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1. Introduction

The role of continued fractions in mathematical analysis and number theory has
been recognized since the times of Euler and Gauss. It is significant to quote
that ordinary basic hypergeometric series and their representation in terms of
continued fractions had provided a platform for further developments of math-
ematical literatures related with the g-series. During the beginning of the 20"
century a fresh impetus to this field of mathematics rejuvenated by the works
of Ramanujan. Ramanujan’s contribution to continued fraction associated with
analytic functions is remarkable and his Notebooks [11] contain a large number
of beautiful results associated with hypergeometric functions (basic and ordi-
nary) and continued fractions. Chapters 1, 2 and 3 of Agarwal [6] deals with
a number of interesting results of Ramanujan’s on continued fractions. Most
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of the continued fractions for the quotient of two basic hypergeometric series
namely 2¢1 extended for the quotient of two basic bilateral series of 919 type
and a number of author’s namely Denis [9,10], Singh [12,13,14], Agarwal [7,8],
Bhargava and Adiga [1], Srivastava [2,3], Srivastava and Mishra [4], Srivastava
et al. [5] and many more established important application for basic bilateral
series and continued fractions. In the present paper we have made an attempt
to establish certain results involving bilateral basic hypergeometric series and

continued fractions.

2. Notations and Definitions

For a real or complex ¢ (|q| < 1), we define the g—shifted factorial by

(a:q)0 = [J(1 — ag™),
n=0
(459) g

(@:0), = (ag”;q)n

For arbitrary parameters a and v, so that
1; n=2>0
(a;9), =
1—-a)(1—aq)...(1—aq" 1);n=1,23...

_1)rgn(nt+1)/2
a5 gl = LT
a™lq/a; qln
(a1, a2, ...a5;q)n = (a1;@)n(a2; @)n--.(ak; @)n,

(a;0)2n = (a;¢*)n(ag; ¢*)n.

The generalized bilateral basic hypergeometric series is defined as:

” al,ag,...,ar;q;z}_ i [a1,a2,...,ar;qlnz"
e bl,bg,...,b,« [bl,bg,...,br;q]n ’

where |b1,bo,...by /a1, a9, a3, ...a,| < |z| <1 for convergence.
An expression of the form

ap a2 ag Qn

b boy by

(2.8)
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is said to be a terminating continued fraction and as n — oo, it is said to be an
infinite continued fraction. Other notations and definitions appearing in this
paper have their usual meaning.

We shall make use of the following three term relations in establishing our
result:

o | 08050,
N T

agt, B¢ g, @ ag*l, Bqitl: g,z
ZAZ‘2?/)2[ ¢\ ]-1—9631'2?/)2[ a . BaT (2.9)

0, 7g* ! 5,7¢*+?
and
" [ aq', Bg g, @ }
8, vg* !
agt, Bg g, g™, Bg 2 g, x
_ : D. : 2.1
Z2w2|:5’,)/q2z+2 + 2 Djovp2 5, ~yq?it3 . (2.10)

where

A= L=BOOPT =0) g (L= ag)(L = g) (5 )
(1= vg*)(Bg"*" = 9)’ (1= 7g*)(1 = v¢* 1) (Bg™* =)’
(1-aq)(yg"? =0) gt (1-B¢" (1 - ag')(a —y¢")
0@ agt =0 =1 T @1 g ) g1 - 5)
valid for |, |y| < 6] < 1,4|8z0] < |6 —~|?, (0v/aB) < |z| < 1, see Agarwal
[6], (3.3), (3.4) on p. 183.
We shall also use the following results:

A A aq't, bg'

Ci=

(1 iy ag',bgs g | aq’,bq’; q,
= (1 —cq")aq'21)o { egi d ] (a — ¢)q'22 [ gt d (2.11)

and
—bxqi(l _ aqi) QIZ) z+1 qu-‘rl
1—cq) 77 q”l,d
(5 —bd) aq',bq'; q, x d aq',bq" s q, @
= 1_71%11-21;[)2 |: qu,d :| - EQQ;Z)Q |: qu,d :| ) (212)
see Agarwal [6], pp. 187, 188.
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3. Main Results

In this section we shall establish the following continued fraction for 919 series.

s [ aq, Bg; q,© }
8, vq?

