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Abstract: In this paper, we discuss a fluid queue driven by an M/M/1 queue
with catastrophe and restoration. Using the continued fraction technique, we
derive the Laplace transform of the transient state probability distribution of
the buffer content, transient solution for this fluid queue and the corresponding
steady state results explicitly. Also we analyze the queue when there are no
catastrophes and no restoration.
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1. Introduction

Markov process modulated fluid models play a significant role in the ATM
networks (Elvalid and Mitra [4], Anick et. al. [2], Simonian and Virtomo
[12]). In addition fluid models driven by finite state space Markov processes
that modulate the input rate in the fluid buffer have been analyzed by many
authors (Anick et al. [2], Coffman et al. [3], Gaver et al. [5], Mitra [9], Low and
Varaiya [8]). Virtoma and Norros [14] have proposed a spectral-decomposition
method to analyze a fluid model driven by an M/M/1 queue. Adan and Resing
[1] have analyzed and expressed the generalized eigen values explicitly using the
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Chebyshev polynomials of the second kind. Van Doorn and Scheinhardt [13]
have obtained explicit expressions for the stationary distribution of the buffer
content for fluid queues driven by an M/M/1 queue with constant arrival service
rates. A continued fraction method to analyse fluid queues has been proposed
by Parthasarathy, Lenin and Vijayashree [10]. Transmission Control Protocol
(TCP) is able to guarantee that each data packet transmitted from a server
(computer) and leave it momentarily inactivated until the new arrival occurs,
such infected cells may be modeled by catastrophes. Jain and Rakesh Kumar [6]
have obtained transient solution of the model with correlated arrival queueing
with variable capacity and catastrophes for the cell traffic generated by New
Broadband Communication Networks in presence of viruses and noise bursts.
The catastrophe makes the queue instantly empty whenever the system is not
empty but the system takes its own time to be ready to accept new customers,
this repair time at the service facility is referred to as the restoration time and
solved a correlated queueing system with catastrophic-cum-restorative effects
(Jain and Rakesh Kumar [7]). The applications of the model can be found in
a variety of areas, especially in new broadband communication networks. This
situation forces us to construct a fluid model.

However, as there is no result on a fluid model driven by a M/M/1 queue
with catastrophe, and restoration time, we study such a fluid model. We have
derived the Laplace transform of the transient state distribution of the buffer
content through continued fractions. We have also obtained the transient so-
lution for M/M/1 fluid queue and explicitly obtained the corresponding steady
state results. We have further analyzed when there is no catastrophe and no
restoration.

The rest of the paper is organized as follows. The mathematical description
of our model is in Section 2 and the equations governing the model are given
in Section 3. The transient solution has been derived in Section 4 and the
corresponding steady state results have been obtained and analyzed when there
are no catastrophes and restoration, in Section 5.

2. Mathematical Description of the Model

Consider a fluid model with an infinite buffer driven by an M/M/1 queue with
catastrophe and restoration time. The background process { X (¢), t > 0} takes
values in S = {0,1,2,...}, where X (¢) denotes the number of customers in the
system at time ¢. Let A and p denote the arrival and service rates respectively.
The arrivals follow a Poisson process with rate A and the service times are ex-
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ponentially distributed with a mean p~!. When the system is not empty (the
server is busy in service time), catastrophe occurs at the service facility accord-
ing to Poisson process with rate &. Occurrence of a catastrophe to the busy
server annihilates the entire system and the server is subject to catastrophic
failure. In practice, any system suffering from catastrophe must take some time
for its restoration. The repair times of failed server are i.i.d according to an
exponential distribution with mean n~! . After the completion of restoration
period, the server immediately return to its working position for service when a
new customer arrives. Let R(t) be the probability of restoration time when the
service facility under restoration (independent of buffer content). This situation
prompts to construct a stochastic fluid queueing model.

3. Equations Governing the System

A fluid commodity which we refer to as credit accumulates in an infinite fluid
buffer at a constant rate r > 0 during the busy period of the server. The credit
buffer depletes the fluid during the idle periods of the server at a constant rate
ro < 0 as long as the buffer is nonempty. We denote by C(t), the content of
buffer at time ¢. The 2-dimensional process {X (¢),C(t), t > 0} constitutes a
Markov process. Define

Fi(t,z) = P{X(t) = j, C(t) <z}, j€S t.a>0.

