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1. Introduction

Recently, Gabardo and Nashed [2] defined the concept of a multiresolution
analysis (MRA) where the associated translation set is a discrete set which is
not necessarily a group. More precisely, this set is of the form {0,r/N} + 2Z,
where N > 1 is an integer, 1 < r < 2N — 1, r is an odd integer relatively
prime to N. They call this a nonuniform MRA. In this article, we construct
the nonuniform p-wavelet packets associated with nonuniform multiresolution
p-analysis.

All the definitions and properties in this section can also be found in [1, 3].
For z in R* and any positive integer j, we set

zj=[p’z] (modp), z_j=[p'7z] (modp). (1.1)

Consider on R the addition defined as follows:
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z@y=> GpI Y ¢GpT

j<0 §>0
with

G==zj+y; (modp) (je€Z\{0}),

where (; € {0,1,--- ,p — 1} and z;, y; are calculated by (1.1). Moreover, we
note that z = x © y if 2 ® y = z, where © denotes the subtraction modulo p in
RT.

For x € [0,1), let

{ 1, z€l0,1/p),

5;;7 T € [lp_lu (l + 1)p_1) (l = ]-7 P 1)7

where ¢, = exp(27i/p). The extension of the function ro to R is denoted by
the equality ro(z + 1) = ro(z), * € RT. Then the generalized Walsh functions
{wm(x) : m € Z} are defined by

(ro(p’))

0

k
wo(z) =1, wp(x) = |

where
k .
m:Z:U‘]p]u H]G{Oalaap_1}7 :U'k#o
=0

For z,w € RT, let
. o0
x(x, w) = exp g > (wjw_j +ajwy)),
j=1
where x;,w; are given by (1.1). Note that x(z,m/p" 1) = x(z/p"~1,m) =
Wy (x/p" L) for all x € [0,p" 1), m € ZT.
The Walsh-Fourier transform of a function f € L!'(R¥) is defined by

f() = /R Rres

Definition 1.1. Let N be an integer, N > 1, and A = {0, /N }+pZ, where
r is an odd integer relatively prime to N with 1 <r < pN —1. A sequence {V} :
j € Z} of closed subspaces of L?(R*) will be called a nonuniform multiresolution
p-analysis associated with A if the following conditions are satisfied:
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(i) V; € Vjy, forallj e Z;

(i) f € Vjif and only if f(pN-) € Vji1;
(ii)) Mjez Vj =10}
(iv) UjeZ Vj is dense in L?(RT);

(v) There exists a function ¢ € Vj, called the scaling function, such that
{p(x & X): A€ A, x € R"} forms an orthonormal basis for V;.

Let W; = V; 116V}, j € Z. These subspaces inherit the scaling property of
Vj, namely

feWw; ifandonlyif f(pN-)e W;i. (1.2)

Moreover, the subspaces W; are mutually orthogonal, and we have the following
orthogonal decompositions:

LARY) = DW; = Vo & (@ W)). (13)

JEL 720

A set of functions {41, 2, ..., ¢¥pn_1} in L?(RT) is said to be a set of basic
p-wavelets associated with the nonuniform multiresolution p-analysis if the col-
lection {¢yy(z & N): 1 <I<pN -1, A€ A, x € R} forms an orthonormal
basis for Wy.

In view of (1.2) and (1.3), it is clear that if {11, ¢9,...,9pn—1} is a basic set
of p-wavelets, then

{(pN) P (pNY 2z ©A): 1<1I<pN -1, jEZ, A€ Az € R}

forms an orthonormal basis for L2(R").

