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Abstract: We consider a boundary value problem for the linear Poisson-
Boltzmann equation. A regularization method is introduced to solve the prob-
lem using the discontinuous Galerkin method with interior penalization. Nu-
merical results that corroborate the theoretical results are presented.
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1. Introduction

Boundary value problems for the linearized Poisson-Boltzmann equation arise
in several biological applications like in the simulation of the electrostatics prop-
erties of charged macromolecules in aqueous environments [4]. Due to the very
nature of dielectric constants and charge distributions, this equation has discon-
tinuous coefficients and singular source terms. Moreover, in realistic situations,
the domain occupied by the macromolecule is non-smooth. As a consequence,
the solution of the problem is singular and, even if we separate out its singu-
larity, the remaining function can have unbounded derivatives [6]. These pre-
vent the use of numerical methods like the traditional discontinuous Galerkin
method, once the jumps of derivatives must be well defined on the internal
boundaries [7]. On the other hand, the discontinuous Galerkin (dG) methods
have advantages as: can handle problems with complicated geometries; facili-
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tate parallelization; conserve physical quantities and facilitate the handling of
elements of various shape and types.

Taking into account these issues, the aim of this paper is to introduce a
numerical approximation based on the discontinuous Galerkin method to solve
a Dirichlet problem for the linearized Poisson-Boltzmann equation in polygonal
regions. Following [2], we introduce a suitable decomposition of the solution
in order to reduce the problem to a boundary value problem without singular
terms. Then, to avoid the lack of the regularity in the new problem, we con-
sider a regularization scheme: the discontinuous coefficient in the equation is
replaced for a suitable Lipschitz approximation such that the approximate so-
lution converges to the original solution in the H' norm. This allows us to use
a discontinuous Galerkin formulation with interior penalization for the regular-
ized problem. We establish error estimates and present some numerical results
to illustrate the theoretical approach.

2. The Linear Poisson-Boltzmann Equation

Let us consider a charged macromolecule occupying the region O C Q C R2?,
where 2 and O are open connected sets whose boundaries are polygons. We
suppose that € is convex and bounded and that O is sufficiently far from
the boundary I' of 2 such that the boundary effects can be neglect. Also we
assume that the solvent occupies the whole region O := Q\O and contains a 1:1
symmetric electrolyte. In the case of small salt concentration, the electrostatic
potential ¢ satisfies the linearized Poisson-Boltzmann equation [4]

J
V. (,quZ) — E2$ = —27e, Z zi0; in ), (1)
i=1

subject to the boundary condition QZF = ¢s. Usually, g4 is obtained through a far
field condition from the analytical solution of the linearized Poisson-Boltzmann
equation in the case of the complete ionic penetration [2]. Here, and throughout
this paper, p: 2 — R and K : Q — R are given by

fm ifxeO —_,.v_J O itxeO
px) = { uo if x € o° and 7 (x) = { Kyl if x € o° (2)
where ©1 > 0 and o > 0 denote the dielectric constants of the particle and the

2. \1/2
solvent, respectively; kK = (%) is the modified Debye-Hiickel parameter,
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e. is the proton charge, ng is the bulk ionic concentration of the solvent, kp
is the Boltzmann constant and 6 is the temperature. Also, 6 stands for the

Dirac functional concentrated in x;, where A := {x; € O, i = ,J} are the
positions of the fixed charges and z; is the amount of charge in the p0s1t10n X;.
J
Let us consider G(x) = Z—;Zzl In |x — x;| for each x ¢ A. It is well known
i=1

that G € L}, .(2), then we have vp(G) € D'(Q), where

v z; lim Y In|x — x;| dx, 3)
(up i [ o (
for all ¥ € D(2). As AG(x) =0 if x ¢ A, elementary calculations yield

J

Avy(Q) = —20°% 26 in D'(Q). (4)
H15—

We denote d = dist(00, A) and Oy = {x € O, dist(x,00) > d/2}. Take a cut-
off function p € D(O) such that p = 1 in Oy and recall that, for all A € D'(Q)
and ¥ € D(Q), (pA,9) = (A, pv) (see [8], Section 6.15). As a consequence,
from Leibniz formula, (3) and (4),

