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Abstract: In this paper, we proceed to analyze a random evolution associated
with the M/M/1/oo model. The study of M /M /1/oc queuing system has been
made very extensively in the queuing literature. The system arises in a huge
variety of problems of communication engineering. The object of this paper is to
understand the random evolution of cost function associated with M /M /1/oc0
model. This is achieved by identifying the unit cost as the fixed velocities of a
random motion of a particle in a straight line.
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1. The Transient Solution by Parthasarathy Method

The transient solution for the M /M /1/oo model has been obtained in litera-
ture through several approaches. We give here a simple method provided by
Parthasarathy (1987) [11]. Let p,(t) be probability that there are n customers
in the system at time ¢. Then, by the routine procedure [8], we have
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p%(t) ::uanrl(t) - ()‘ + :u)pn(t) + )‘pnfl(t)v n= 17 27 ceey
po(t) =pp1(t) — Apo(t),

(E)

where A and p have the usual meaning [11]. We assume that there is exactly a

customer in the system at time ¢t = 0. Then p,,(0) = 6,,4,7 =0,1,2,--- , where
_ 17 1= j7
s ‘{ 0, i#].
Let (Ap)t
e pn (B) — Apn_1(t)], n=1,2, ...

Then, by using the equations (E), we get

q t)+ Agn_1(t), n=1,2,...
Gn(t) = { g nﬂ(o) =0 1—(1)—2 @

subject to the initial condition

Ona— ANp—1a, n=1,2,...
o) = { 1 = Nt 12 ®

Defining

(e 9]

H(s,t)= > qu(t)s",

n=-—o00
we get by using the equations (2) and (3),

OH (s, 1)
ot

(g T As) H(s,t) — paqi(t), (4)

subject to the condition H(s,0) = s*[u(1 — dpq) — As]. Keeping qi(t) as un-
known, the equation (4) can be readily solved and we obtain

H(s,t) = H(s,0)exp [(g + As) t} - u/exp [(g + )\s) (t— u)] q1(u)du. (5)
0

Setting A = %ﬁ and p = %, we have a = 2y/A\p and 8 = \/g so that
1 1 >
exp [ (£ +2s) 1] = exp [5(@3) + @)(at)] = 3 (Bs)"Lu(at)  (6)

n=—oo
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where I, (at),n = 0,£1,£2,--- are the modified Bessel functions of the first
kind given by (see e.g. [10])
e un+2k

Substituting (6) in (5), we get

n>—1; I_,(u) = L,(u).

> ()8 — 1~ 80.) = As) Y (B3)" (o)
[ S B9 Latt — ) wdu. (1)
0 —0o0

Equating the coefficient of s™ in (7) for n =1,2,3,---, we obtain

4a(t) = 11 = 30.0)B8™*Lualat) — AB" Lo (at)

—uB" | I(a(t —u))gqi(u)du. (8)

o _

In the same manner [12], equating the coefficients of s™ in (7) forn = —1, -2, ---
and using the definition ¢,(¢) =0, n = —1,-2,---, we get

0= (1 —0804)B" “In_q(at) — AB" "1, _o_1(at)
t
~ " [ Ialt = W)nwde. (9)
0
Canceling 8" and replacing n by —n in (9), we get

0= u(l—éo,a)ﬁ"]na(at)—)\ﬁa1Ina1(ozt)—u/fn(a(t —u))q1 (u)du,
0

n=1,2-- (10)
Using the fact that I,(y) = I_,(y),n =1,2,3,--- in (10), we obtain

t
0=p(1l—00,a)B “In+a(at) — )‘Biailln-i-a-i-l(at) —H / In(a(t — u))q1(u)du,
0

n=1,2,---. (11)
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From (11), we get

t
H / In(o(t = u))qu(w)du = p(1 = 80,0) 8" “Inalot) — AT Dy (at),
0

n=12

Substituting (12) in (8), we get

Qn(t) = ,u(l - 50,a)/8n_aln—a(at) - )\Bn_a_ljn—a—l(at)

