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Abstract: The order of an element z in a finite group G is the smallest
positive integer k, such that z* is the group identity. The set of all possible
such orders joint with the number of elements that each order referred to, is
called the order classes of G. In this paper, the order classes of symmetric
groups is derived.
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1. Introduction

Symmetric groups allow access to specific and detailed group theories, such as
Lagrange, Able, Galois, invariant theory and the representation theory of Lie
groups. On the other hand, Cayley’s Theorem asserts that: “Any finite group
G of order n is isomorphic to a subgroup of S,,”, in addition to its applications
in the arts and particularly in architecture.
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Let x be an elements in a finite group G. Let ~ be the relation: “y € G
has the same order as x”. Then ~ is an equivalence relation. For all z € G,
the set of all y € G which have the same order as x is the order class of z, and
denoted by OCgq(z).

The order of x € G denoted by o(z). Then OCg(x) = {y € G | o(y) =
o(z)}. Each order class has a unique order, let O = {o(z) | x € G} be the
set of all available orders for the finite group G. Then, there is a one-one
mapping between the set of all order classes OCq = {OCq(x) | = € G} and
O = {o(z) | z € G}. Hence, we can write the order classes of a finite group G
as O instead of OCy. The main interest in the obtained classes are: the order
of each class which is an element of O, and the number of elements of each
class. These classifications will represent the order classes of a group G in term
of a collection of order pairs [o(x),|OCq(x)|], which is denoted by G. Thus:

G ={[4,Y;] | j € O and Yj is the number of z € G such that o(z) = j}.

This paper introduces the definition of symmetric groups and the classifi-
cation of its elements, some preliminary results and remarks related to their
constructions. Then, it presents new results of obtaining and classifying the
order classes of symmetric groups.

2. Preliminaries

To keep this research self contained, this section will introduce the definition
of symmetric groups and some preliminary results to describe the elements
structure, which will be used in later sections.

Definition 1. (see [4]) A group G which elements are permutations (one-
one mapping of a set onto itself) on a finite set S equipped with composition
operation (o) is called a permutation group or symmetric group; that is G =
{o | ¢ is a permutation on S}, such that (o o7)(s) = o(7(s)) € S for all s € S.
The group (G, o) is denoted by Sym(S).

Let S = {z1,x2, -+ ,x,} be a finite set, define the map ¢ as follows:
¢:S— N, with ¢(x;) =41 fori=1,2,--- ,n.

Then ¢ is a bijection. Loosely speaking, the action of any permutation o €
Sym(S) on an element z; € S is the same action of o on ¢ the index of z;, in
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this case the symmetric group Sym(S) will renamed by S, the group of all
permutations on a set of n elements.

The order of the group S, is n!, each element of .S,, is represented in a form
of 2-rows; the first row is (1,2,--- ,n) and the second row assigns each i with
o(i) for all i =1,2,--- ,n as follows:

(2 ) s

foralli=1,2,--- ,n and o(i) = o(j) if and only if i = j.

Throughout the composition of two permutations ¢ and 7 will be denoted
by o7 instead of o o 7, and the composition of the same permutation o for
r-times by o".

A shorter notation for the permutation

is the cycle representation:

(Lo(1) o*(1)--- o™ 1(1))

where 0™(1) = 1. The k-cycle is a cycle of length k i.e (z1 xo -+ 1) consists
of k distinct elements such that 21 = o(x) , z; = o(x;—1) for i =2,3,--- |k
and o(z) =z for all x € S\ {z1, 22, - , 21}

The identity element of S,, is the cycle of length 0 and denoted by () where
1 2 -+ n
0-(117 1)

. . 1 2 .. n .
The inverse of the permutation o = < o(1) o(2) - o(n) ) is

ol ( 0(11) 0(22) a(nn) >

Theorem 1. (see [1]) If n > 3, then S, is non abelian group.

Two cycles (z1 2 -+ x,,) and (y1 y2 -+ yx) are said to be disjoint cycles,
if and only if z; # y; foralli =1,2,--- ,m and j=1,2,--- k.

Lemma 1. (see [3]) If 0,7 € S,, are disjoint cycles, then o1 = T0.
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Theorem 2. (see [1]) Any permutation of a finite set is either a cycle or
can be written as a composition of pairwise disjoint cycles, except for the order
in which the cycles are written, and the inclusion or omission of the O-cycle (the
identity), this can be done in only one way.