Alp vp(Q)) = —27rE Z 20; + 2V - Vu,(G) + Ap v,(G) (5)

in D'(€). Then, defining ¢ = ¢ — p vp(G), we can write
V- (1 V(p vp(G)) +V - ((M—M)V(@ up(G)) + V- (uV9)
~ R (p+p vp(G)) = —2me, Z 26; in D'(Q). ©)

From the definition of u, &2 and g, it is clear that (u — 1)V (p vp(G)) = 0 and
R2p vp(G) = 0 in D'(2). Consequently, from (6) and (5), we obtain (in the
distributional sense)

V- (Vo) —Fo=F in Q

7

¢=g« on T, ®

where § := =21V - Vo, (G) — n1Ap v,(G). Note that f corresponds to a
smooth function. In what follows, we consider the more general problem

V- (uVe)-F2$ =/ in Q .

¢=¢g on T,
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where f € L?(Q) and we assume the existence of g € H2(O) such that g|r = g.

3. Weak Formulation
Let us define the functional space V = {v € H'(Q2), v|p = g}.
Definition 1. The function ¢ € V' is a weak solution of (8) if
a(¢,9) = L(Y), VI € Hy(), (9)

where
. _2 —_— —
a(g,9) = /Q,u V- Vidx + /Q R~ ¢ ¥dx, and L(9) = /fol?dx.

It is a routine to check the existence and uniqueness of solutions of (9). Now,
let us to denote ¢; and ¢ as the restrictions of ¢ to @ and O°, respectively. It is
well known that, in general, ¢o ¢ H?(O°) and ¢y ¢ H?(O) as p is discontinuous
[6]. However, the following regularity result holds.

Theorem 1. There exists A > 1/2 such that ¢; € H(O) and ¢ €
Hl—f—)\(@c).

Proof. Choose € > 0 sufficiently small such that Q. N O = (), where Q. =
{x € Q,dist(x,T) < e}. Taking a cut-off function £ € C°°(R?) such that { =1
in Qo and supp(§) CC QU (R2\Q), define ¢ = ¢ — £ §. Then ¢ is the unique
weak solution of the problem

-~

V- (,qub)A: F in Q (10)
=0 on T,

where F' = =V - (uV(€ g)). According to Definitions 2.1 and 2.2 in [6], as
) is convex, there is no homogeneous singular points x € I' and the only
heterogeneous singular points are the vertex of 0. Then, as F € L?*(), we
have ¢, € H%?(0) and ¢y € H3?(O"), following Lemma 2.5 of [6]. O
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4. Regularized Equations

As remarked before, the low regularity of ¢ prevents the use of methods like
Galerkin discontinuous, as we need the existence of the normal derivatives at
the interfaces (in the trace sense). In order to deal with these difficulties, we
consider a sequence of functions {u}eso that satisfy, for all € > 0,

H1. p € C%(Q), HMEHCOJ@) < Cye !t where Cy = Ci(Q, O, 11, j12);
H2. For all p > 1, |uc — pllops < Cuc'/P;
H3. For all x € Q, 1 < pe(x) < po;

H4. Set B, = {x € ©, dist(x,00) < €} and ) = sup{e > 0; B.N Oy = 0}.
Then, if 0 < € < €0, pielo\B, = 11, Helpe\p, = Ho-

Remark 1. We can assume, without loss of generality, that 0 < ¢y < 1.
Moreover, note that |B| < C¢, where C = C(O).

We present the regularized version of (8)

V- (Mev¢e) - E2¢e = f in (11)
¢6|F =g on Fu

and the corresponding weak formulation:

Find ¢. € V such that

ac(pe, ) = L(V), Vi € Hi(Q), (12)

where

ac(¢e, V) = /Q,uE Vo - Vidx + /QEQ e Vdx.

The fact that ¢, is a good approximation for ¢ (in a suitable sense) is shown
below.

Theorem 2. Let us assume H1-H4. Then, the problem (12) has a unique
solution ¢. € V N H%(Q) which satisfies (11) a. e. in Q. Moreover, for each
0 < e < e,

cpC,
[¢e = dll120 < 0 P(l61l14r2,0 + 620l 4r 207, (13)
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where C'p is the constant in the standard Poincaré-Friedrichs inequality for )
and, if A # 1, « = min{1,\}; if A = 1, (13) is valid for any 0 < o < 1.