- Bn[u(l - 60,(1)5_& n+a(at) - Aﬁ_a_IInJraJrl(at)]u n= 17 27 37 o

Simplifying (13), we get

qn(t) = p(l — 50,a)/3n7a[1n—a(at) — Inya(at)]

+ Aﬁn_a_l [In+a+1(at) - Infafl(at)]v n= 1’ 2’ 3’ e

Now from (E) we have
po(t) = exp [=(A + p)t)ar (1)

and hence by integration we obtain
t
po(t) = /exp [—(A 4+ p)ulgi(u)du + 6o q-
0

Next, from (1),we have for n =1,2,3, ...,

exp[~(A + )]
o

anlt) + (;) pua 1)

pn(t) -

and hence by iteration, we have

palt) = SLEAT 0 5~ (3)k a0+ (2) i)

H 1 \H

n=1,23,

(12)

(14)

(15)

(16)
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2. The Probability Density of a Busy Cycle

A busy period is defined as the time interval between the time of arrival of a
customer to an idle server and the time of the server next becoming idle. An
idle period is the time interval between the time of server becoming idle and
the time of server next becoming busy. The busy period and the idle period
are independent. A busy cycle is the sum of the busy period and the adjacent
idle period. Hence the probability density function of the busy cycle is the
convolution of the probability density of the idle period with that of the busy
period [14]. Since the time interval between any two successive arrivals in the
M/M/1/00 model is assumed to follow exponential distribution with mean 5,
the probability density function ¢(t) of the idle period is Aexp[—At]. So the
probability density of the busy period is sufficient to find the probability density
of the busy cycle and it is found as follows.

For the model M /M /1/co, we impose that there is an absorbing barrier at
zero system size and assume that the initial system size is 1. Let p,(¢) be the
probability that the system size is n at time ¢. Then we have

po(t) = up1(t), (17)

Pi(t) = —(A+ ppi(t) + pupa(t), (18)

p;z(t) = _()‘ + M)pn(t) + )\pn—l(t) + Mpn—l—l(t)v n>2. (19)

The equations (17) to (19) are subject to the condition p,(0) = d1,,n =
0,1,2,---. it is clear that p{(¢) is the probability density function of the busy

period. To find it, we proceed as follows. Define

e()\Jru)t [Mpn(t) - )\pn—l(t)]a n Z 27
rn(t) = MWl upy (t), n =1, (20)
0, n<0.

Then using (17) to (20), we get
prn1(t) + Arn_1(t)], n > 2,
r(t) = ura(t) + Ari(t), n=1, (21)
0, n<0.

The equations (21) are subjected to the initial conditions

m, o= 17
mm(0) =4 —A n=2, (22)
0, otherwise.
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We proceed to solve the equation (21) subject to (22). Defining

oo

G(s,t)= > ra(t)s”

n=—oo
and using (21), we get

8ng,t) _ (g + AS) G(S,t) 4 ()\5 — H)""l(t)'

Solving the equation (22), we get
G(s,t) = G(s,0) exp { (H + As) t}

(As —

o\“

But G(s,0) = us — As?. Thus, we have
G(s,t) = (us — \s?) exp { (H + As) t}

(As —

o\“

Substituting (6) in (25), we get

o0 (e 9]

S ra®)s" = (us =A%) S (Bs)In(at)

n=-—00 n=-—00
t

+ (As — / Z (Bs)" I (a(t — w))ry(u)du.

0

Equating the coefficients of s on both sides of (26), we have

0= %Ll(at) - %12(0@

Ely

exp -l— As) (t— u)} r1(u)du.

exp -l— As) (t— u)} r1(u)du.

alt —u)ri(u)du — p | To(a(t — u))ri(u)du.
e /

(24)

(25)
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Using the property I,,(y) = I_,(y) in (27), we get

t
0= g[l(at) %0/ a(t —u))ry (u)du

Solving the equation (28), we get

ri(t) = . (29)

Substituting 1 (t) = e M up, () in (29), we get the probability density func-
tion v(t) of the busy period given by

e~ ML (at)

o (30)

