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1. Introduction

An orthonormal basis {f}72; of elements in Ly([0, 1]) can be used to approx-
imate every function f € Lo([0,1]) by linear combination of the elements in

{fe}i2y (see [2, 4, 8]):
F=Yaefn, ax=(ffi).
p

This basis representation of a function f gives us characteristics of f by study-
ing the coefficients a;. One of the most well-known bases in Ls([0,1]) is the
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Fourier basis. Fourier proved that any continuous function can be represented
as an infinite sum of sine and cosine functions. If the function is periodic, the
Fourier basis representation will reveal frequencies by studying the coefficients.
However, the Fourier basis is not always a good tool to reproduce a more gen-
eral function in Ly([0, 1]). Particularly, if the function is highly nonsmooth, the
approximation using Fourier basis may not be a good choice [7].

A. Haar [3] introduced a new basis,

27’

k ,
{¢0707 ,l/}]’ij()’m:_ kzla'.'72j+1_1}7

where ¢o0 = Xxjo,1) and ¢ m = 2 <X[%_;7ﬂ — X[z, my 1 ]>. This Haar ba-
2172 22 T ojF1

sis is the simplest example of a multiresolution analysis (MRA). A traditional
MRA of the space La(R) or Lo([0,1]) consists of a sequence of nested sub-
spaces that satisfies certain self-similarity relations, i.e., it consists of families
of functions derived from a single function by dilation and translation, which
together form a basis for La(R) or Ls([0,1]). This type of functions are known
as wavelets. Wavelets have been successfully used to represent functions in
Ly(R) or La([0,1]) because they provide a simple approach for dealing with lo-
cal aspects of a function. We refer to such wavelets as first generation wavelets
[2, 5, 8]. Recently, W. Sweldens introduced a more general version of an MRA
where the wavelets are not necessarily dilates and translates of each other but
still enjoy many of the powerful properties of first generation wavelets. These
“wavelets” are referred to as second generation wavelets [6]. Second generation
wavelets are useful in analyzing finite, non-periodic functions.

In this paper, we study the properties of a lifting operator that serves as
a tool to generate second generation wavelets. Our objective is to construct
a new basis for Lo([0,1]) with higher vanishing moments by applying a lifting
operator to the Haar basis. We show that this new basis forms a Riesz basis
for Ly([0, 1]) and we compute the optimal Bessel bound. We note that Fourier
transforms and series are involved in most of the techniques in first generation
wavelet theory, however this new basis construction does not rely on Fourier
transforms and series. Let us begin this introduction by defining the various
notions that were just mentioned.

We say that a sequence {f;}72, in Lo([0,1]) is a Bessel sequence if there
exists a constant B > 0 such that

S UL P <BIfIP,  YF e Lo([0,1).
k
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Any number B satisfying this equation is called a Bessel bound for {f;}7°,. A
a Bessel sequence { f;}7°, in Ly([0, 1]) is a frame if there exists A > 0 such that

ANFIP <Y P Y € La([0,1)).
k

We say that a sequence {f;}7°, in Lo([0,1]) is a Riesz basis if span ({fr}32;)
is complete in Ly(]0,1]), and there are constants A, B > 0 such that for every
finite scalar sequence {c}7° {,

2
Al < <BY |l
k k

It is easy to show that a Riesz basis is a frame and furthermore that any
orthonormal basis is a Riesz basis. Initially we will be working with an or-
thonormal basis, and we show that after a lifting operator is applied, the new
set forms a Riesz basis for La(]0, 1]).

> entr

k

2. Preliminaries

2.1. Multiresolution Analysis. We will not go into full discussion of
properties of the second generation of MRAs and refer to the paper [6] for the
details. Throughout the remainder of this paper we will refer to L2([0,1]) as
simply Lo, and, as we are studying the second generation case, we will generally
omit the “second generation” adjective.

Definition 1 ([6]). A multiresolution analysis M of Lo is a sequence of
closed subspaces M = {V; C Ly : j € Np}, so that:

L V; C Vi,

2. Uje,sVj is dense in Lo,

3. for each j € Ny, V; has a Riesz basis given by scaling functions {¢; : k €
K(5)},

where K (j) is an index set and Ny denotes the natural numbers including zero.

