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Abstract: The purpose of this paper is to determine the dual space of the
space L of all Daniell integrable functions and to prove the Lebesgue decom-
position theorem in general measure spaces. In the measure theory, it is well
known that the dual space (L')* can be identified with essentially bounded
function space L™ = L*>°(Q, 3, u) when p is o-finite, and that the non-o-finite
measure g fails the Lebesgue decomposition. We show, in general, that the
element of (L)* consists of a particular family of measurable functions. We
call this family “folder”, and the folder enables us to determine the dual space
of L' and to formulate the general Lebesgue decomposition theorem.
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1. Introduction

In [25], the author proved the Radon-Nikodym Theorem in general measure
theory without o-finiteness or localizability. When the measure p is not nec-
essarily localizable, the Radon-Nikodym derivative fails to be a function, but
forms a particular family of functions, which is called folder. Moreover, in [25]
we have proved that the localizability is equivalent to that all folders are rep-
resented by “one” certain measurable function. In this paper, we apply the
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results in [25] with Daniell scheme to characterizing of the dual space of L!
of the set of all integrable functions and to prove the Lebesgue decomposition
theorem, in general (not necessarily localizable) measure spaces.

It is well known that the set of all bounded linear functionals on L' (dual
space (L')*) can be identified with L when the underlying measure space is
o-finite. Moreover, Segal [27] proved that this identification is true if and only
if the measure p is localizable. This argument can be seen in Rao [22] from the
view point of measure theory and in Zaanen [33] from the view point of Daniell
integral. In [3, 12, 15, 16, 18, 26], the authors studied the scalar-valued function
spaces. It should be noted that Fedorova [12] considered by using Daniell-type
integration. Kakutani [15] considered the dual space of L> and characterized
the condition for (L*°)* = L' when we do not admit the choice of axiom.
In [4, 14, 17], they studied the dual space of the set of Banach space-valued
functions. The general Lebesgue decomposition theorem has been studied in
various contexts. In [5, 7, 23, 31] the authors considered the decomposition of
additive set functions defined on a certain group, or measures taking values in
a certain group, but all measures are assumed bounded. On the other hand, we
are interested in general o-additive measures on an arbitrary set taking values
in positive real number but unbounded.

It should be noted that there are various schemes called Daniell integral
([1, 6, 10, 11, 17, 19, 22, 28, 32, 33]) and these schemes are not equivalent
each to other. The essential difference is in measurability. In particular, we
adopt the scheme that the whole space is not necessarily measurable set. It will
propose a new method to study measure spaces such that they are o-rings and
that they are not always o-finite. A a consequence, we shall newly formulate
the Radon-Nikodym derivative. So (L')* can be identified with the space of
essentially bounded folders, see Theorem 5.4.

The paper is organized as follows. In Section 2, we describe the Daniell
integral and its elementary properties. In Section 3, we introduce the new con-
cept of the folder, and describe its essential properties. The proofs and details
can be found in Saito [25]. In Section 4, we consider the elementary properties
of the signed Daniell integral and the signed Radon-Nikodym Theorem. In Sec-
tion 5, we determine the dual space of the Daniell integrable function space. In
Section 6, we prove the Lebesgue Decomposition theorem for general Daniell
integral by using folders. In Section 7, we apply our results to the localizable
measure spaces and obtain another proof of the classical results of [27].
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2. Summary of Daniell Scheme

A vector space H consisting of all R-valued functions on a set Q(# ) is said
to be an elementary function space if H is closed under taking absolute value.
The functions in H are called elementary. The set H is also called a wvector
lattice or a Riesz space, if it is a partially ordered vector space closed under
taking pointwise maxima, minima of functions h, k, denoted by h V k, h A k,
respectively.

A R-valued linear functional | on H satisfying:

(1) non-negativity: H>h>0= [h >0,
(2) continuity: h, N\, 0= [ h, — 0,

is said to be an elementary integral or a Daniell integral [11, 28, 30, 32]. The
triplet (2, H, [) is called a Daniell system.