Theorem 3.1. For the above fluid model with catastrophe and restoration
as described in Section 2, the sequence {Fy(t,x),F;(t,x), R(t)} satisfies the
following system of differential equations:

0 0
d 0
aFj(t,x) + T%Fj(t,$) = —(A+p+Fi(t,x)+ AFj_1(t, )

+uFi(t,x),7 =1,2,3,...,t,2 >0 (3.2)

SR = —aR() + £ R() — ao(1) (3.3)

subject to the initial conditions

Fo(0,2) =1, F(0,2) = 0,5 =1,2,3, ... (3.4)
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and boundary conditions
F;(t,0) = q;(t),7 =0,1,2,... (3.5)

Proof. Using the above assumptions in Section 2, by imitating the simple
probability arguments as in Anick, Mitra and Sondhi [2], the system of forward
differential equations satisfied by the Markov process {X(t),C(t), t > 0} and
the restoration probability R(t) are derived. Because of their simplicity, the
details of the proof are omitted. O

Remark 3.1. Here g;(t) represents the probability that at time ¢ the
buffer is empty and the state of the background Markov process is j. The
content buffer decreases and thereby becomes empty only when the net input
rate of the fluid into the buffer is positive. Therefore, when the buffer becomes
empty at any time ¢ the background process should necessarily be in state
zero corresponding to which the effective input rate is rg < 0. Hence we have
qj(t)=0for j=1,2,3,...asrj =r>0for j =1,2,3,....

4. Transient Solution
In this section, we obtain explicitly the transient solution for the fluid model

with catastrophe-cum-restoration by the method of continued fractions. Sim-
plicity and elegance are the strong points of this method.

Theorem 4.1. Let F;‘*(s, w), R*(s) be the Laplace transforms of Fj(t,x),
j=0,1,2,...., R(t), respectively. Then

* s [ee] - k - — N
Fy*(s,w) = q3<s>+1+n7R<>}Z (2_0> (0 — VI —a?)

Tow A\ L
k=0 (w+5+ >
To
Ap
for |—25 | <1, (41
o r0w+s+)\‘ (41)

and for j =1,2,3,...,

Fi*(s,w) = <L>j [ “(s) + ! +77R*(8)] (0= V0o (4.2)

— ( N S+)\>k+1
- w

To
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R = g (- a0)- (43)

Proof. Taking Laplace transforms of (3.1)-(3.3) and using (3.4), (3.5) with
respect to ¢ and z, we obtain

* * 1
(s 4+ row + N Ey*(s,w) — pFy™(s,w) = gR (s) + rogo(s) + " (4.4)

A (s,w) + (s A+ p+E+rw)F (s, w) — pFj (s,w) = 0,5 =1,2,3,... (4.5)
and

Gt Or e =¢ (5 -a). (46)

Equations (4.4) and (4.5) can be conveniently written respectively in the
form of continued fractions as follows:

1 77R*
w — + + r0q 0 8
Fy*(s,0) = ) (4.7)
A
(s +row+ ) — Fo (s )
and
FiZ(s,w) - FiE(s,w)
(5+A+u+§+m)—A1;*j(s 5 ubi;ff( ),g:1,2,3,... (4.8)
7 7
The above equation leads to
Fi*(s,w
Fj*(( )): A N ),j:1,2,3,... (4.9)
(s, w
i1 (5+ A+ p+E€+rw) — p=2

Py
Fr(s,w)
For the purpose of algebraic simplification, define

1
fls,w) = A AL

1
(s+A+p+&+rw)— Auf(s,w)




128 T. Vijayalakshmi, V. Thangaraj

e, Aufi(s,w)—(s+A+p+rw+&)f(s,w)+1=0.

Solving the above quadratic equation, we obtain by taking the root less than
L,

(s+A+p+rw+&) —/(+A+p+tro+€) —4

f(S,W) = 2)\H
Using the above definition, we have
Fi (s ) M(s,w), j=1,2,3 (4.10)
= =Af(s,w), j=1,2,3,.... )
ijl(saw)
Hence
147 w(s) + g5 (s)
F** —
0 (s:w) (s +row+ ) — Auf(s,w)
R*(s .
Ly 7 w( ) + roqp(s)
a A - ) 2
s—l—row+)\—(8+ +p+rw+€) \/(;Jr +p+rw+§) [t
(4.11)
2+/
Let w + STATHFE 0, A _ a. Then we write (4.11) as
r r
R*(s .
1 IR
Fo™(s,w) = 54+ A N r
[fro( +w>—§(0—\/02—a2)
To
and

F;*(s,w) = ()\f(s,w))ng*(s,w),j =1,2,3,....