3. Order Classes of Symmetric Groups

The order classes for symmetric groups from previous studies were obtained by
an ordinary way, that is, by finding the order of each element in the group,
then counting the number of elements for each order class. Unfortunately, this
process can take a lot of time as the size of symmetric group grows rapidly.
Actually, there is no exact formula in terms of n to find all possible orders
and the size of each order class for symmetric groups. In [2], they proved
that logo(z), « € S, has a normal distribution with mean 3 logn and variance
% log® n.

Throughout this research, the cycle representation for all permutation el-
ements will be used. This research needs to classify the elements of G = 5,
in terms of orders by locating all achievable orders. Moreover, counting the
elements of each order. This classification need to combine all elements in G in
cycles composition structure.

Definition 2. A permutation z € 5, is said to be simple if and only if z
is either a cycle or can be written as a composition of pairwise disjoint cycles
all of the same length.

Let Ci denote the set of all simple elements of G, with cycle length k£ > 2.
Then:

Ck:{x:ar|Jisacycleoflengthk:andr:1,2,~~,L%J}.

Remark 1. (see [3]) Let x € S, such that x = 0102 - - 0, with 0; € G is
a cycle of length k; , i =1,2,--- ,r. Then

o(z) =lem{k;|i=1,2,--- ,r}.

Lemma 2. Let Cp C S, be the class of all simple permutations of length
k, with k = 2,3,--- ,n. Then o(x) = k for all x € C.
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Proof. Let x € Ci, then there exists a k-cycle o € S, such that x = ¢”, for

some 7 € [1,[%]]. Using Remark 1, it follows that o(x) = lem{ k,k,--- |k } =
—_———
r—times
k. O

Let (k) indicate all cycles of length k regardless of the permutations struc-
ture. That is, (2) will denote all cycles of length 2, and (2)(3) denotes all cycles
induced by composition of disjoint cycles of lengths 2 and 3. Note that (2)(3)
and (3)(2) give permutations of length 5 which not the same of (5); all have
the same lengths but different structures.

Lemma 3. Let C, be the class of all simple permutations of order k in
Sp. Then
%)

n!
1l = 21 rlkr(n —rk)!

r=

Proof. Let C;, C S,. Then there exists a k-cycle o € S,, such that:

Ck.:{x:ar\aisacycleoflengthkandr:1,2,---,LEJ}.

k

So,

L%]

Cr = U{:):ESn]:L’:aT}.

r=1
Hence

%]

|ICk| = {x e S, |x=0"}.
r=1

Using the counting principle and permutations to count the number of all pos-
sible such arrangements for the k-cycle permutations o, it follows

n!

Therefore:
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Example 1. In Sis, then
Co, = {zeS,|z=2),r=12,---,7}

= {2.2%2°%2%2°%2°% @@}
and o(x) = 2 for all x € Cy. Moreover

7

15!
2l = D r12r(15 — 2r)!
r=1

= 1054095 + 75075 + 675675 + 2837835 + 4729725 + 2027025

= 10349535.
Similarly,
C3 = {zeS,|lz=3),r=12, , b}
= {(3),(3)% (3% (3% (3)°}
and
> 15!
Gl = Z r137(15 — 3r)!

r=1
= 910 4 200200 + 11211200 + 112112000 + 44844800

= 168369110.

Definition 3. Let G = S,,, then N; (none-simple permutations) denotes
the set of all classes ¥, each class x contains all permutations z € G of order k,
where x is a composition of multi pairwise disjoint k;-cycles not all of the same
length, with 2 < k; < n for all 7.

Example 2. Let G = Sy, then
Nio = {(2)(5). (2)*(5)}
No = {(2)(3),(2)°(3). (2)°(3), (2)(3)*, (2)(6), (3)(6)}
Lemma 4. Let y € Ny, be the class of all permutations

w = (k1)* (k2)® -+ (ky)®, with lem{ky, ko,  kn} = k.
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Then:

n! o1

’X’ = p H 1.5 °
(n - Z kiSi) =t ik
i=1

Proof. Let x € x, where x = (k1)*' (k2)2 - - (k,)*",

with lem{ki, ko, -+ ,k-} = k. Then, the number of choices for such z is

n! 1
e Wlth — re etitions. Thus
H s kfz p

(TL — i kzsz)' i=1 "
=1

<

x| n! 1
X = r S °
Ll sk
(n - Z k151> ! =1
i=1

Example 3. In Example 2, if y = {(2)%(3)}, then:

x| = 29! H 8‘/1{491'
(9— Z kisi)! =1t
=1

9! 1 1
CECIRE=)N (2(22> X 1(3)1)

— 9 _
= g5xgx3 = (960.