We denote by HT the class of all (—oo, oc]-valued functions f which can
be expressed as the pointwise limit of a sequence of the monotone increasing
elementary functions, see [28, 30, 32]. Here, we understand that any function in
H* assumes its value in R. We define the integral of f € HT by J f=1lm [ hy,
where {h,,}>° is a sequence of the monotone increasing elementary functions.
The integral on H™T, for which we still write f , is an R-valued functional.

Remark 2.1. Obviously, the couple (H™, [) extends the elementary inte-
gral (H, [).

A function f € H7 is said to be integrable if [ f < co and we denote the set
of all such f by H;;lt. A subset Z C € is said to be a null set, if it is realized as a
subset of {f = +oc} for some f € H;, (see [28, 32]). A subset of a null set, and
a countable union of null sets are still null sets. When a given property holds
on §) except on a null set, we say that the property holds almost everywhere on
Q, or “a.e.” for short. For example, we can verify f € H;rrlt takes in R almost
everywhere.

An R-valued ¢, defined a.e. on Q, is said to be measurable if it is an a.e.
limit of a sequence of elementary functions, see [28]. The set of all measurable
functions is denoted by M. (Here, f € M takes values in R, and HT C M.) A
subset D C 2 is said to be measurable, or more precisely Daniell measurable if
I(D) € M and we denote the set of all such D by D. The set of all measurable
sets forms a o-ring (in general it is not necessarily € is in D). We note that
this definition is essentially different from any other definition in [28, 32] and

SO OI.
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A function ¢ € M is said to be in LT if it can be represented as ¢ = f — g
a.e. for some f € H* and g € H;!,, and we define [ := [ f— [g € (—00,00].

Remark 2.2. Obviously, Ht € LT C M. The integral [ on LT is an
extension of [ on HT. The space LT is not a vector space and the extended
integral [ on L1 is not linear. But as far as we ignore the difference on a null
set, LT is closed under addition, multiplication by non-negative constants, \VV, A
and taking limits for increasing sequence of £*. The extended integral [ is
closed under addition, and it has non-negative homogeneity, and continuity of
increasing sequence of £7.

We use frequently the fact that any non-negative measurable function ¢ €
M is in LT [28, p.115]. Further, for any non-negative ¢ € LT, there exist
fe€H and g € Hf;t such that ¢ = f — g a.e. Since we can choose g, € H
with g, 7 g, it follows ¢, == f — g, € HT and ¢,, \, ¢ a.e.

If the integral of ¢ € L7 is finite, ¢ is said to be an integrable function
[28, 32], and the set of all such functions is denoted by £. We deduce H C
Hi”;t C L C L. As far as we ignore the difference on a null set, £ has
a linear structure and the integral [ on L is a real-valued linear functional.
Further, the Monotone Convergence Theorem and the Dominated Convergence
Theorem remain valid for £. We will use the fact that any ¢ € £ is finite almost
everywhere.

In addition, throughout of this paper we always suppose that
heH=hAN1leH,

the so-called the Stone condition, see [32]. This condition guarantees the mea-
surability of the product of measurable functions.

Remark 2.3. The above procedure is called a Daniell scheme. Several
types of the Daniell scheme are described in [6, 19, 28, 30, 32|, with different
contents and constructions, and are not equivalent one to another. The scheme
we adopted is almost the same as adopted in [28], however, the Stone condition
in [28] includes the assumption of o-finiteness of the whole space (2.

Next, for any measurable function ¢,

ess.sup |¢(x)| or |[|¢]lso
e
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denotes the greatest lower bound of all numbers C' such that |¢| < C' almost
everywhere. A function ¢ € M is essentially bounded if ||| < oo and all
such functions is denoted by £%°. And for ¢ € £ we write, as usual,

lolls = / ol

The next proposition is often referred to as the semi-finiteness of [; see
[13, 22, 33].

Proposition 2.4. For any 0 < ¢ € LT satisfying [ ¢ > 0, there exists
¢ € L such that 0 < < ¢ and [ > 0.

Here for the sake of convenience for readers we recall the proof.