By simple mathematical calculations, we complete the proof of the theorem. [

We present below the transient state joint probability distribution of our
fluid model.
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Theorem 4.2. For every t > 0 and x € [0,rt), the transient state joint
probability distributions of a fluid queue driven by an M/M/1 queue with catas-
trophes and restoration time are:

—Az € 577 —A\x 2§ne—>\t
Fy(t,z)=e o qo(t —— )+ —"—(14+e70 )+ — > —
o(t, ) ot = ) )\(nJrf)( ) OSSR
&n (Ot 4 ~rO=5)-35)

_dz Felp(a(r —y))
+ e M e To e To + < > / A+¢+§ (z—y) &
Z 2ro ) (x—y)

k_,—Ay/ro o o
(e (Y N (it
k! r 70 r 70

ko—At—22L) (o z—y\k Ko . _ N\
(t =) +n§% leA(tu‘rJ) (t u_Z y)
' 0

rp€
r

u

X /(I—QO(U))e(”“)(“”)dv du | dy,
0
(4.12)

PN e\ T avwre o (G R)ad TR (o2 — 1)
(o)== o N () jtk v
rien=(5:) 3 () /- =

x (yFe /T H gtV Y q Y Y

r To T To
k
r
’I”k / z—y r—vY k
—|—'r]§—0 ef)‘(tfuf( r )) t—u—
k! r
0

u

x/(1—q0(v))e<n+f><““>dv du|dy j=1,2,3,..., (4.13)

+ rpe

¢ / 1~ qo()le™ (€ + n)(t — v)dv, (4.14)
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where H(.) is the Heaviside function and Ii(.) is the modified Bessel function

of the first kind.

Proof. To obtain the transient solutions of the system, we invert F;‘*(s,w)

for j =1,2,3,... with respect to s and w. From (4.1),
Fy™(s,w)
i 14 nR*( )] 2 /e \F (0 - VZ—a?)k
= 140(s) ) +Z GYN 1
Sl I =R (w+8+)\>
0 0
* * oo k
_ q(s) 1+ nR*(s) g )Z( ) ( 62 — o)k
k+1
<w—|— +)\> r0w<w—|——s+)\> k 2ro ( +5+)‘>
To o ')
(1+nR* - ( > (0 — V0% — a?)k
4.15
1; 2ro ( s—l—)\>k+1 (4.15)
= w+
70

On inverting (4.15) with respect to w, we get

Fj(s,x)

Az s

1 R*
= QO(S)e Toe o + skl (S)

s+ A

B 1+nR (5)6_%6_%
s+ A

k=1
1 R* 5 xTr—
n +Z (8)6 y) hk.(s y)} dy.
0

where

(s+A+Hu

Youke™ 7o
hk(é’,y):/ —
O .

[es] k  rx k k 2y
o _ovra ) O klha@—y) [yfeTT0 Lo
+Z(2ro> /Oe x—y k! Go(s)e

s(z—y) _SY
T e "0

(4.16)

(4.17)
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Multiplying both sides by en we get
pe: 1+nR%@g§ 1+nR*(s) —2z
e”‘ J—

e%FO*(s,x):qS(s)e 0 4 Y oY e o
00 k ,x k k _(ﬁ)
r Otpte) kI (o (0 e "o (o Ly (g
o — S (2 —y) (a(z—y)) | Y * s(—70)(@—y)
+;<2r0> /0 ¢ x—y k! Gols)e ’
1 * s(z— sx
R (s)e(rwhk(s’y)em} dy. (4.18)
ro

Inverting both sides of (4.18) with respect to s variable, we get

x T

H(t+ —)Fy(t+ —,x)
To To

&n z n o~ AEHE)

_ s LA E) L
=c qMU+H@+mk +AW+QH(+m)+MA—W+O)

g ORI E) e & A2
mrom+o-»n gy’ T —mro)©
. gnef(nJri)te_r—?f
m+HMm+£-N)

x

_Atpté(z—y) Oékkfk(a(m,y))

S T JESSTE T
+Z(27“0) / (x—y)

1 0
k_,—Ay/ro _ _ — —
y“e rT—y xT—y rT—y T—y
A t—
( k! ( r + 0 )0 r + 0 )
nge—A(t_w:y+%)(t_ 2oy 4 %)k
* i

(o)