We note that (second generation) MRAs are more general than the tradi-

tional MRAs since the scaling functions are not required to be linear combina-
tions of scaled versions of themselves.
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In this paper, we study the Haar system whose first scaling function is
defined as the the constant function

®0,0 = X[0,1]-

As the level j increases, the scaling function is scaled down by a factor of % and
translated to form two new scaling functions. That is,

P10 = X[0,4s $11 = ENIE

$2,0 = X[, 1> P21 = XL 2]5 Py

bjk = X[k k.

where k € K(j) := {0/2971,1/2971 ... (27 — 1)/2971}. The Haar scaling
functions are a simple example of a traditional M~RA of L2~.
Given an MRA, there exists a dual MRA, {V;};en,, Vi C Lo, with (dual)

scaling functions ggj, k', k' € K(j), which are biorthogonal to the original scaling
functions:

<¢j,ka$j,k/> = O for kK € K(j). (1)

In the same way that scaling functions form a basis for Vj, wavelets form a
basis for the orthogonal complement W) where V; ® W; = V;;4. The formal
definition of a wavelet is the following:

Definition 2 ([6]). A set of functions {¢;, : j € No,m € M(j)} is a set
of wavelet functions if

L. the space W; = close span {¢j ,, : m € M(j)} is a complement of V; in
Vi1 and W; L V;, and

2. the set {jm/ |Vjml : j € No,m € M(5)}U{bor/ ||dokl : k€ K(0)}is

a Riesz basis for Lo,

where M (j) is an index set.

Using the definition of wavelets, V1 can be written as a summation of the
wavelet functions and the zeroth-level scaling functions:

V]'Jrl = Wj + ijl + WJ;Q... + Wy + V.
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In the case of the Haar wavelets in Lo, we have M (j) = K(j+1)\K (j) and the
Haar wavelet 1; ,,, is

bjm =2 (¢j+1vm—2j% - ¢j+1,m) :
As the level j increases, the Haar wavelets are scaled and translated in the same
way as the Haar scaling functions. N
The dual MRA admits (dual) wavelet functions ¢ ,,,, m’ € M(j) which
are biorthogonal to the original wavelets:

<wj,m, {/;j’,m’> = 5m,m/5j,j/.

The accuracy of approximation of an MRA is dependent on specific properties
of the wavelets. One very important property we will focus on is vanishing
moments. Wavelets are said to have N vanishing moments if they satisfy

1
/ 2P m(x)de =0, p=0,..,N — 1, Vj, m. 2)
0

Wavelets with a vanishing moment of one, such as the Haar wavelets, are ca-
pable of encoding the behavior of a 0-degree polynomial. Wavelets with a
vanishing moment of two can represent a linear function. The N vanishing mo-
ment conditions provide wavelets with polynomial reproduction up to degree
N —1.

2.2. The Lifting Operator. Lower-level primal and dual wavelets and
scaling functions can be defined in terms of linear combinations of higher level
scaling functions and their dual scaling functions, because V;, W; C Vj41. The
following are called refinement equations:

bjk = Z ik i1, ik = Z R k@10,

lEK (j+1) lEK (j+1)
Yjm = E 9imiPj+10,  Vim = E jm 1 Dj+1,-
leM(j+1) leM(j+1)

We convert the above equations into filter operators in the following manner:

Rjkoto Pjkots - hjkodo ko

Hj= |Mikito ki , Hj= |Mikito Pk ,
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9jmolo  Yjmoln " 9jmo.lo  9j,mo.l1

Gj = |9imilo Yjmih . Gy = |9mil 9jmih

where K(]) = {ko,]{)l, }, M(j) = {mo,ml,...}, and K(j + 1) = {lo,ll,...}.
The operators take a set of scaling functions on a certain resolution level and
map them to their corresponding set of wavelets or scaling functions on the
previous resolution level. For example:

[6).k] keK(j) — H; [¢J‘+1J]zeK(j+1)'
A set of filter operators is said to be biorthogonal if it satisfies the relations

The lifting scheme takes a simple set of biorthogonal filter operators (in our
case the Haar system) and manipulates them to form a new set of biorthogonal
filter operators with desirable properties.

Result 3. (see [6]) Take an initial set of biorthogonal filter operators
{H;, H;, G, Gj}.
Then a new set of biorthogonal filter operators {H}?ew, I:I]’»‘ew, G;»Le“’, é?ew} can

be defined as

H*" = Hj,
H}™Y = Hj + 5;Gy;,
G = Gy — SiHj,
arev = Gy,

where S; is an operator form I>(M(j)) to (*(K(j)), called the lifting operator.