Proof. By the definition of ¢ € LT, there exist f € HT,g € Hfrrlt such that
¢ = f—g ae. Since f € H, we may find a sequence h, € H, n € N such
that h,, / f. Now, defining ¢, := h,, — g, we learn this is integrable and hence
so is positive part 1;7. Since ¢ is assumed non-negative, 0 < 1" ' ¢ almost
everywhere. The Monotone Convergence Theorem gives [} 7 [¢ > 0 and
we can find a sufficient large integer ng such that [ w;{o > (0. This wf{o is the

desired function. O

3. Folder and Its Properties

In this section, we introduce the notion of folders and summarize its elementary
properties. The proofs can be found in [25].

Definition 3.1. A subset £ C  is said to be an elementary measurable
setif I(F) € H* and the set of all elementary measurable sets is denoted by &.

Remark 3.2. Since H* is closed under countably many V and finitely
many A, we deduce that £ is closed under countable union and finite intersec-
tion. Further, all elementary measurable sets are measurable with respect to all
elementary integrals on H, that is, this definition of elementary measurability
doesn’t depend on the integral |.

The following proposition follows from Proposition 2.2 in [25].
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Proposition 3.3. For any ¢ € M, there exists Ey € £ such that {¢ #
0} C Ey.

Keeping in mind the definition of £, we now recall the notion of folders,
which play an important role in this paper.

Definition 3.4. (1) Let (fg)ree be a family of measurable functions. We
call it a folder, if

fFI(E) = fEﬂF a.e. (31)
for any E,F € £, and write (f) := (fr)pes. Each fg is called a file.

(2) Let (f),(g) be folders. Then, we say that (f) = (or <){(g) a.e. if fg =
(or <)gg a.e. for all E € €£.

(3) We say (f) is a complete folder if there exists Ey € £ such that fr =
fEonF a.e. holds for any F' € £. The file fg, is called a complete file of the
folder (f).

Remark 3.5. (1) The mapping from F € £ to the indicator function
I(E) € M is clearly a folder. We denote this folder by (I) and call it the
indicator folder.

(2) We say that H is o-finite if 1 € HT (cf. [32]). This condition is equivalent
to Q € &, so that if H is o-finite then all folders are complete because we can
choose the complete file as hg whenever we are given a folder (h).

(3) Let ¢ be a measurable function, and let (h) be a folder. Then £ 5 E —
whp € M is also a folder. We denote this folder by ¢(h). In particular, if we
put ¢ = I(F) (F € &), then we have I(F)(h) = hp(I) a.e.

(4) We combine the observation above with Definition 3.4. We suppose
that (f) is a complete folder and that Ey € £ satisfies fr = fg,nr a.e. for any
F € £. By the definition of completeness, fr,nr = fr,I/(F) a.e. holds, and
this implies the complete folder satisfies (f) = fg,(I) = I(Ey)(f) a.e.

Proposition 3.6. For any ¢ € M, there exists Ey € £ such that
w(h) = phg,(I) a.e.,

that is, ¢(h) is a complete folder. Moreover, if there is another EVO € & satisfying
the above condition, then phg, = gohEvO a.e. holds.
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Proof. By Proposition 3.3, we can find Ey € &, so that {¢ # 0} C Ey, and
hence we have phyp = pI(Eo)hg = ¢hg,ne a.e. for any E € £. The second
assertion is obvious. ]

Now we describe how to define the linear functional when we are given a

folder (f).

Definition 3.7. We say a measurable folder (h) is a density folder, if for
every f € H, f(h) is integrable.

Remark 3.8. The following assertions are significant but not obvious.
The proofs are in [25].

(1) Given a density folder (h) and f € H, the folder f(h) is complete by
Proposition 3.6, where its complete file is fhp,; there exists Ey € £ such that
{f # 0} C Ey. Note that Fy depends on f. Now we define the integral of the
folder f(h) against [ by [(f(h)) := [(fhEg,). We can show that it does not
depend the choice of Ey € £ containing the carrer of f.

(2) We can show that the files hg of density folder (h) is finite a.e. on €.

(3) If the density (h) is non-negative, then P : H — R is a Daniell integral
on H. Moreover, if a set Z C 2 is null, then Z is P-null, i.e., P < [. As usual,
we say that P is absolutely continuous with respect to [, if the above condition
holds.