Y(t) = po(t) = pupi(t) =

3. An Associated Cost Function

It is enough to describe the cost function for a busy cycle. Let T" be the length
of a busy cycle. Let T and 75 be the corresponding busy and idle periods. Let
C1 be profit per unit time of customer service and Cy be the loss per unit time
of the idle period. Assume that Cq,Cy > 0. Then the net profit C(7") over a
busy cycle is given by

C(T) = CiTy — CoTs. (31)

It is easy to find the mean of C(T') as follows. Taking expectation on both sides
of (31), we have

oo o0

ElC(T)=C /m/)(u)du —Cy /ye)‘y)\dy. (32)

0 0
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4. A Random Motion Analysis
We can consider the cost C as the positive velocity and Cs as the negative
velocity of a particle moving along the real line during busy period and idle
period respectively. Then the distance traveled in the busy cycle starting at
the origin is given by (31). This can be used to analyze the distance traveled

in any time t. Let ((¢) be number of times the server entering in to idle state
during the interval (0,¢]. Then, for the case in which ((¢) = 0, we have

C(t) = Cyt (33)
and

P =0 =1~ [v(w) (34)
0

For the case in which ((¢) = 1, we have

t
/ Gy — (f — w)Caltb(w)e— 0" dy (35)
0

and
t
/ Y(u)e N gy, (36)
0

Proceeding in the same manner, we have for the case ((t) = 2,

t v t
:///[(w—v+u)01
0 u w
— (t — w4 v — u)CoJih(u)Ae AW p(w — v)e N dudvdw  (37)

and

t v t
= ///lb(u)e)‘(uv))\w(w—v)e)‘(tw)dudvdw. (38)
0 u

v
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5. Conclusion

The random evolution of the cost function associated with M /M /1/co queuing
system is unique. It is achieved by identifying the unit cost as the fixed velocities
of a random motion of a particle in the straight line.

1]

[10]

[11]

References

J. Abate, W. Whitt, Transient behaviour of the M /M /1 queue: Starting
at the origin, Queuing Systems, 2 (1987), 41-65.

J. Abate, W. Whitt, Transient behaviour of the M /M /1 queue via Laplace
transforms, Adv. Appl. Probab., 20 (1988), 145-178.

M. Barlett, A note on random walks at constantspeed, Adv. Appl. Prob.,
10 (1978), 704-707.

J.W. Cohen, The Single Sever Queue, North Holland, Amsterdam (1982).

S. Goldstein, On diffusion by discontinuous movements and the telegraph
equation, Quart. J. Mech. Appl. Math., 4 (1951), 129-156.

V.S. Korolyuk, V.V. Korolyuk, Stochastic Models of Systems, Kluwer Aca-
demic Publishers (1999).

K.B. Krishna, D. Arivudainambi, Transient solution of an M/M/1 queue
with catastrophes, Computers and Mathematics with Applications, 40
(2000), 1233-1240.

K.B. Krishna, P.R. Parthasarathy, M. Sharafali, Transient solution of
M/M/1 queue with balking, Queuing Systems: Theory and Applications,
13 (1993), 441-447.

H. Nagayama, Transient probability of certain stochastic processes, Mem-
oirs of the Faculty of Sciences, Kyushu University, Ser. A, 47 (1993),
213-226.

E. Orsingher, Probability law, flow function, maximum distribution of
wave-governed random motions and their connections with Kirchoff’s laws,
Stoch. Proc. Appl., 34 (1990), 49-66.

P.R. Parthasarathy, A transient solution to an M/M/1 queue: A simple
approach, Adv. Appl. Prob., 19 (1987), 997-998.



102 S. Udayabaskaran, M.R.S. Raj, P. Manoharan, A.G.M. Selvam

[12] T.I. Saaty, Elements of Queuing Theory with Applications, McGraw-Hill,
New York (1961).

[13] D.L. Snyder, Random Point Processes, Wiley Interscience, New York
(1975).

. Takacs, On certain sojourn time problems to the theory of stochastic
14] L. Tak O i j i bl he th f hasti
processes, Acta Math. Hung., 8 (1957), 169-191.