Proof. The existence and uniqueness are standard. The regularity ¢. €
H?(Q) follows from Theorem 3.2.1.2 in [5], as {2 is convex. Defining 1. = ¢ — .
and taking ¥ = n. in (9) and (12) we obtain, after subtracting the resultant
equations,

[ 00~ V60) - Vnadx+ [ 74 dx=o.
Q Q

which gives us

/ue\an dX+/ﬁ2 % dX—/(ue—u)qu-Vne dx.
Q Q Q

Then, Young’s inequality yields

1 M1
plIVnelg oo < 5— / (e — 1)*|V@|? dx + —/ Vne|* dx.
2u1 Jo 2 Jo

Supposing that A € [1/2,1), from the standard Sobolev embedding, we have
2 2 —

|Vé1] € LT3 (0O) and |Ve| € LTx(O°). As a consequence, using the Holder’s

inequality we obtain

M1 2 1 2 2 2
SNVnlb20 < 5=l =l 2 oIV611F 2o+ 96215 o)

which implies in

CQ
193520 < ZUVAG 2 o +198205 2 o)
1

and the result follows from the Poincaré-Friedrichs inequality. In the case that
$1 € H*(O) and ¢ € H*(O°) we have |[V¢y| € LI(O) and |Vey| € LI(O°), for
all g € [1,400). Then, similarly as above we obtain, for all ¢ € (1, 400),

2
—1
v 4

C
IVnellf 2.0 < Al (V16 290 + V215 5, 50)-

Finally, in the case that A > 1, we have |V¢| € L%(O) and |Veo| € L®(O°)
and it is easy to check that

C?

2 2 2

IViello,2,0 < _M§€(||v¢1”0,oo,(9 + Vo2l o o0)-
1
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Observing that e € W1°(Q), we are able to establish the following bound-
edness result.

Theorem 3. Consider the assumptions of Theorem 2. Then, for each
0 <e< e,

Iécllo20 < CET ([Gllagn + lo1lhirzo + 1921l 15 25°); (14)

where C' = C(uy, po, k2, Q); if A # 1, @ = min{1,\} and if A = 1, (14) is valid
for any 0 < a < 1.

Proof. Taking ¥ = ¢ — g in (12), we obtain

i [ 16— g)Pix [ 7 (60— 5 ax < s [ Joc— 31111 dx
+ [ alVlv(. — 3 dx+ [ 7 16—l dx.
As a consequence, the Holder, Young and Poincare-Friedrichs inequalities yield
16eli 2.0 < CU 5 2.0 + 1911 2.0)5 (15)
where C' = C(u1, p2, k2,9). Now, from (11),
L7 6= 9) =76 =) dx = [ (F =V (VD) +79)° dx

Hence,

/Q (V- (1Y (e — §)))? dx < 2 /Q RV - (1Y (de — )| de — 5 dx
. ~ 12 —4 ~2 2
+3/Q]V (1eV7)| dX—|—3/Q/€ gdx—l—S/Qf dx,

which implies in

/Q (V- (4eV (e — 9)))? dx

<c /Q (Ve IV + (A9) + 3 + |6 — G2 + f7) dx
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where C' = C(k?). As 0 < € < ¢y we have, from H1-H4 and (15),
[ @@=y ax<c [ [Vl (96~ A0 )] dx
+Ce? / IVgl? dX+C(||¢6||12Q+H9H22Q+Hf‘|02§2)
_2/|A ¢ — 9P dx + Ce / V(¢ — 9)|*dx

i 062/3 Vgi2dx + C(I51300 + | £132.0);

where C' = C(ju1, 2, k2,€)). As a consequence, we get

/ (Al — )2 dx < Ce? (/B vopax+ [ vifax)

(16)
ce® [ 196~ o)+ CUIal e + 1 20
From standard calculations we obtain, for all ¢ € (1, +00),
~12 =l 2 =L 9
. IVgl“dx < [Be| @ [VGll529.5. < Ce @ [|gl52,0- (17)

If A e[1/2,1)

|v¢|2dx:/ |V¢1|2dx—|—/ |V o |2dx

B. B.NO . NO°
< |B (||V¢1||2 +IIV¢2H0 2 o)
< Ce (HV¢1IIO 2 O+IIV¢2H0 2 o)

For A =1 and any ¢ € (1, 400),

[ WoPx < T (190l a0 + V2l 5, 00

€

Finally, if A > 1 we get

/ Voldx < Ce(|V011 m0 + V622 . o)
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Hence, recalling that 0 < € < ¢y < 1 (see Remark 1), from the above estimates,
(13), (16), (17) and standard Sobolev embedding theorems, we have