Theorem 3.9 (Theorem 3.1 (2), [25]). Let (h),(h’) be two non-negative
density folders. If

/f(h> :/f<h’>, for all f € H,
then (h) = (h') a.e.

We can yield the new formulation of the Radon-Nikodym Theorem with
Daniell integral:

Theorem 3.10 ([25]). Let (Q,H, [) be a Daniell system satisfying the

Stone condition, and @) be any integral on H such that Q < [. Then there
exists a non-negative density folder (h), such that for any f € L([ +Q),

Q) = / fih). (3.2)
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This (h) is determined a.e.-uniquely.

Let (h), (k) be two folders. Then the mappings £ 5 E +— hg + kp and
FE — hpkg satisfy the axiom of folder. Therefore, we denote these folders as:

(h+k) or ()£ (k),
(hk) or  (h)(k).

The following properties are obvious:

Proposition 3.11. (1) For any f,g € H, (f + g)(h) = f(h) + g(h) a.e.
(2) For any f € H, f(h+ k) = f(h) + f(k) a.e.

4. Signed Integral

In this section, we describe the property of the signed Daniell integral, which is
a functional having linearity and continuity. The proofs can be found in [28].

Let ® : H — R be a linear mapping. For positive elementary functions, we
define the total variation |®|, positive variation ®T, negative variation ®~ as
follows:

BI(h) = sup{@(k) ; [k < h, k€ H}
®T(h) :=sup{®(k); 0<k<h, kcH}
O~ (h) :==sup{—P(k) ; 0<k<h, keH}.

We say ® has finite variation if |®|(h) is finite for any positive elementary
functions h.

Theorem 4.1. If ® has finite variation then |®|,®* and ®~ can be
extended uniquely to the non-negative linear mapping on H and

=07 - (4.1)

holds. This decomposition is essentially minimum, in the sense that if there
exists any other decomposition ® = Wy — Wy, then &+ < ¥y, &~ < Wy hold for
any non-negative elementary functions. We call this decomposition (&%, ™)
Jordan Decomposition.
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Proof. Suppose that ® has finite variation. We decompose H > h = h™ —
h~, and define |®|h := |®|ht — |®|h~. Then the linearity and non-negativity
are obviously valid for all h € H. Moreover,

O+ o o —d
:7‘ [+ , and @":7’ |

. : 4.2

has the desired properties.

We prove the minimality of the decomposition. Let ® = ¥; — WUy be a
general decomposition of non-negative linear functionals. For any h € H and
any k € H with |k| < h, we have

—WokT < ®kT < U kT, Uk < Ok < Uik,
and hence
Ok < U kT + Wok™ < (Uy + Uo)h, for |k| < h.

Taking supremum over all such &, we obtain |®|h < (V) + Wo)h for 0 < h € H.
Combining the definition ®h = (¥y — Wo)h and (4.2), we have ®+ < h < U1h
and ®~h < WUsh. O

Definition 4.2. We say a linear map ® : H — R is a signed Daniell
integral if ®(h,) — 0 for any sequences of elementary functions with A, \ 0.

Theorem 4.3. If ¢ is a signed Daniell integral on H, then ® has finite
variation and the Jordan decomposition (®*,®~) is non-negative and continu-
ous, i.e., @, ®~ are Daniell integrals.

The proof can be found in [28], Theorem 2.11.6.

Definition 4.4. Let (2,7, [) be a Daniell system with the Stone con-
dition and @ be a signed Daniell integral. We say @ is absolutely continuous
with respect to [ if any [-null set is |Q|-null set. This is written by Q < [
analogously to the non-negative integral.

We extend the domain of signed integral Q. If f € H; (|Q|), then QT (f),
Q@ (f) is finite and hence we can define

Q(f) = Q% (f) —Q~(f).
For f € L(|Q|), since f = fi — fo with f1, fo € H;5.(|Q]), we define
Qf) = Q(f1) — Q(f2).
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The Radon-Nikodym Theorem still holds for the signed Daniell integrals.