1] 1
R - (3.1)
%[?q ,4ﬁq7q,x] L arp agy
74

where for i > 0:

(L ag g~ 8)(1 — S g o)
f (=g 2)(Bg = 6)(1 — ¢* ) (ag't? - 4)

tagt? (1 —ag™M) (1 = B¢ (B —v¢")
(1 — 7% +3) (1 — vg?+2) (Bgi+? — 6)’

8; = xqit? (1 —ag™)(1 = B¢ (1 — Bg+2) (o — v¢'2) (vg% T3 — §)
i q (1 — 72 2) (1 — vq%3) (1 — vq% 1) (agit2 — 6)(BqiT2 — 0)

(=@ (Be - )
C (- B ) (vgF T = 0)

and
5 = wgtd L~ aq?)(1 = Bg" ) (1 = 1¢* ) (B — ¢ ") (Bg' " — 6)
i (1 _ 7q2z+4)(1 _ ,}/q21+5)(1 _ lng+2)(lng+3 _ 5)(7(]214_5 — 5)7
c,d By Dy Fy By D, EF (3 2)
. =Aot =~ T T A @ I .
292 [ Z(’]’b;iq’x } Co—Foyar Cr-Fryg, .
where ‘ |
A= 0= o p_dl-aq) o dl—ag)
7 a(l_cqi)7 7 a(l_cqi)7 (2 (d_aqz+1)7
1 (1 —ag")(1 — bg?) . (a —¢)(1 — bg?)
Di — Z+1( A EZ — b 1+1 A ‘
axrq d— a,qH—l 5 xrq c(l — qu—f—l)(d — qu"'l)’

[ (1- bqi)(cd — bxaq”‘l)
‘ c(d — bgith) ’
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Proof of the result (3.1). In (2.9) and (2.10) replacing i by ¢ + 1, and then
multiplying (2.10) by A;4+; and adding with (2.9), we get

ag'™, Bgth g, }
8, yq* T2

2tbo [

Q 2+2’ er27 ,
= (Ai1Cip1 + xBiy1)2v2 [ @ P ]

8, yg* T

aq 2, Bgit3 g,z
+xAi1Dip1212 { 5c_zyq2i+55q 4 , (3.3)

which gives

" [ ag™t!, Bgtlig,a }
5’7q21+2 /Bz
12 5 it2 = Qi 1 aatl , (3.4)
| €1 BT | 4T BT g
J, 7q21+4 5, ’YQQHQ
| 4B g,
8, 7"

where a; and f3; are given in (3.1). In (2.9) replacing i by i+ 2 and simplifying,
we get

ag't?, Bg 3 q,x
212 2i+5 5
”Z—(il-2 B2 =T T ol ’ (3.5)
« ) ; 7x y
iy | C4 B0 oo | €47 B0 g,
5’7q + (5, ,yq2z+4
b | Q410 B g,
| 0,y

where ~; and d; are given in (3.1).
Now using (3.4) and (3.5) repeatedly and setting i = 0 we get required
result (3.1).

Proof of the result (3.2). From (2.11) we have

b’ q,
2w2|:aq’i qqx:l
A

C d BZ
" aq’,bq’; q, @ aq’,bq'; q,
22| it g 292 qu+1 d

where A; and B; are given in (3.2).
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In (2.12) replacing i by i + 1 and interchanging a and b, further simplifying
we get,

aq’,bq'; q,
292 g, d D.
=C; — - : 3.7
y Z“ NI ag" ™, bg'; g, x 3.7)
292 H—l d 22 gt d
ag L bg L g x
2#’2 qu+2,d

where C; and D; are given in (3.2).
In (2.11) replacing i by i + 1 and in (2.12) replacing a by ag, ¢ by c¢q and
simplifying, we get

¢t bg' g,
2¢2[ i+1 4 ] o
— . ?
ag ' bg g | b ag* ', bt g, | (3:8)
2¢2 z+2 d 212 qu+2,d
aqd L bg L g x
2#’2 qu+1,d
where E; and F; are given in (3.2).
Now using (3.6), (3.7) and (3.8) and further simplifying we have,
y [ aq',bq';q,x }
272 eqlyd B; D F
@, — A2 2 d . (3.9)
aq',bq'; ¢, x Ci E agt ' bt g, x
2'¢2 z+1 d 292 qz+2 d
z+1 quJrl
292 z+1
cq'" . d

Now, repeating (3.9) again and again by putting i = 0,1,2,... we get the
required result (3.2).
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