It is unknown whether or not these new lifted filter operators correspond to
a basis in Ls. In the following section, we construct a basis using a lift operator.
The key to obtain this new basis is the third equation of Result 3, which reveals
the effect of the lifting operator on wavelets:

[ new

Jm ]meM(j) - [@Z’J}m] meM(j) S; [gbjak] keK(j) " (4)
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3. A Lifted Haar Basis

This section focuses on finding a lifting operator such that the lifted scheme
applied to the Haar wavelets produces new wavelets with increased vanishing
moments. From now on when we use ¢ or ©» we will be referring to the Haar
scaling functions and wavelets. The Haar wavelets originally have a vanishing
moment of one. Using Equation (4), we attempt to find S7 such that the new
lifted wavelets have a vanishing moment of two:

1 1
/ Yiny (x)dr =0 and/ x w;‘fff(x)dx =0, for any j,m.
0 0

From Equation (4) we have in matrix notation:

[ /O () d /0 (@) dm] =5 [ /0 e /O 2 65a(@) dx} E

where m € M (j) and k € K (j).

N[00

There is no solution for Sg. There is a unique solution ST = [

vl Lo
—
—

For j > 2, we choose a solution of the following form:

Sy 0 0 0 -] 1 -1 0 0
0 Sy 0 0 1 =10 0

St = =10 0 S 0 -] =9/-2|0 0 1 -1 7
0 0 0 57 0 0 1 -1

which is a 2/ x 2/ matrix. We denote the elements of M(j — 1) by

ki, ko, ... ko1,
and the elements of M (j) and K (j) by
1 1 1 1 1
]Cl—g,kﬁl—{-g,k@—g,ka—Fy,...,ij—l —g,ij—l—{—?, and
2 2 2
k1 — E,kl,kg — g,kg, coey ki — §7I€2j—17

respectively. For each j > 1, from Equation (4), we obtain the following:

. =, _2J'*2( , _ >
Jk—L w],kfﬁ ¢j,k*% ¢]=k )

new j—2
ew oy 9d ( L, — ) 5
Gkt wj,kjL% ¢J7k7% Pjk ) 5 (5)
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where k = ki, ..., kyj-1.
Our goal in this section is to show that the normalized level one scaling

functions and the normalized new functions fiyig for j > 1 form a Riesz basis

for Ly, where normalization is defined by f = ”—{c” for || f]| # 0. The level one
scaling functions are required because the lifting operator has no solution on
resolution level zero.

Theorem 4. The lifted Haar system {(pr, 11, Vi i =1, me M(j) }
is a Riesz basis of Ly ([0,1]).

The proof of this theorem follows from the perturbation result:

Result 5. (see [1]) Let {fi}3>, be a frame for H with bounds A, B. Let
{gr}72, be a sequence in H and assume that there exist constants A, i > 0 such

that)\—{——“j <1 and
1/2
<A +M<Z!ck\2> ,
k

> enlfi = gr)

k

vl
‘ chfk
i

for all finite scalar sequences ci. Then {g}7°, is a frame for H with bounds

A<1—<A+\/LZ>>2,B<1+A+%>2.

Moreover, if {f;,}7°, is a Riesz basis, then {gy}3> is a Riesz basis.

We note that by the definition of the Haar system, we have

1
new

. 1 =, 1 — =i q
],kfiy w],k:l:y- QT’Z)] k>

which implies
new new 6
< kEgy) j’,k’j:yl.,> (6)
1
Vit Vs 2 )+ —5Vi-1k Yy s 1,

1 1 1
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Proof of Theorem 4. Due to the biorthogonality of the Haar basis, from
= 3V'29-3. We therefore have

new

Equation (6), we get Py

W_2\/§

1
. = — . 1 — =V k.
],k:l:% 3 ¢Jvk*§ 3 T’Z)j Lk

Let {C1,0,C1,1,Cjm :j>1,m e M(j)} be a square-summable sequence
and let

Dy = Cro010+ Crid11 + Z Cim¥jms

Jj=>1meM(j)
Dy = Ci b1+ Cr1¢1,1 + Z Cim7ey -
Jj=>1meM(j)
We want to show that
1
2
ID1 = Dol < p [ [Crol* +[CialP+ > ICml* | . (7)
Jj=>1LmeM(j)

for some p < 1, which implies that
{Br0.600 0750 1 j = Lom € M(j) }
is a Riesz basis by Result 5. We have
D=l = | > (BT (8)
Jj=1,meM(j)
Following the notation of Equations (5), we have

Y. Uim= ) (%‘,k—% +1/’j,k+2—1].>7

j>1,meM(j) J>1LkeM(j-1)

and we can rewrite the right-hand side of Equation (8) as

® = [Srrsens oy Frag — (g~ 450)]