Theorem 4.5. Let (Q,H, [) be a Daniell system with the Stone condition,
and @ be a signed Daniell integral on H such that Q < [. Then there exists a
density folder (h), such that for any f € L([ +|Q]),

Q) = / fih). (4.3)

This (h) is determined a.e.-uniquely.

Proof. Since @ is a signed Daniell integral on H, ) has finite variation
and Q% is a Daniell integral by Theorem 4.3. Moreover, by Theorem 4.1 Q =
Q" — Q™ holds on H.

We will show QF < [. If Z is an [-null set, then it is a |Q[-null set
by the assumption. There exists f € H; (]Q|) such that Z C {f = +oc}.
Since f € HT, |Q|(f) = QT (f) + Q@ (f) holds. But the left-hand is finite, so
f € H (QF). This means Z is a QF-null set.

By Theorem 3.10, there exist unique non-negative density folders (h*) such
that

in>=/?aﬁx for all f € £(f +Q%).

We observe L([+QT)NL([+Q~) = L([ +|Q]). By Remark 3.8 (2), each file
hg of (h) is finite [-a.e., so that we can take difference of each side and obtain

Ot - Q () Z‘/ﬂﬁ>—/fm>
- / F(RHY = ().

Therefore, (h) := (k™) — (k™) is obviously a density folder, and Q(f) = [ f(h)
holds for any f € £([ +|Q|). The uniqueness of (h) follows from that of (h*).
U

5. The Dual Space of L

Definition 5.1. We say that (h) is an essentially bounded folder if

sup ||z loo = sup(ess. sup [hg(@)]) < o.
Ee& EeE zeE

We denote this by ||(h)||«, and the set of all such folders is denoted by £°.
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We first consider the elementary estimation of norm inequalities.
Lemma 5.2. Let (h) € L. It follows

10 =sup{| [ 5001|57 € £.110 =1}
Proof. Let f € L. We choose Ey € £ such that {f # 0} C Ep, then

/f<h>' - '/fhEo

< / 1z < 1) e / L= 1B oo 1 11

Now, taking supremum over all f € £ with || f||; = 1, we have sup

flli=1 /f<h>‘ :
148

To show the converse, let o := [[(h)]|s > 0. Since |[(h)||cc = supgeg [|hE|| oo,
for any a with 0 < a < «, there exists FE, € &£ such that a < ||hg,||c. We
deduce I(hg, > a) € LT and [ I(hg, > a) > 0. By Proposition 2.4 there exists
gk, € L such that

0<ggp, <I(hg, >a)and 0 < /gEa- (5.1)

We define fg, = ([ gr,) '9g, - sgnhg,, then fg, € £ and ||fg,|1 = 1. By
(5.1), we deduce

{9p, # 0} C {hg, > a} C {hg, >0} C E,.
\ / frahe,

Now, since {fg, # 0} = {gg, # 0} C E,, we see [ fg,hg, = [ fg,(h). More-
over, taking supremum over all elements such that ||f||; = 1, we see that for
any a with 0 < a < «, there exists E, € £ such that

sup

=1 /f<h>‘ 2 ‘/fEatha

which yields the inverse inequality. U

Hence

1 /
= 9B, |hE,
[ 9E, |

1
- o / 9, 1(95, # 0)I(hs, > a)lhg,| > a.

a

> a,
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Lemma 5.3. Let (h) be a density folder. If there exists 0 < C' < oo such
that for any f € L

‘/f<h>‘ < ClIflh.
then it follows that (h) € L.

Proof. Let us fix £ € &£ and its corresponding file hp. We shall prove
hg(x) < C ae. z € Q by the use of the reduction to contradiction. For any
e > 0, putting Fc := {|hg| > C +¢}, then we have 0 < I(Fg.) € L. Now we
assume that [I(Fg.) > 0 (if not, we have nothing to prove). By Proposition
2.4, there exists gp € £ such that 0 < gp < I(Fg) and [ gg > 0. Defining
vE = gE - (sgnhg), we see pp € L. Since

{op #0} C{gr #0} C Fpe. C{hp >0} C E

as observed in the proof of Lemma 5.2, we deduce that

|f oot

_ \/mm' < Clleslh = Cligslh.