We denote 1y = ¢, the scaling function, and consider pN — 1 functions 1y,
1 <1< pN —1,in Wy as possible candidates for wavelets. Since pLNM(p;N) €
V_1 C Vo, it follows from property (iv) of definition (1.1) that for each [,
1 <1< pN —1, there exist a sequence {a} : A € A} with >, |a}[* < oo such
that

1 T
W}z(ﬁ) = AEZAGIW(SC@)\)' (1.4)
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Taking the Walsh-Fourier transform, we get

~

Yi(pNE) = my(§)p(§), (1.5)
where
mi(€) =Y ahx(A,&). (1.6)
XEA

The functions m;, 0 <1 < pN — 1, are in L?(R"). In view of the specific
form of A, we observe that, A = pZ U (r/N + pZ), and so

my(€) =my (§) + x(r/N,Omi(§), 0<1<pN -1, (1.7)

where m} and m? are in L*(R™).

2. The Main Result

Let {Vj : j € Z} be a nonuniform multiresolution p-analysis with scaling func-
tion . Then there exists a function mg such that (&) = mo(§/pN)@(&/pN),
where mg(§) is as in (1.7).

Applying the splitting lemma to the subspace V1, we get the functions wy,
0 <l <pN —1, where

wi(&) = mi(§/pN)(E/pN), (2.1)

such that {w;(x &) :0<I<pN -1, A€ A, x € R"} forms an orthonormal
basis for Vi. Observes that wg = ¢, the scaling function and w;, 0 <1 < pN —1,
are the basic p-wavelets.

We now define w,, for each integer n > 0. Suppose that for s > 0, w; is
already defined. Then define wyypns, 0 < ¢ < pN — 1, by

Wa4pNs(T) = Z(pN)anws(pNx = A). (22)
AEA

Note that (2.2) define wy, for all n > 0. Taking the Walsh-Fourier transform on
both sides of (2.2), we get

(Wgrpns) " (§) = mq(§/pN)ip(§/pN), 0<q<pN —L (2.3)

The functions {w, : n > 0} will be called the basic nonuniform p-wavelet
packets associated with nonuniform multiresolution p-analysis.
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Theorem 2.1. Let {w, : n > 0} be the basic nonuniform p-wavelet
packets associated with the nonuniform multiresolution p-analysis {V;}. Then

{wa(x©N): n>0, N\€A, x€ R}

is an orthonormal basis of L?(R™).

Proof. First we prove that {w,(x © ) : (pN)} <n < (pN)It*t -1, X\ ¢
A, x € R} is an orthonormal basis of W, j > 0 ( by induction on j ) . Since
{w, : 1 <n < pN — 1} are the basic wavelets, (i) is true for j = 0. Assume
that it holds for j. By (1.2) and the assumption, we have

{(PN)Pwn(pN)z & N) 2 (PNY <n < (pNYH —1, A€ A, w e R
is an orthonormal basis of ;1. Denote
B, =span{(pN)"?w,((pN)z & \): A€ A, ze R},

so that
(pN)7 1 -1

W1 = @ E,.

n=(pN)J
Now we get functions gl(n), 0 <1< pN —1, defined by

(91")(€) = mu(&/pNYiby (€/pN), 0 <1<pN —1,
such that {gl(n)(x 6A): 0<1I<pN-1,A€ Az e R"} is an orthonormal
basis of E,, and we have the expansion as in the follows
(91") (&) = mu(€/pNymy (€/(PN)?) -1y, (6/ (PN Y )3 (E/ (0N Y ).
But, the expression on the right-hand side is precisely w,, (i), where
m =1+ (pN)u + (pN)?*pz + - - + (pN) pij = L + pNn.
Hence, we get gl(") = Wi4pNp- Since
{I+pNn: 0<I<pN -1, (pN) <n< (pN)y*t' -1}
={n: (pPNY™ <n < (pN)'T2 -1}

Thus we have proved theorem for j+ 1 and the induction is complete. Now
because V; = Vo@Wy&---@W;_1 we have {w,(z6)): 0<n < (pN) -1, A €
A, z € R*} is an orthonormal basis of Vj, j > 0 and from the decomposition
(1.3) the proof is complete. O
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