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Abstract: A Goppa code is described in terms of a polynomial, known as
Goppa polynomial, and in contrast to cyclic codes, where it is difficult to esti-
mate the minimum Hamming distance d from the generator polynomial. Fur-
thermore, a Goppa code has the property that d > deg(h(X)) + 1, where h(X)
is a Goppa polynomial. In this paper, we present a decoding principle for
Goppa codes constructed by generalized polynomials, which is based on modi-
fied Berlekamp-Massey algorithm.
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1. Introduction

Let (S, *) be a commutative semigroup and (R, +, ) a commutative associative
ring. The set J of all finitely nonzero functions f from S into R is a ring with
respect to binary operations addition and multiplication defined as (f+g)(s) =
f(s)+g(s) and (fg)(s) =D ju—s f(t)g(u), where the symbol ), . indicates
that the sum is taken over all pairs (¢, u) of elements of S such that txu = s and if
s is not expressible in the form txw for any ¢,u € S, then (fg)(s) = 0. The set J
is known as semigroup ring of S over R. If S is a monoid, then J is called monoid
ring. This ring J is represented as B[S], where S is a multiplicative semigroup,
and the elements of J are written either as > ¢ f(s)s or as Y | f(si)s;.
The representation of J will be R[X;S] whenever S is an additive semigroup.
As there is an isomorphism between additive semigroup S and multiplicative
semigroup {X® : s € S}, it follows that a nonzero element f of R[X;S] is
uniquely represented in the canonical form > " | f(s;)X® = Y"1 | f; X*, where
fi # 0 and s; # s; for all ¢ # j. Degree is not generally defined in commutative
semigroup rings but if the semigroup S is a totally ordered semigroup, we can
define the degree of a generalized polynomial of the semigroup ring R[X;S].
If f=> 7", fiX*% is the canonical form of the nonzero element f € R[X;S5],
where s1 < sy < -++ < s, then s, is called the degree of f and we write

deg(f) = Sn-

2. Goppa Code

Let (B,N) be a finite local commutative ring with unity and K the residue
field % >~ GF(p™), where p is a prime, m a positive integer. The natural
projection 7 : B[X; 1Z] — K[X;1Z] is defined by m(a(X3)) = a(X3), ie,
(>, aiX%i) =>", @GX3%, where @ = a; + N). Let f(X%) be a monic
pseudo polynomial of degree ¢ in B[X; £Z] such that 7(f(X 3 )) is irreducible in
K[X; 1Z]. Since B[X;Zo] € B[X;1Z] [1, Theorem 7.2], it follows that f(X3)
is also irreducible in B[X; 1Z], by [2, Theorem XIIL7]. If % = B[XT%%Z(” then R
is a finite commutative local factor semigroup ring with unity a(rjiil ag)ziin by [1,
Theorem 7.2] accommodate our notions to say that it is a Galois ring extension
of B with extension degree t. Its residue field is K; = N% = GF(p*™), where
N; is the maximal ideal of }, and K7 is the multiplicative group of K; whose
order is p>™ — 1.

Let ** denote the multiplicative group of units of i and R* being an Abelian
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group can be expressed as a direct product of cyclic groups. Our focus is in
the maximal cyclic subgroup of R*, hereafter denoted by G, whose elements
are the roots of X® — 1 for some positive integer s. There is only one maximal
cyclic subgroup of R* having order s = p?™ — 1. Let § = a3 be a primitive
element of the cyclic group G, where s = p3™ — 1. Let h(X%) = ho+ th% +
ho (X%)2 + -+ hs, (X%)ST be a polynomial with coefficients in & and hs, # 0.
Let T = {aj, a9, -+ ,a,} be a subset of distinct elements of G5 such that h(q;)
are units from R for i =1,2,--- n.

Definition 1. [3, Definition 4] A shortened Goppa code C(T', h) of length
n < s is a code over B that has parity-check matrix

h(Oél)’l1 o h(an) ™
e | oo e |
o Th(n) ! e ad (o)
where 7 is a positive integer, n = (a1, g, -+ , ) is the locator vector, con-
sisting of distinct elements of Gy and w = (h(ay)™%, -+, h(ay) ™) is a vector

consisting on elements of Gj.