(€ +9)lgelh < \/gE\hEr

It follows that ||gg||; = 0 and it contradicts [ gg > 0. This means that ||hp|| <
C for any E € £. The proof is complete. O

Theorem 5.4. Let (0, H, [) be a Daniell system satisfying the Stone
condition. Then there exists a one-to-one linear and norm preserving mapping

T between essentially bounded folders space £ and the dual space L*; the
correspondence is given by

w()f = [ £ (L),
Proof. Let (h) € L. Defining

Ty f == / fihy (fe D), (5.2)

then Ty, is linear and [Ty f| = | [ f(R)] < [[{(R)[|oc | f]l1, hence [Ty || < [[KA)]| <
oo, so Ty € L*. Moreover, from equation (5.2) and Lemma 5.2 we have
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[Tyl = I{A)]loc- It is shown that 7 is the isometry from £ to L£*, This
immediately implies that 7 is injective.

Therefore, it suffices to prove that this mapping is surjective. Let T € L*.
Defining

Qg) =Tg forgeL,

we see that ) is a signed Daniell integral on £. Indeed, the linearity is obvious.
If £ g, N0, then |Q(gn)| = |Tgn| < ||T||[|lgn]l1 — 0 by the Dominated
Convergence Theorem, so that @ is a signed Daniell integral on £. We next
prove Q@ < [. Let Z be an [-null set. Then there exists f € H;{lt such that
Z C {f = 4o0}. Since f € Ht, C L, we have Q(f) < oo and |Q|(f) < oo

because Q(f) = Q*(f) — Q™ (f) < o0 and QI(f) = Q*(f) + @ () < o0 holds
for f € £ by the Jordan Decomposition. This means f € H;" (|Q|), and hence

int
Z is Q-null.
Using Theorem 4.5, we can uniquely construct a density folder (h) such that

Q(f) = [ f(h) holds for f € L([ +|Q]). However, since £ C L([ +|Q|) by the
definition of (), we have

Tf_Q(f)—/f<h>, for all f € L.

Since | [ f(h)| <||T|l|lf|lx, by Lemma 5.3 it follows (h) € £>. It means that 7
is surjective. U

6. Lebesgue Decomposition

Definition 6.1. Let [,Q be Daniell integrals on H. We say that [ and
Q are mutually singular if the ( [ +Q)-measurable indicator folder (Z) satisfies
[I(ZgNE)=QI(Z5NE)) =0 for any E € £, denoted QL [.

Theorem 6.2. (1) The integral [ : H — R is zero if and only if [ I(E) =0
for any E € €.
(2) If QL [ and Q < [ then Q = 0.

Proof. We first note that, in general, an elementary integral [ on H is zero if
and only if [ f = 0 for any f € H™T. Indeed, the sufficiency is clear. To prove the
necessity, choosing h,, € H, so that h, ~ f, we obtain f f=1lim, f h, = 0.
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(1) The necessity is clear. To prove the sufficiency, let f be a positive
function in H*. Defining

=2igj (r>3).

we find s, € HT and 0 < s,, * f. Since I(f > k/2") € H™ for each n, k € N, we
see Q(I(f > k/2")) = 0 by assumption. The Monotone Convergence Theorem
gives us Q(s,) = 0 and also gives 0 = Q(s,)  Q(f) = 0. For general f € H,
we apply the same argument to fT, f~ separately.

(2) Suppose that there exists an ([ +@Q)-measurable folder (Z) such that
QU(ZLNE)) = [I(ZgNE) =0 for any E € £. By absolute continuity, we
see Q(I(Zg N E)) = 0. Therefore,

QU(Z4NE) +QUI(ZpNE)) =0

and hence Q(I(F)) = 0 for any E. By (1), we obtain @ = 0. O

Keeping in mind that the notion of folder plays a key role in our result, we
formulate and prove the Lebesgue decomposition theorem in our setting.

Theorem 6.3. Let (2,H) be an elementary space satisfying the Stone
condition, and let [,Q be Daniell integrals. Then @ can be uniquely expressed

as Q = Qq + Qs where Q, < [ and QL [.