/Q (A(6e—§))* dx <
Ce 253 50 + 11350+ 6112 5 n0 + 16212, 5 00)

The bound (14) is a straightforward consequence of (15) and the calculations
in the proof of Theorem 4.3.1.4 in [5]. O

5. Discontinuous Galerkin Formulation

Here and throughout this paper, we will use the traditional notation for the
discontinuous Galerkin methods, see [1] for details. The general discontinuous
formulation for the problem (12) reads:

Find ¢. € H*(T},) such that
Uc(de, V) = Le(V), v € H(Ty), (18)

where

ae(¢evﬁ) = Z (/ peV e - Vil dX—I—EQ/ ¢V dX)
K K

KeTy,
+ 3 [SEiod 0lds = 3 [(nevo0y-19] + 5(nv0)}- o) ds,
ecg V€ ecE €
L.(9) = (oeh ™0 — 6 VI - ng) ds — f0 dx,
gg:g/eg 1 K Kze;h/K

de{-1,1} and o, > 0.

The obtaining of (18) from (12) is rather standard if we use (11) and the
regularity result established in Theorem 3. In fact, the following equivalence
result is a direct consequence of Proposition 2.9 in [7].

Theorem 4. If ¢, € V N H?(Q) is the solution of (12), it is a solution of
(18). Moreover, if ¢. € H*(Q) N H%(T},) is a solution of (18), ¢. € V and it is
a solution of (12).
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Now, the discontinuous Galerkin formulation for (18) is:

Find ¢pe € Pp(Th) = {0 € L*(Q): VK €Ty, Y € Po(K)}, such that

ae(¢h,eaﬂ) = Z€(§)7 Ve Pp(ﬁb) (19)

We define the energy norm

_ Oe
TIPS ( [ ndvop ax+w [ o2 dx) + 3 [Gelapds. (o)
ecE €

KeTh

By slight modifications in the arguments in Section 2.7.1 and Lemma 2.12
in [7] we obtain the following result.

Theorem 5. Suppose that 6 =1, h <1 and

o 2Cusn”

e > , Ve C &, 21
M1 ( )

where n* is the maximum number of neighbors an element can have. Then, for
any € > 0, the bilinear form a. is coercive in P,(Ty), for all p. In particular,
this implies that the problem (19) has a unique solution.

As g < pe(x) < po, for all x € Q and e > 0, the following error estimates
for the energy norm are a direct consequence of Theorems 2.13 and 2.14 in [7].

Theorem 6. Consider the assumptions on d, h and o, of Theorem 5. If
p>1and ¢. € H*(QY) (s > 2), there exists a constant C that does not depend
on € and h such that

1/2
Iéne = bellme < C R EEETUEN" o205 | (22)
KeTy,
1/2
16n,c — delloza < CHEREHL) LS g )2, (23)
KeTy,

for each 0 < € < ¢g. Moreover, (23) is optimal; C depends on p1, 2, x2, Q and
0.
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Corollary 1. If0 < € < €,

a—2 :
[ ne — Pllogn < C(e7T ARREHLS) 4 /2 (]| g 2.0

_ (24)
+gllzza + 61220 + 920207

where if A # 1, a = min{1, A\} and if A\ = 1, (24) is valid for any 0 < o < 1.
Proof. We can write

|6n.e — dllo2,0 < |Ohe — Pello,2,0 + |0 — @ll0,2,0,

then (24) follows from (13), (14) and (23). O

6. Numerical Results

In this section, we solve the problem (11) using the dG formulation (19) when
the right hand side and the boundary condition were taken so that the problem
have the exact solution given by:

de(z1, x2) = C1e0(21 — a)S(:cl —b)(xg — ¢)(z2 — d). (25)

Here, ¢1 = p1 X o and the constant co simply to stretch out the solution. In the
numerical results we set co = 150. In this case the domain is Q = [0, 1] x [0, 1]
and the macromolecule occupy the region O = [a, b] x [¢, d], wherea = ¢ = 1/4
and b = d = 3/4. With this choice, we can calculate the numerical order
of convergence to confirm the theoretical results presented in Theorem 6 and
Corollary 1.