Theorem 1. (see Theorem 7, [4]) The Goppa code C(T,h) has minimum
Hamming distance d > 3r + 1.

3. Decoding Procedure

The decoding algorithm is based on the modified Berlekamp-Massey algorithm
[5] which corrects all errors up to the Hamming weight ¢ < 2, i.e., whose min-
imum Hamming distance is 3r + 1. The decoding procedure for these codes
consists of four major steps: calculation of the syndromes, calculation of the
error-locator polynomial, calculation of the error-location numbers, and calcu-
lation of the error magnitudes.

Let 8 = a3 bea primitive element of the cyclic group G, where s = p3™ —1.
Let ¢ = (¢1,¢2,+ -+ ,¢,) be a transmitted codeword and b = (b, by, -+ ,b,) be
the received vector. Thus the error vector is given by e = (e1,ea, -+ ,e,) =
b—c Letn = (a,00, - ,0) = (85, *2,... ") be a vector over Gi.

Suppose that v < ¢t is the number of errors which occurred at locations x7 =
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Qs Ty = Qiy, -+, T, = oy, With values y; = €;,,y2 = €4y, -,y = €;,. The
syndrome values s; of an error vector e = (eq, ez, ,€,) is defined as

n

s = Zejh(aj)flaé-, for 1> 0.

J=1

Since s = (sg, 81, ,83,—1) = bH! = eH", it follows that the first 3r syndrome
values s; can be calculated from the received vector b as follow

n n
s = Zejh(aj)_laé- = ijh(aj)_laé-, for 1=0,1,2,---,3r —1.
j=1 j=1

The elementary symmetric functions oy, 09, -+ ,0, of the error-location num-
bers x1,- -+ ,x, are defined as the coefficients of the polynomial

14

o(X)=[[(X —2) =D oix"7,
=0

i=1

where 0y = 1. Thus, the decoding algorithm being proposed consists of four
major steps: calculation of the syndrome vector s from the received vector;
calculation of the elementary symmetric functions o1, 09, - , 0, from s, using
the modified Berlekamp-Massey algorithm [5]; calculation of the error-location
numbers x1, 2, ,x, from o1,09, -+ ,0,, that are roots of o(X); and cal-
culation of the error magnitudes yi,¥2, - ,¥y, from x; and s, using Forney/s
procedure [6].

Since the calculation of the vector syndrome is straightforward, it follows
that there is no need to comment on Step 1. In Step 2, the calculation of the el-
ementary symmetric functions is equivalent to finding a solution 01,09, - ,0,,
with minimum possible v, to the following set of linear recurrent equations over

R, ie.,

Sj+v + Sj4v—101+ -+ Sj+10p-1 + S0, = 0, for 7=0,1,2,---, (3?” — 1) -,
(3.1)
where sg, s1,- - ,S3-—1 are the components of the syndrome vector. From the

modified Berlekamp-Massey algorithm, it follows that the solutions of Equation
(3.1). The algorithm is iterative, in the sense that the following n—[,, equations
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(called power sums)

sna(()") + sn_lain) + -+ Sp—1,0

$n_105" + 80\

In

+or ot Spg,m100) =0

are satisfied with /,, as small as possible and J(()O) = 1. The polynomial ¢ (X) =
J(()n) + J§n)X +--+ al(:)X " represents the solution at the n-th stage. The n-th
discrepancy is denoted by d, and defined by d,, = sna(()n) + sn_lagn) 4+ 4
Sn—lnffl(:)- The modified Berlekamp-Massey algorithm is formulated as: the
inputs to the algorithm are the syndromes sg, s1,- - , 83,1 which belong to .
The output of the algorithm is a set of values o;, for i = 1,2,--- v, such that
Equation (3.1) holds with minimum v. Let oD(X) = 1,1, =0, d_; = 1,
A (X)=1,1lp =0 and dy = sp be the a set of initial conditions to start the
algorithm as in Peterson [7]. The steps of the algorithm are:

1. n<0.
2. If d, = 0, then ¢t (X) - o™ (X) and I,,;1 + I,, and to go 5).

