K, K] for a large positive constant K. As in
the proof of Proposition 2.6, C' satisfies (12).

Since Pe (z) = E(VV) | Sy = 2) = E(eV@Hr@+0@)2)) it follows from
(15) that we need to show for all x € R,

E(€1+q(x+u(x))2+2q(m+u(m))a(x)5+q02(x)z-:?) < 6(176)‘/(1)4’1710(1). (16)
To get this, it is sufficient to prove the two conditions below:
Claim 1: for |z| large enough we have

E (o1 @)+ 20 ()0 @etar? (@)e) < o(1-0)(1haa?), (17)

Claim 2: for small |z|, (that is; for x in any fixed compact), we have

SupE(elJrq(ﬂchu(ﬂc))ZJr2q(:r+u(:r))0(90)5%102 (x)EQ) < G(K), (18)
xeC

for some positive constant G(K) < oo, and then once this is done, take b :=
log G(K).

Proof of Claim 1. Using the mean-reverting condition (M RC') in (6), for
|z| large enough, there is a small § > 0 such that we have (z + u(z))? <
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(1—40)22. And since 1 < §(1+qa?) for |z| large, it follows that e!+ta(r+a@)* <
e(1-38)(1+qz?)

By (A2) there is M > 0 such that, for all z, o(z) < M. If we choose ¢ such
that ¢M? < k/2, then it is enough to show that E(eQQ|x+“(“”)‘M|5‘+(“/2)€2) <

e20ax® By the Cauchy-Schwarz inequality, this requires to prove that,

(@Il [ (enef) < o200 9)

By (7), the second term on the left-hand side of (19) is the constant v/T.
This is smaller than €% for large enough |z|. So, since again by Condition
(MRC), 4q|x + p(z)|M < 4¢M|x| for |z| large, it follows that we finally have

to show /E(etaMlellel) < %97 for large |z|, or, equivalently,

E(etMlellely < 200 for large |z|. (20)

But applying Lemma 2.8, the left-hand side of (20) is smaller than el6eq® M?|z|?

for some fixed constant ¢ > 0. Hence, if one chooses ¢ small enough such that
16¢>M?c < 25q and ¢gM? < k/2 then (20) holds, showing Claim 1.

Proof of Claim 2. By Assumption (As), u is bounded above on any com-
pact C' = [~ K, K] by some positive constant A. Since p is bounded on C, the
function = — (x + u(x))? is also bounded on C. We assume it bounded above
on that C' by some positive constant B. So, with the later choice of ¢, we have
the following estimate applying Cauchy-Schwarz Inequality and (7),

E(el+q(x+u(x))2+2q(w+u(w))0(x)€+q02(x)€2)
< E(el+qB+2q(K+A)M|sH(n/Q)sQ)

< e(1+aB) \/E(64q(K+A)M|e\)\/E(en€2)
— @(1+qB)\/T\/E(€4q(K+A)M|e\)‘

We then choose K large enough such that 4¢(K + A)M > 1 and we get, by
Lemma 2.8, that for all z € C = [-K, K],

E(61+Q(w+u(w))2+2Q(J:+u(x))0(:v)6+q02(:v)EQ) < (1H+4B) \ [T/ e16¢'a?(K+A)*M?

for a fixed constant ¢/ > 0. This holds for all € C, hence (18) holds true when
taking the supremum over C of the left-hand side of this latter inequality. This
completes the proof of the whole proposition. O

Corollary 2.10. The Markov chain ®; = (S;_1,S;) also satisfies the drift
condition (DV'3+) (i) on p. 6 of [8].
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Proof. This follows from the preceding proposition and Proposition 4.1 (v)
of [8]. O

Furthermore,

Proposition 2.11. The Markov chain ®; = (S;_1,S;) also satisfies the
second condition (ii) of (DV3+) on p.6 of [8], recalled in the proof below.

Proof. We have to show that: there are functions V, W : R? — [1,00), and
there is a time ¢y > 0 such that for all r < ||W||, there is a measure /3, such
that 8,(e") == [g, @Y B, (dz, dy) is finite and we have

Q(%y) (@to € Ax BvTC§V(T)>t0> < 57«(14 X B),

for all (z,y) € Cw(r) == {(z,y) : W(z,y) < r} and all A,B € B(R). Here
g, () = min{t > 1 : @, € Cjy(r)} and Cfy,(r) denotes the complement of
Cw(r).

Consider then the functions V (z,y) = W(z,y) := 1+q(z® +y?) for z,y € R
for a suitable ¢ > 0 as in the proof of Proposition 2.9. Since the chain ®; starts
at time ¢ = 1, we choose here to := 2, and let r < ||W||o = 0o. Then:

If 0 < r < 1, the statement below logically follows.