The formulation described above was implemented in the PZ environment
[3]. In order to check the convergence, we successively divide the domain using
2L % 26 square elements. Thus, if e, denotes the error at the level of refinement
L, the rate of convergence for this level is given by r1, = log (er,/er—1) /1log(0.5).

In our numerical simulations we set 6 = 1 and after some numerical tests
we select o, = 100 for all cases.

As a first test, we set the parameters of the function p defined by (2) as
11 = pe = 1 and the function ¥ have the value one outside of macromolecule.
Thus, we need to recovery the numerical order of convergence for the classic
dG method (see [1]) applied to Poisson equation. Table 1 shows the results
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L(Tn)

€L "L
9.1959e-4  2.8619
1.1892e-4  2.9510
1.5070e-5  2.9803

H'(T;) Encrgy
er, Tl

5.1708e-2  2.0183

1.2837e-2  2.0101

3.1991e-3  2.0046

€L "L
5.1732e-2  2.0478
1.2837e-2  2.0107
3.1990e-3  2.0046

Uk W

Table 1: Numerical convergence for p = 2 with p; = pe = 1.

for the energy, Hi(7p) and Lo(7;,) norms, when p = 2,VK € Tp,. Clearly, this
numerical results confirm the theoretical results for this case.

In Table 2 we present the numerical results for p = 2 with pu; = 1, uo = 2,
€ = l.e—4 and the same function k¥ defined before. We can see that this results
confirm Theorem 6, since for € fixed and p = 2, the theorems shows that the
order of convergence need to be O(h?®) for L?(T},) norm and O(h?) for the energy
norm. This was exactly what we get numerically for this example. We observe
that very similar results of those of Table 2 were obtained for ¢ = 1.e — 6 and
€ = 1.e—8. However, if us is far greater than j, we lost the order of convergence
O(h3) for L%(T;,) norm and O(h?) for the energy norm (when p = 2), although
the method continues to be convergent. Analogous results were obtained for
p=3.

L*(Tx) HY(Ty) Energy
L €y, rL €y, rr €r, Tr
3 | 9.5756e-4  2.8640 | 7.4207e-2 2.0151 | 7.4225e-2  2.0307
4 | 1.2388e-4  2.9503 | 1.8437e-2 2.0089 | 1.8437e-2 2.0093
5 | 1.5750e-5 2.9755 | 4.5974e-3  2.0037 | 4.5974e-3  2.0037

Table 2: Numerical convergence for p = 2 with u; = 1, pue = 2 and
e=1le—4.

In order to check the estimate (24), we choose the following sequence of e,

a—2

a—2 a—2
1>e€ >ee>...>e >0 and we fix h < ,/es. Then, ¢, ? h2§ei2 e <

a—2

2
€;

E,L'ZE.

Za/ 2 and we obtain

2 ~
[ én.c = daalloze < O (I lloas + G122
Hig1lliirzo + 192l 0257

for each i = 1,2,3,4. We verify this inequality numerically by taking L = 5,
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€1 €2 €3 €4 €5 €6
e,; 1.892e-4  9.588e-5 5.506e-5 3.218e-5 2.219e-5 1.575e-5
Te, 0.9810 0.8001 0.7749 0.5365 0.4942

2

Table 3: Numerical convergence for p = 2 with u; = 1, po = 2,
L = 5 and different values of e.

€1 = 0.008 and €; = 0.5¢;_1 for j =2, 3, ..., 8. For the first four values of ¢;,
as we have h < ,/¢; and the solution is smooth, we expect to get numerically the
order of convergence O(el/ 2). Moreover, we also expect that the numerically
order of convergence vanishes for the last terms of this sequence. In Table 3 we
present the numerical results obtained for the firsts six value of ¢;. In this table
ec, denotes the error in L? norm when € = ¢; and r¢, = log (e, /ec,_,) /log(0.5)
gives the rate of convergence in €, when ¢; = 0.5¢;,_1 for i =2, 3, ...,8.

We can see clearly, that the numerical results for the firsts four values are
better than the expected. And attained O(e'/?) in the fifth and sixth value.
For the last two values of the sequence, the error was basically the same as the
one obtained for €g, thereby the numerical order was practically equals to zero.
These numerical results are in agreement with Corollary 1.
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