3. If d,, # 0, then find m < n — 1 such that d,, — yd,, = 0 has a solution
y and m — I, has the largest value. Then, ¢ (X) + o™ (X) —
y X" "o (M (X) and lyy < max{ly,ln +n —m}.

4. If ly1 = max{l,,n+ 1 —1,} then go to step 5, else search for a solution
DD (X)) with minimum degree [ in the range maz{l,,n+1—1,} <1<
ln+1 such that o™ (X) defined by D) (X) — o™ (X) = X"~"g(m)(X)

is a solution for the first m power sums, d,, = —d,, with a(()m) a zero
divisor in ®. If such a solution is found, o™+t (X) « D"+ (X) and
ln—‘,—l «— 1.

(n)

ln

5. If n < 3r—1, then d,, = s, + sn_layz) + 4 sp,0

6. n<n+1;if n < 3r—1 go to 2); else stop.

The coefficients ag?’r), Jégr), e ,0'1(,3r) satisfy Equation (3.1).



70 A.A. de Andrade, T. Shah, N.A. Azam, S.A. Hussain

At Step 3, the set of possible error-location numbers is a subset of G
and the solution to Equation (3.1) is generally not unique and the recip-
rocal polynomial p(Z) of the polynomial ¢®”)(Z) (output by the modified
Berlekamp-Massey algorithm), may not be the correct error-locator polyno-
mial (Z — 21)(Z — x2)--- (Z — x,), where z; = g%, for j = 1,2,--- ,v and
i=1,2,--- ,n, are the correct error-location numbers. Now, compute the roots
21,29, , 2z, of p(Z), and among the x; = 8%, for j = 1,2--- ,n, select those
x;’s such that x; — z; are zero divisors in . The selected x;’s will be the correct
error-location numbers and each k;, for j = 1,2,--- ,n, indicates the position
j of the error in the codeword.

At Step 4, the calculation of the error magnitude is based on Forney’s
procedure [6]. The error magnitude is given by

v—1
leo O41Sy—1—1

Yj = —1 11— (32)

Ej > 020 oy
for j = 1,2,--- ,v, where the coefficients o, are recursively defined by o;; =
o; + xjoji—1, for i = 0,1,--- ,v — 1, starting with 09 = 0j9 = 1. The E; =
h(z;)~!, fori =1,2,--- v, are the corresponding location of errors in the vector

w. It follows from [4] that the denominator in Equation (3.2) is always a unit
in R.

Example 1. Let B=GF(2)[i] and R = u , where f(Xs) = (X%)g—k

(F(x3))
(X%)3 + 1 is irreducible over B. If X3 = Y, then f(Y) = Y + V3 + 1.
If g = a3 is a root of f(Y), then ab generates a cyclic group G4 of order
s =230 — 1. If h(X%) (X%) (X%)3 +1, T = {a,a’,a?, 1,043,04%,044,046}
1
3

and w = {a?,0* a* 1,a,a2,03,a?}, then
1
a2 ot ot 1 a az o o?
a2 a2 a2 1 o o 1 «
H= 4 5 L
« 1 o1 1 a2 « 1
a® o® 1 1 o o* a af

is the parity check matrix of a Goppa code over B of length 8 and, by Theorem
1, the minimum Hamming distance is at least 5. Now, if the received vector
is given by b = (0,4,0,0,0,0,0,0), then the syndrome vector is given by s =
bH' = (ia?,ia,ia® ia*). Applying the modified Berlekamp-Massey algorithm,
it follows that 0¥ (Z) = 1 + a®Z. The root of p(Z) = Z + o (the reciprocal
of 0(4)(Z) is 21 = o°. Among the elements of G, it follows that z; = o°
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is such that z1 — 21 = 0 is a zero divisor in . Therefore, x; is the correct
error-location number, and ko = 5 indicates that one error has occurred in the
second coordinate of the codeword. Finally, applying Forney’s method to s and
x1, gives y; = i. Therefore, the error pattern is given by e = (0,4,0,0,0,0,0,0).
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