Suppose r > 1, we have Cy (r) = {(z,y) : 1 + q(z* +v?) < r} = {(z,y) :
2?2+ y% < (r — 1)/q} which is the compact disk of radius (r — 1)/2 in R2. So
its first and second projections C; := pri(Cw(r)) and Cy := prao(Cw(r)) are
compact intervals in R.

If A,B € B(R) and (z,y) € Cw/(r), then € C; and y € C5. Hence, setting
for simplicity A 1= Q (4, (CDQ € Ax B, Tog, (r) > 2), we obtain that,

A = ]P’(<I>2€A><B<I>2€CW()]@1:(36,3/))
= P((I)QE AXB ﬂCW()|(I>1 (:cy))
< P(51€Aﬂcl,SQEBﬂCQISO—IBSl—y)
= Pz +p(x)+o(x)eo € ANCrLy + u(y) +o(y)er € BNCy)  (21)
< JTJ,/)\(AQC&))\(BQCQ)
= JTJ,C)\Q((A X B) M (Cl X CQ))
= G(AxB),

for some constants J, and J| (depending on ¢), using the independence of &
and e1, Fubini’s Theorem and Assumptions (A1), (Az2). S5, so defined is clearly
a measure on R2.
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Finally, it is clear that 8,.(e") = [ ¢, Jp L@ ) N\ (da, dy) < oo as
integral of a continuous function on a compact of R? with respect to A2, ending
the proof, O

Corollary 2.12. The Markov chain ®; has an invariant probability mea-
sure v equivalent to the Lebesgue measure \y on R2.

Proof. By Corollary 2.10 and Proposition 2.11 above, @, satisfies the whole
condition (DV3+) (i) and (i7). It follows by Theorem 1.2 in [8] that the Markov
chain ®; has a unique invariant probability measure, say v.

Moreover, from the proof of y-irreducibility of ®; in Proposition 2.7, P(®4 €
|®o = (z,y)) is Ag-absolutely continuous for each (z,y) € R?, hence we get
v < A9. On the other hand, since the chain ®; is -irreducible with v as
its invariant probability measure, from the definition of recurrent and positive
chains on pp. 186 and 235 of [10], it follows by Proposition 10.1.1 and Theorem
10.4.9 of the same reference that v ~ 1. But, 1) > A9 by Proposition 4.2.2 (i)
in [10], so v > A9, and hence v ~ Ag, as required. ]

Next, after this first set of preliminary results, as indicated in the introduc-
tion, we now proceed to the application of classical large deviations techniques
from [2]. First, recall the investor’s wealth process as in (10) for any given
Markovian strategy m = 7(Si—1),

t
V7 =Vo+ Y f(®y), for all time t > 1,
n=1

with f(x,y) = 7(x)(y — z), for all z,y € R.

We have to insure that, for every 7, the sequence of random variables
(V7 — Vo) = Y4 _, f(®,) satisfies the LDP hypotheses, that is; the limit
As(0) := tlgglo +log E(e’ Y- F(®n)y for each @ € R, exists with A satisfying the
remaining conditions in Gértner-Ellis’ theorem as stated in Theorem 2.3.6, [2].

For that, since we obtained from Corollary 2.10 and Proposition 2.11 that
the Markov chain @, is i-irreducible, aperiodic and satisfies the conditions
(DV3+) (i), (i7) in [8], we need to apply ergodic results related to ®; from
that article. We adopt the notations of [8] below and before checking the
conditions under which these results hold. Indeed, considering the functions
V, W in the proof of Proposition 2.11, define another function Wy by Wy(z,y) :=
14 q(|z] + |y|), for z,y € R, where ¢ is the same as in the definition of V, W in
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that proposition, we obviously see that

W O(xa y)
71 pu—
(Wiegy M) =0

lim sup
7—00 z,yeR

(22)

which is Condition (6) on p. 7 of [8].

For every 6 € R, we observe that 6 | f(®,) = YS! _| Fp(®,), where
Fy = 0f. Consider the Banach space L0 defined on p. 4 of [8] by LYo :=
{h:R* = C:sup,, % < oo}, which is equipped with the norm ||hljw, =

sup,,, |h(z,y)|/Wo(z,y), for h € LY°. Then we have the following
Lemma 2.13. For all § € R, the function Fy belongs to the space L0.