X /(1 - (Io(v))e("*g)(“”)dv} du) dy. (4.19)

0

exuuceﬁxg><t_

t
Tk
+%ﬁ/
.O

After simplification, we get the required result for Fy(t, z).
Now, consider

Fi*(s,w) = (M (s, W) Fi*(s,w), for j=1,2,3,...
Y\’ *(5) ] — — V02 — a2)itk
= (—){%@+ﬂ+"R(q§:w PtV aao)

Tow A\ A
k=0 (w + 5+ )
To
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By similar arguments as before, inverting (4.20) with respect to w, we get

Fis,a) = (>i<_>" /Oxew(xy><j+k)aj+kfj+k<a<x—y))

24 21 El(z —y)
yke Mv/mo —szzvowy  [LHnRA(s)] _(emuy,
X [qu (s)e *V 7 Tl 4 Te_S(T) w ()| dy.

(4.21)

Now inverting (4.21) and (4.3) with respect to s by similar arguments as before, we
get the required other two results. O

Particular Case 1: When the restoration times R are zero (i.e. 7 — 00), we
obtain

Az
— Az 1 T Az
Fo(t,z) = emo qolt— =)+ fd+e ") LM T g At=a/r0)
To A
+2§€*)\t i L k/e >\+,:+5( )Oé k‘[k‘(a(ac—y))
A 2ro (z—y)
0
k 2y
yre "o Tr—y Y Tr—y Y
H(t — — D)ot — -z
k! ( r TO) ( TO)
+- k,( =) ] dy, (4.22)

Fj(tvx)
_ <L>] S <L> / -2t gy (7 + k)Oé]J: Liii(a(z —y)) (ykef)\y/ro
2u 5 \2ro 0 Elx —y)

cn (12T 8y (i )
T To T To

k
e Gt (t 2 y) > dy, j=1,2,3,.... (4.23)
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Particular Case 2: When there is no catastrophe (i.e. £ — 0) we obtain

— Az —az s
Fo(t,z) = e qo(t — E) +e M e e Alt=75
7o
E 7 k
+§<L> [ e i)
= \20) EE=
A
yk’e_r_g

k,—A(t—""1) +_ TYk
To® (== ]dy (4.24)

k!

Fj(t,z) = (2L)J i (L)k /w o=t (a—y) (U F k)ad T Ly (a(z —y)
H 0

5 2rg Elx —vy)
_ Ay €T — €Xr —
X@emﬂw— = Daolt — = = 1)
T To r To
ke M= I y)’f] dy j=1,2,3,.... (4.25)

Our results coincide with the results in Parthasarathy, Sericola and Vijayashree
[11].

Remark. Ast tends to infinity, the transient-state system governed by the
system of equations tends to steady-state system of differential equations and
a stationary solution is thus obtained. The transient distribution of the buffer
content is given by

Pr(C(t)>z)=1- ZFj(t,x).
0

5. Steady State Solution

In this section, we obtain the steady state for our fluid queueing model. As t
tends to infinity, the transient probabilities given by (4.12) and (4.13) tend to
stationary solution as follows:
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Theorem 5.1.
F()({E)
—Aw né —Xz /7
= T 1 4]
oo+ S e
o ’ k kg—Ay/T0
ok [ —awre ) @ kD@ —y) Y'e .
+a21:(2r0) O/e (x —y) k! 4y, (5-1)
NS Tk [T s oy (G Rl L (€~ y)
F. - ) __\k — ST (2 —y) Jjtk k_—
5(@) a(Z,U) zo: 2rg /0 ‘ Elx —vy) y e Ay/rody

i=1,23,.... (5.2)

Proof. As t tends to infinity and when we assign lim;_,o, qo(t) = Fp(0) = a,
the transient probabilities given by (4.12) and (4.13) tend to the above results.
]

Particular Case 3: The above results coincide with the results of Parthasa-
rathy, Vijayashree and Lenin [10] discussed for stationary solution when there
is no catastrophe and restoration takes place.

6. Conclusion

In this paper, a fluid model driven by an M/M/1 queue with catastrophes
with restoration time is discussed. We set up a system of differential equations
satisfied by the fluid model. The Laplace transform of the transient-state prob-
ability distribution of the fluid queue is obtained through continued fractions.
Transient solution for M/M/1 fluid queue is obtained and the corresponding
steady state results are obtained explicitly. We also analyze the system when
there are no catastrophes and restoration and hence confirmed the respective
results obtained by other researchers.
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