Proof. Since we see Q < ([ +@Q), it follows from Theorem 3.10 that there
exists a non-negative ([ +@Q)-density (g) such that

Q(f) = ( / +Q> 7o) (6.1)

for any f e L1([+Q).

We first prove (9) < (I) ([ +Q)-a.e. and (g) < (I) [-a.e. For every
E € &, we can choose E, E 6'0 so that E, / E Notmg that {gp > 1} C
E ([ +Q)-a.e., we substitute f := I(E,)I(gr > 1) € L([ +Q) for the equation
(6.1). Then we have

QUENIge>1) = [ 1(E)ge > Vg + QUE (g5 > 1ge)

> / () > 1)+ QU(E) (g5 > 1)).
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Since Q(I(En)I(9r > 1)) < oo, we obtain [I(E,)I(gr > 1) = 0, and hence
I(E,)I(gg > 1) = 0 a.e. Letting n — oo, we ﬁnd I(gg > 1) = 0 a.e. Again,
substituting it for the equation (6.1), we obtain Q((1 — gg)I (gE > 1)) =0,
and hence I(gp > 1) = 0 Q-a.e.. To show that (g) < (I) a.e., substituting
f=1I(gg =1) in (6.1) and applying the same argument, we can deduce that
{gg = 1} is null.

Next, the family (I(gg = 1))ges is obviously an ([ +Q)-density folder, so
we denote it by (G). Now, Since f(g) € L([+Q) for any f € L([+Q), we

have
</+Q>f@%=/f@%+@ﬁ@»

Q(f)

Since (¢") \  (G) ([ +Q)-a.e. and
(0) <o)+ {g") +--+{g") /([ +Q)-ae.,

we can denote this limit folder by (h). It follows that (h) is (| +Q)-measurable
and takes value in [0, 00]. In fact, (h) takes real values almost everywhere. For
any non-negative function f € £([ +@Q), note that f(g") \, f(G) ([ +Q)-a.c.
and

(0) < fUlg) +{g®) + -+ {g") S f(h) ([ +Q)-ae.,

applying the Monotone Convergence Theorem and the Dominated Convergence
Theorem to @ and [, we obtain

ﬂ—/ﬂM+QU@» (6.2)

For general f € L([+Q), we apply the same argument to f*, f~ separately.
This equation is valid for f € LT([+Q) because [~ € L([ +Q). If we take
f € Hin (6.2), we deduce (h) is an [-density.

We define Qu(f) := [ f(h), Qs(f) := Q(f(G)) for any f € H. Since (h)
is an [-density and Q,, Qs are non-negative, we see Q, < [ and Qs < @ by
Remark 3.8 (3). To prove QL [, noting that (G) is an (| +Q,)-measurable



626 H. Saito

folder because Qs < @, we can easily see that (G) is a ([ +Qs)-measurable
folder satisfying the definition of Q5L [.

Finally, we will show the uniqueness of the decomposition. Suppose that
Q = Q1 + Q2 for some Q1 and Q2 with Q1 < [,Q2L [. Then we have
Q1+ Q2 = Q4 + Qs. We define a signed Daniell integral A : H — R to be

A(f) = @Qu1(f) — Qa(f) = Qs(f) — Q2(f), for feH.

By Theorem 4.3, we obtain the Jordan Decomposition A\ = AT — A=, For
non-negative h € H,

AT(h) =sup{A\(k) :0< k< h, ke H}
=sup{Q1(k) — Qu(k) : 0 <k < h, ke H} <Q1(h),

by the non-negativity of @,. Similarly, we have A\~ (h) < Q4(h). Therefore, we
obtain

IAl(Rh) = AT (h) + A7 (h) < Q1(h) + Qa(h) = (Q1 + Qa)(h), (6.3)

for all non-negative h € H. (6.3) remains valid for non-negative f € H*, and
similarly we have |\ < Q2 + Qs for non-negative f € HT. Combining these
results, we have

|)‘| < Qa + Qla |)‘| < QQ + Qs' (64)

By (6.4) and Q, + Q1 < [, we obtain [A\| < [.