27
[ 2\/5 1
+ CJ)H% [wj,mﬁ B <Tw]¥k+$ B gwj_l’k)D H
_ 2v/2 Y1 Vipr
_ H <1 B T) > s 1ker (1) (ijkféwjkfi + Cj7k+§7/)j,k+§)

27

1 } 1 .
+3 ijl,keM(jfl) Cj,k72—1j¢]—17k +3 ijl,keM(jfl) Cj,k+2—1jwj—1,kH :
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By the triangle inequality we have

® < (1 - ¥> Hza‘zl,keM(j—l) (C]k 2kt O 295, km)H
+3 sz‘zl,keM(jfl) Cj,k—%%‘fl,kH +3

By the definition of a Riesz basis and the orthogonality of the Haar baisis,

we have that Z <Cgk—i¢1k +Ck+1 j,k+§> ,
j>1,keM(j—1)

szLkeM(jq) Cj,k+§¢jfl,kH :

Z Cjk,%?/)j—l,k and Z c; 1 1j_11|| are each less than
J>1LkeM(j—1) jz1,keM(j—1)
or equal to

Crol? +1C1alP+ Y (IGmP)

j=1,meM(j)
Therefore,

NI

5—2v2
[D1 = Dol < === [ [CLol* +1C1alP+ 32 (Gl |
j=1,meM(j)

which completes the proof. ]
Using the biorthogonality of a new set of filter operators
new rrnew new Ynew

and refinement equations from Section 2.2, the set
{51,0751,1715}%%“ cj=21,me M(j)}

is biorthogonal to {QBT@,QSTJ, Yl i =1,me M(y) }

Corollary 6. The set
{51,0,51,1,7;;%%“ cj=zl,me M(j)}
is the dual Riesz basis of the lifted Haar basis.

We note that p = # provides us with an upper bound, but it is not the
optimal upper bound. In the following section, we calculate the optimal upper
bound of this new Riesz basis by calculating the optimal Bessel bound.
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4. The Optimal Upper Bound for the Lifted Haar Basis

The condition on a Bessel sequence is more briefly summarized in a result by
Christensen:

Result 7. (see [2]) Let {fr}72, be a sequence in H and assume that there
exists a constant B > 0 such that

Z| f],fk for each j.
k=1

Then { f}?2, is a Bessel sequence with bound B.

To obtain the best Bessel bound, we calculate

new new new
< j,k:l:%’ j’,k’:l:%> , and <¢1 I > )
2

for all 7,5, k,k’, and | = 0,1. The calculations are contained in the next five
propositions. Each proposition is proved using Equation (6) and the biorthog-
onality of the Haar basis. We state the results without giving detailed compu-
tations.

Proposition 8 For each j > 2 ke M(j—2), and m,m’ € M(j), we
define k1 := k + QJ =1 and ky := k — . Then

2072 ifm=1k + —j

new new _ j—2
<j7m, ]1m>— =272 ifm=ky % Q—Jandm—kg,

and m' = ky,

0 otherwise.

Proposition 9. Let k € M(j —1) for j > 1. Then

20 + 2973 ifm=m,
< Z%U’ Jnf#»: 2073, if m = k+27andm—k
0, otherwise.

Proposition 10. Foreachj > 1 andk € M(j—1), we define k1 := k+5— 2J .
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and ko := k — . Then
—20=1 ifm=1k and m' =k, + #,
<1/J"f,ﬁ" ¢"fff’m/> = =271 ifm=kyand m =ky+ #,
0, otherwise.
Proposition 11. For each j > 1,
(Ui ¥y nm) = 0,
where m € M(j),|n| > 2,j4+n >0, and m' € M(j +n).
Proposition 12. For each j > 2 and for any m € M(j),
(D10, 05 ) = (1,1, 95 ) = 0.
Furthermore, we have
1
<¢1,0,¢1n,6%w> <¢1 04 "6w> = <¢1 1,¢new> <¢1 1,¢new> 1

Finally, after normalization and summing, we obtain the following:

(Gl +@ea)f+ ¥ (G| -5

i>1,meM() 9’
@ +HEmanf+ Y (G| - o
j>1,meM(j)
[Caweomy! I Cove vy IS DR (vt | el
J>1,meM(j)
(Em)+|mpa+ S [(mpEm) -
J>1,meM(j)

and for j' > 2,m’ € M(j'),

Loty A (Cremtrey D DN [ Crmtr) B

81
Jj>1,meM{(j)
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Theorem 13. The optimal Bessel bound for the Riesz basis

107

{%,W@,w;ﬁ”:jzl,memj)} s <7
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