Proof. It is enough to show this for # = 1. Indeed, by the boundedness
assumption of 7, for some constant ¢ > 0, we have |7(z)| < ¢ for all € R. If
follows that |Fy(z,y)| < |y — x| for all z,y € R. Since clearly |y —z| < 1+ |z|+
ly|, then we obtain that |Fi(z,y)| < ¢(1 + |z| + |y|), for all z,y € R. Hence,
taking the supremum over (r,y) € R? we get sup, ,, |[F1(z,y)|/Wo(z,y) < oo;
that is F} € L0, as required. O

Next, consider the sequence of non-linear operators Ty : LY° — LY. defined
as in [8], by setting for all F' € L¥° and all (z,y) € R?,

t
1
L(F)(z,y) = 7 1ogEx,y(exp (ZF(Q)n))). (23)
n=1
where E, , means that we have started the chain from ®y := (z,y) and we

compute the expectation accordingly. Then we get,

Proposition 2.14. Let m; be any bounded Markovian strategy in the
model (2). Then there is an analytic function

9(Vt"—Vo))

i

o1
Af(@) = tli{& 7 log E(Sfl,so) (e

defined for all 0 € R, such that the average sum (V" — Vj)/t satisfies an LDP
(large deviations principle) with good convex rate function A} (the convex
conjugate of Ay).

Proof. Since ®; satisfies the conditions (DV3+) (i), (i¢) in [8] with the pre-
vious unbounded W, then by Proposition 3.6, [8], there is a non-linear operator
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I': LYo — LY such that the following uniform convergence holds over balls in
LYo,
sup  ||Tw(F) —T(F)|ly = 0 as t — oo,
1 F'—Follwy <6
for each Fj and each § > 0. For every 6 € R, set F := Fy = g and F, := 0.
Since V;™ depends on g, it follows that for all § € R, the limit

Ap(0) = T(F)(S-1,50)
=l HouBay (00 (Siey 078)) g2
= TlogE(g_, g (/7 10)),

exists in R. Moreover, applying Proposition 4.3 (i7) in [8], As is an analytic
function of 4.

Again from (ii) of Proposition 4.3, [8], we deduce the second-order Taylor
expansion about zero as, Af(6) = Af(0) + 0v(f) + 16%v; + O(63) for all 6 € R,
where v is the invariant measure of ®; obtained in Corollary 2.12, the expecta-
tion v(f) := [po f(x,y)v(dz, dy) is finite, and where vy := tlggo E, >, (f(®n)—

V(f))2 # 0 is the asymptotic variance given in (37), p. 24 of [8]. Hence A()
is essentially smooth.

So, applying Gértner-Ellis Theorem 2.3.6 in [2], we conclude that (V" —
Vo)/t satisfies an (upper) LD P estimate with good convex rate function A%, as
we required. O

Proposition 2.15. Under the conditions of the preceding proposition,
v(f) is the unique minimizer of A;. Moreover A}(x) > 0 for all z # v(f).

Proof. Using (24), we see that Af(0) = 0. And from the Taylor expansion
of Ay in the preceding proof, we have A’f (0) = v(f), so we get by Lemma 2.4 of
(6] that A%(v(f)) = v(f) x0—Af(0) = 0. On the other hand, by definition of a
conjugate function, we always have A}(z) > 0 x 2 —Ay(0) =0 for all z € R. It
follows that v(f) is a global minimizer for A’%. Since by Proposition 2.14 above,
Ay is analytic hence differentiable, it follows that its conjugate A; is strictly
convex on its effective domain which is, in fact, R. This implies that the global
minimizer v(f) for A} is unique. And this uniqueness implies that A}(z) > 0
for all  # v(f), as required. O

Finally, before the proof of the main theorem, we give the following
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Proposition 2.16. Suppose that the market price of risk function ¢ in
Definition 2.3 satisfies the risk-condition (RC') set in (8). Then the bounded
Markovian strategy w constructed in (9) satisfies

V(f) = E(?To(go)(gl — S~0)) > 0, (25)

where (S, 51) has distribution v, the invariant probability measure of ®;.

Proof. Since v is a probability measure on B(R?) and is invariant for the
Markov chain ®; = (S;_1, St), then there is a pair of R-valued random variables
(50,51 = So + ,u(go) + 0(50)51) on 2 with distribution v and such that e is
still independent of Sy. For all z € R,

E(Sy[So=2) = E(z+up(z)+o(x)e | So = )

z + p(x) +o(x)E(er [ So = ) )
x4+ p(z) + o(x)E(e1) by independence of €1 from Sy
= x4 o(x)e(x) by Assumption (As).