We shall next show [A|L [. By the assumption of QL [ and Q2L [, there
exist a (Qs + [)-measurable folder (Z) and a (Q2 + [)-measurable folder (Z5)
such that

/I(ZS,EOE) = Qs(1(Z; pNE)) =0, and /I(ZQ,EOE) = Q2(I(Z5 gNE)) =0,

respectively. We note that Z; p and Z, p are both [-measurable and [-null
sets. Defining Zg := Z, p U Zs g, we see that (Z) := (I(Zg))Egee is obviously
a [-measurable and [-null folder. Moreover, we recall |A| < [, so that (Z) is
(]\| + [)-measurable and (|A| + [)-null folder. Since

ZgNECZigNE, ZyNECZypNE,

and the right-hand-sides are QQs-null and Q9-null, respectively. It follows that
Z§NEis a (Qs + Q2)-null set. By the fact that A < Q5 + Q2, we verify that
Z% N Eis a [A]-null set. It means that [A|L [, and hence by Theorem 6.2 (2),
we have A = 0. This completes the proof of Q1 = Q4, Q2 = Qs. O
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7. Applications

In this section, we apply our results of Sections 5 and 6 to general measure
spaces and localizable measure spaces. We recall some notions, see [25].

Definition 7.1. Let (Q,H, ) be a Daniell system with the Stone condi-
tion.

(1) A function f: Q — R is said to be locally (Daniell) measurable, if fh is
Daniell measurable for all h € H.

(2) A folder (h) is said to be weakly complete, if there exists a locally mea-
surable function fy such that

(hy = foI) a.e.

By definition, all complete folders are weakly complete. We call fy weakly
complete file.

We fix a complete measure space (2, Fo,pn). Let (Q,H(Fo), [ dun) be a
Daniell system induced by (€2, F, i), where H(Fp) is the set of all Fyp-simple
functions and Fp is the set of all p-finite sets in F. A functional [ dp is
an elementary integral defined by [hdp = >}, arI(Ax) for h € H(Fo),
ap € R, A, € Fo.

Since the measure space is complete, each null set obtained by Daniell
scheme is also p-null set and the converse is true. We see that & = Fq, and
& = {all countable unions of elements of Fy}, i.e., £ is the set of all o-finite
sets in F. Further, all Daniell measurable functions are F-measurable, and all
F-measurable functions having o-finite carrier are Daniell measurable. The set
D of all the Daniell measurable sets is a o-ring generated by the union of the
elements of £ and the null sets.

Let (2, F, 1) be a complete localizable measure space (cf. [13, 27, 22, 33]).
We induce the Daniell system (€, H(Fp), ) in the same way as above. For any
non-negative folder (h) = (hg)gee, let A:={hg: E € £} C M. Since A is the
subset of F-measurable functions, there exists an essential supremum fy for A
by the localizability of u (cf. [22, 33]). It is not difficult to verify that

hg = fol (E) a.e. for all E € £.

The essential supremum fj is A-measurable but not Daniell measurable. How-
ever, we can obtain the following characterization; see [25]:
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Theorem 7.2. Let (Q,F,pn) be a complete measure space. Then the
measure i is localizable if and only if all non-negative folder (h) is weakly
complete, and its weakly complete file fy is F-measurable.

The non-negativity in the above theorem can be eliminated, because the
usual argument is available to (h) = (h*) — (h™), where (h*) = (h)pee.
Now, we obtain the following results:

Corollary 7.3. Let (2, F, i) be a localizable measure space. Then there
exists a one-to-one linear and norm preserving mapping T between essentially
bounded “function” space L™ and the dual space (L')*; the correspondence is
given by

T(9)f = /fg, for f € L.

Corollary 7.4. Let (2, F,u) be a localizable measurable space, and let v
be a signed measure on F. Then v can be uniquely expressed as v = v, + Vs
where v, < p and vgl u. Moreover, each measure can be expressed as follows:
there exists a unique F-measurable function h such that

vo(E) = /Eh,u, for any E € Fy,

and there exists Z € F such that
v,(Z) = u(2%) = 0.
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