Similarly
{(2)(3)} = 2520, [{(2)°(3)}] = 2520,
1{(2)(3)%}] = 10080, |{(2)(6)}| = 30240, and |{(3)(6)}| = 20160.

Then |Ng| = 73080. Since Sy has only one representation for simple permuta-
tion of length 6, with |Cg| = 10080, then this implies that Sy has |[Ng| + |Cg| =
73080 + 10080 = 83160 elements of order 6.

Finally, let G = S, then |G| = n! = pi" X pj? x -+ X p;nj, where p; are
primes, p; < n and m; € N for all ¢ = 1,2,--- ,j. Let P = {p1,p2,--- ,p;}.
Let W be the set of all integers m > n each m can produced by multiplying
elements of P while the sum of these elements is less than or equal n. Thus:
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K= m>n|m:Hp while Zpgn
peP peP

All of the non-primes k € {2,3,--- ,n — 1}, n > 6 are related to orders for
elements which are both simple and none-simple. As an example, in Sg the
order 4, it is the order of simple permutation of the form = = (4) or a non-
simple permutation of the form x = (2)(4). Let L denotes all none-primes k in
{2,3,--+ ,n—1}. Then

|OCq (k)| = |Ck| + |Ng| for all k € L. (1)

The previous illustrations will give the following result:

Theorem 3. IfG =S,. Then:

Oc¢ = {Lin}U{o(z)|zeC;;iec{2,3, - ,n}}
U{o(z)|z €N ; ke WUL} .

Proof. Let x € Sy, then = (ky)(ks) -+ (k,), with > k; <nand 2 < k; <
i=1
nforalli =1,2,--- ,r. Using Remark 1 it follows that o(z) = lem{ky, ka,--- , k- }
= m. To classify the order classes of G there are two cases:

Case 1. If m is prime, then m = kg for some s € {1,2,--- ,r}, which implies
that m < n. Therefore x is a simple permutation. Hence x € C,,. All of the
primes divisors of n! should give rise to simple elements. This implies that
P C Og¢.

Case 2. If m is not prime. Then:
Either m < n or m > n. This implies that either m € L or m € W. Then,
x € N,,. That means, there are two types of such element order and it need to
verify both: all z € N,,, and all = € C,,,. Therefore:

Oq(z) = N, U Con.-
If m > n, then C,, = (. Hence OCg(x) = Ny,. O

Example 4. Let G = Sg. Then 8! = 27 x 32 x 5 x 7, therefore P =
{2,3,5,7}, which gives W = {2x5,2x2x3,3x5} = {10,12,15}, and L = {4, 6}.
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Using Theorem 3 it follows that:

Oc = {LintU{o(z)|zeC;;ic{2,3,---,n}}
U{o(z)| z €N, ; ke WUL}
— {1,801 U{2,3,4,5,6,7,8} U{4,6,10,12,15)
{1,2,3,4,5,6,7,8,10,12,15}.

To count the number of elements for each order class; we should start by
counting: all simple elements = € Cy, for k € {2,3,4,5,6,7,8}, and all x € Ny,
for k € {4,6,10,12,15}. It follows:

0l = @)@ )04 )
3E—2)1 T PE—2x2)] T BE—3x2)] T FE—1x2)!
= 28+ 210+ 420 + 105

= 763.

Similarly, |C3| = 1232, |C4| = 1680, |Cs| = 1344, |C¢| = 3360, |C7|
5760, |Cs| = 5040
INs| = {(2)4), (2D}

! !
- (87(§+4))! (% ’ i) + (87(2>8<2+4))! (2!(12)2 ) i)
= 2520 + 1260
= 3780.

Similarly, |[Ng| = 7280, |N19| = 4032, |N12| = 3360, |Ni5| = 2688.

Using Equation 1, implies
|OCG(4)] = |Cy| + |N4| = 1680 + 3780 = 5460 and |OCz(6)| = |Cs| + |Ng| =
3360 + 7280 = 10640.

Therefore:

G = {[1,1],[2,763],[3,1232], [4, 5460], [5, 1344], [6, 10640], [7, 5760],
[8,5040], [10, 4032], [12, 3360], [15, 2638] }

4. Conclusions

This paper concerns with the classification of the elements orders. The new
results do not need to deal with all of the elements in symmetric group. This
research classifies all of the elements in term of cycles lengths into two classes:
the first class is the class of all simple permutations and the second is the class
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of all non-simple permutations. Where each class has a determinant method to
count its elements. That makes it easy to classify the order classes of symmetric
groups even for a large size.
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