Since (Ag) implies o > 0, it follows that if z € Ry (the set defined in (8)),
then we have

E(Sy | So = z) # = (26)

Consider our constructed strategy 7 given by the function
70(z) = Lt (x) — lp- (x), for all z € R. By Corollary 2.12, v has a As-a.e.
positive density with respect to Ao, hence its Sy-marginal, denoted by 7, has a
A-a.e. positive density ¢(z). Therefore,

v(f) = JRE(%(x)(S1 — =) | So = 2)n(dz)
= Jr (Sl —x| Sy = x)ﬁ( ))\(d:{) i
= fRo sgn( (51 —x|Sy= z))E(S1 — 2 | So = z)l(z)\(dz),

which is strictly positive. Hence v(f) > 0, showing the result. O

Proof of Theorem 2.4. Proposition 2.14 says that the average sum (Vtﬁo —
Vo) /t satisfies an LD P with good rate function A’ and Proposition 2.16 above
says v(f) > 0. Next by Proposition 2.15, v(f) is the unique minimizer of A},
and by strict convexity, A} is decreasing on (—oo,v(f)]. Hence applying the
upper LD P inequality (2.3.7) of Gértner-Ellis Theorem 2.3.6 in [2], we get,

N ().

1 | 7A VA
limsup - logP | " < » 21 < — inf
Py 08 ( t )/ > = ze(—oow(f)/2]
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But

— inf Ni(z) = —A% 2).
e Aj) = A ()/2)

These imply, under the defining ALA hypothesis Vi = 0, that
PV > v(f)t/2) > 1—e M2

for all large time t¢.
To complete the proof of the theorem, it remains to check that A% (v(f)/2) >
0, which clearly follows by Proposition 2.15 again since v(f)/2 # v(f), O

Remark 2.17. The additional research advance in the subject of asymp-
totic arbitrage theory provided by this new result is that the self-financing
strategy 7 generating ALA with GDP-F is explicitly constructed unlike in
other works, as in [5], treating existence of earlier forms of asymptotic arbi-
trage.

Example 2.18. (The Discrete-Time Ornstein-Uhlenbeck Process)
Consider the discrete-time Ornstein-Uhlenbeck (O-U) process,

St+1 = OéSt + Et+1, for all time ¢ > 1, (27)

where 0 < |a| < 1 and Sy are constants and &; are i.i.d N'(0,1). S; is also
known as a stable auto-regressive process AR(1).

In this stock prices model, the drift and volatility functions are identified
as p(zr) = (o — 1)z and o(z) = 1, for all x € R, and are clearly measurable.
Hence the market price of risk function is ¢(x) = (o — 1)z, for all z € R. The
mean-reverting condition in (6) and all the remaining conditions of Theorem
2.4 trivially hold. From (8) we find Rg = R\ {0} = R*, Rf = R* and
Ry = R%. Obviously, A(Ry) = oo > 0. It follows that the corresponding
constructed strategy 7Y = 1g+ (Sy_1) — 1ry (S;—1) produces ALA with GDP-F
in the investor’s wealth (2) for this discrete-time O-U model of stock prices.

Example 2.19. (A Cox-Ingersoll-Ross Type Process) In Mathemat-
ical Finance the process described by the stochastic differential equation

dZt = —ﬁtht + o/ ‘Zt’th (28)

is often is called the Cox-Ingersoll-Ross (CIR) process and is used to model
stochastic volatility or the short rate in bond markets. Here W, is Brownian
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motion. We present a slight modification of the discretization of this model here.
The modifications are necessary, since the volatility of Z; is neither bounded
above nor below. For that, let us define the stock prices process by

Sit1 = aS; + o min{max{+/|S;|, M },n}e;, t>1, (29)

where |a] < 1, 0 > 0, 0 < n < M are given constants and ¢; are as in the
preceding example.

It is easy to check that the CIR type process S; also satisfies the conditions
of Theorem 2.4.

3. Utility-Based Asymptotic Linear Arbitrage

For this section, the stock prices process Sy, predictable (self-financing) strate-
gies m; and the corresponding wealth process V;™ are still assumed relative to the
same models and the filtered probability space (2, F,F,P) of the introductory
Section 1.

