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1. Introduction

In this paper we consider the oscillation behaviour of solution of second order
nonlinear difference equations of the form

A(r(m) Ay~ Ay(n)) + p(n)| Ay(m)*~ Ay(n) + a(n) f(y(n) = 0, (1)

where r(n) € C! ([to,oo);R+>,p(n),q(n) are real sequences, « is the positive
constant and f is a continuous real valued function of the real line R and satisfies
yf(y) > 0 for y # 0. We restricted our attention to a solution y(n) of (1) which
exists on same half line [n < ng < 00).
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A solution y(n) is said to be oscillatory if it is neither eventually positive
nor eventually negative. Otherwise, it is called nonoscillatory. Here, A is the
forward difference operator defined by

Axn = Tnt1 — Tn,

see [1]. In the last decades, there has been an increasing interest in obtaining
sufficient conditions for the oscillation or non oscillation of the solution for
difference equations and their analogous differential equations.

The paper is arranged as follows. In Section 2 we eastblish our main results.
Finally, an example is given to illustrate our results.

2. Main Results

Lemma 2.1. (i) M € [J xJ x R,R] M(n,j,u) is monotone non de-
creasing in u for each fixed (n,j) and one of the inequalities

k k
u(n) < h(n)+ Y M(n,j,u(); v(n) > h(n)+ > M(n,j,v()  (2)

Jj=ngo Jj=no

is strict where u,v,h € C[J, R], J being a half line [0, c0).
(ii)) wu(ng) < v(ng), then we have

u(n) < v(n). (3)
Proof. Assuming the contrary, there exists ny such that
u(ny) =v(n1) no<n<ny, (4)
since n is monotone nondecreasing in u
M(nl’ja u(])) < M(nl’ja ’U(])),
(2) becomes
ni
Jj=no

< h(n1) + Y M(ny,j,0(j) < o(n).

Jj=no

This a contradiction to that fact u(n;) = v(ny). Hence (3) is true. O
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Lemma 2.2. Let G € C[J x J x Ry,R], G(n,j,u(j)) be a monotone
nondecreasing in u for each (n,j) and

m(n) < m(ng) + ZGng, (7)), m > ng,
where m € C[J, Ry| suppose that r(n) is the maximal solution of the equation
k
J=no
existing on J. Then the inequality m(ko) < ug(ko) implies that,
m(k) <r(n), k> ko. (6)

Proof. Let u(k,€) be any solution of the equation

k

u(k,€) = uo(k) + e+ Y _ G(k, j,u(5))
ko

for € > 0 sufficiently small. Since lir% u(k,e) = r(n). It is enough to show that
e—
m(k) < u(k,e)

k
ulk, €) > uo(k) + Y _ Gk, j,u(j). (7)
j=ko
Hence by (2) of Lemma 2.1, (6) is valid. O

Theorem 2.3.  Assume that Af(y) > 0;p(n) < 0;9(n) > 0 and

[e.°]

ll(‘) = oo hold. Suppose that there exists a positive function p(n) such
j=no "V
that
o0
> a(i)e(d) = oo, (8)
Jj=no
p(n)p(n) > r(n)Ap(n). (9)

Then every solution of (1) is oscillatory.
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Proof. Assume that (1) has a non oscillatory solution. Without loss of
generality suppose that it is an eventually positive solution (if it is eventually
negative solution the proof is similar) that is y(n) > 0 for all n > ny.

Suppose that Ay(n) is oscillatory. It is enough to prove that Ay(n)Ay(n+
1) <o0.

Case 1: Suppose that Ay(n) < 0 from (1), we obtain

)
A(r(n)(=Ay(n)* ' Ay(n))) = —p(n)(=Ay(n)* ' Ay(n)) — q(n) f (y(n))
—A(r(n)(=Ay(n)* ' Ay(n))) = p(n)(=Ay(n)*~ ' Ay(n)) — g(n) f(y(n))
A(r(n)(=Ay(n)*)) = —p(n)(—Ay(n)*) — q(n) f(y(n))
A(r(n)(=Ay(n)*)) = p(n)(=Ay(n)*) — q(n) f(y(n))
A(r(n)(=Ay(n)*)) = —p(n)(=Ay(n)*) + q(n) f(y(n)). (10)
Then there exists a M > 0 and ny > ng such that
(r(n)(=Ay(n)*)) = M (11)
y(’I’L) < —Ma 00 ! 1
> @G)E
Jj=n1

which means that lim_ this contradicts assumption that y(n) > 0.
Case 2: Suppose that Ay(n) > 0 and let w(n) = p(n)r(n)[Ay(n)]*. Then
Aw(n) = B((Ay(n))*r(n))Ap(n) + p(n)Ar(n)(A%y(n))*. (12)
Since Ay(n) > 0 then equation (1) becomes,
A(r(n)[Ay(n)[* " Ay(n)) + p(n)|Ay(n)|*~ Ay(n) + q(n) f(y(n)) = 0