Consider the concept of expected utility of investors’ wealth discussed for
e.g. in [4, Chap. 5]. If U : R — R is a strictly increasing function, then
U(V[™) represents the measure/level of satisfaction at time ¢ for an investor
using strategy m; on his/her amount of wealth V;” with respect to the risk of
losses. And EU(V;™) is the expected level of such a satisfaction. U is called
a utility function and it is strictly increasing because investors usually prefer
more money than less. Moreover, utility functions are assumed either concave
for risk-averse investors, or convex for risk-seeking investors, or linear for risk-
neutral investors in the market. Usually, it is rare to see investors behaving in
a risk-neutral way i.e., being indifferent between preferring a random (risky)
outcome on their investments and a certain (riskless) amount of wealth. Hence,
as announced at the end of the introduction, we introduce below the concept
of utility-based asymptotic linear arbitrage only for risk-averse or risk-seeking
investors.

Definition 3.1. Let U be any utility function (convex or concave). We say
that a trading strategy m; generates a utility-based asymptotic linear arbitrage
with respect to U (abbreviated by U-ALA w.r.t. U), if starting from zero
initial capital Vj corresponding to zero or negative initial utility level U(V}),
the expected utility EU (V™) increases (at least) linearly fast in long-term, i.e.,
EU(V{™) > b+ct for all large enough time ¢ > 1, for some constants b and ¢ > 0.
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For the result of the section stated below, we consider only risk-seeking
investors with the class of convex utility functions U, : R — R, for a fixed
real constant a > 0, defined by U,(z) := e** — 1, for all z € R. Similarly
to the coefficient of constant risk-aversion (CARA) defined in [4, Chap. 5], «
represents here the level of risk-seeking for those investors: the higher « is,
the more an investor takes risk and may hence get higher satisfaction. This is
typical to investors known as speculators in financial markets. Then we have
the following

Theorem 3.2. Let m; be any trading strategy in the models (1) and (2).
If my is an ALA (with GDP-F), then m, also generates U-ALA w.r.t U,,.

Proof. First, to the investor’s initial capital Vi = 0, it corresponds the
initial utility U, (V) = € — 1 = 0. Next, by definition of ALA, there are a
constant a > 0 and a time t; /5 such that we have P(V;"™ > at) > 1/2 for all time
t > 1. It follows by monotonicity and convexity of U, that

EUQ(‘/;F) Z —1 + EUa(at)l{Vthat} (30)
—1 4+ Uy(at)P(VJ" > at)
> 1+ (1/2)(e* 1)
1
> 5(—3 + aat), (31)
for all large enough time ¢, as required. O

To conclude this section, let us explain how in practice this easily proved re-
sult may connect long-term arbitrageurs’ investment performances with market
speculators’ level of satisfaction. Indeed, if a speculator investor risks higher
by investing an amount of money on the stock .S; and chooses a utility function
Uy, moreover if, as guaranteed by the existence Theorem 2.4, s/he manages
to construct an ALA with GDP-F strategy in the market models (1) and (2),
then while his/her wealth grows linearly fast (with probability tending to 1),
his/her expected level of satisfaction increases also (at least) linearly fast in
long-term.

References

[1] R.N. Bhattacharya and E.C. Waymire, Stochastic Processes with Applica-
tions, John Wiley & Sons Inc., New York, 1990.



ASYMPTOTIC LINEAR ARBITRAGE AND UTILITY-BASED... 107

2]

3]

[7]

8]

[10]

A. Dembo and O. Zeitouni, Large Deviations Techniques and Applications,
2nd Ed., Springer-Verlag, New York, 1998.

N. Dokuchaev, Mean-reverting discrete time market models: Specula-
tive opportunities and absence of arbitrage, IMA Journal of Management
Mathematics, 23 (2010), 17-27.

H. Follmer and A. Schied, Stochastic Finance: An Introduction in Discrete
Time, 2nd FEdition, Walter de Gruyter, Berlin, 2004.

H. Follmer and W. Schachermayer, Asymptotic arbitrage and large devia-
tions, Math. Financ. Econ., 1 (2008), 213-249.

A. Ganesh, N. O’Connell and D. Wischik, Big Queues, Lecture Notes in
Mathematics, Springer-Verlag, Berlin, 2004.

Y.M. Kabanov and D.O. Kramkov, Large financial markets: Asymptotic
arbitrage and contiguity, Theory Probab. Appl., 39 (1995), 182-187.

I. Kontoyiannis and S.P. Meyn, Large deviations asymptotics and the spec-
tral theory of multiplicative regular processes, Electronic. Journ. Probab.,
10 (2005), 61-123.

M.L.D. Mbele Bidima and M. Réasonyi, On long-term arbitrage oppor-
tunities in Markovian models of financial markets, Annals of Operations
Research, 200 (2012), 131-146.

S.P. Meyn and R.L. Tweedie, Markov Chains and Stochastic Stability, Sec-
ond Edition, Cambridge University Press, New York, 2009.



108