Ar(n)(A%y(n)* + p(n)(Ay(n))* + q(n) f(y(n)) = 0.

Now (12) becomes,

Aw(n) _ E((Ay(n))*r(n)Ap(n))

flyn)) f(y(n)) fy(n))
E(r(n)(Ay(n)*)Ap(n)  p(n)p(n)(Ay(n)*  p(n)g(n)f(y(n))
f(y(n)) f(y(n)) f(y(n))
p()p(n)(Ay(n)*  Ap(k)E(r(n)(Ay(n)))
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Consider,

A ) T As(m) — w(n)Af(y(n)
f(y(n)) fly(n))f(y(n+1))
L) (o e (By(m)®
= Figtn s 7 L~ Patn) fwm)

w(n) wn+1)  w(n)
AF00)) = Tyt Fum)
_ n_l( w(n+1) B w(n) )
S flyln+1) fly(n)
_ w(ng + 1) B w(ng)
flu(no+1))  f(y(no))
w(no +2) w(ng +1)

flu(no+2))  f(y(no+1))

wn)  whn-—1)
T fm 1)
w(n) w(ng)

Equating the L.H.S. and R.H.S

w(n)  w(ng) _’S(_p(j)q(j)f(y(j)) PP (Ay())
)

flym)  fluo) — &5 flyG+1) fly(G+1))
r(f+ DAWG +1)Ap(G)  w(m)Af(y())
fly(G+1)) fGNfy(G+1))
as n — o0
0< lim -2~

i Fly(n)) =

This is a contradiction. Hence y(n) is oscillatory. U
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Remark 2.4. If we replace p(n) < 0,q(n) > 0 by p(n) < 0,q(n) <0,
lim % = M > 0, Theorem 2.3 also holds.

n—oo

Theorem 2.5. Assume that Af(u) > 0 hold. Suppose also that
p()p(i —1)
1
-y ru (13)
J=no

o0

1
]Zn:o [po(n)r(n)]

and po(n) s.t. (8) holds. Then every solution of (1) is oscillatory.

=00 (14)

Q=

Proof. To the contrary (1) has nonoscillatory solution y(n). Without loss
of generality, we assume that y(n) is an eventually positive solution. Let

w(n) = po(n)r(n)| Ay(n)|*~ Ay(n)

and

Aw(n) = po(n + 1) A(r(n)|Ay(n)|*  Ay(n))
+r(n) 1Ay (n) |~ Ay(n) Apo (k).

From (13), we obtain

po(j)p(i — 1) ]—1
-y el

Jj=no

Apo(n ZPO p(j —1) ZPO ]_jl_l

-1)
Jj=no j

po(n+ 1)p(n)
r(n)

Aw(n) = po(n + DA((r(n)|Ay(n)|*~ Ay(n)+

Apo(n) =

po(n+ 1)p(n) )

) (18y(n)| " Sy )
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Aw(n) = po(n + 1)(A(r(n)|Ay(n)|*~ Aly(n)))
+p(n)|Ay(n) |~ Ay(n)po(n + 1)
= po(n + 1)(A(r(n))|Ay(n)|*~ Aly(n)))
+p(n)|Ay(n)|*~ Ay(n)
= po(n + 1)(=(q(n))f(y(n)))

Aw(n) Don(n
S i+ 1) (15)
ALy _ Sl to) — )y
) TN Faln + 1)
o) \__fwm) (o w(mAf(y)
MFem) = Tl 7~ fman+ 1) = T
W)\ —gpo(nt DIm)  wmA(yn)
MFen) = T T ) OIS R

Applying summation on both the sides

flyn)  flylno))

w(n)  wlng) _"Zl[—qU)po(jH)f(y(j)) w()AS(Y()) ]
fly(G+1)) FyO)fyG+1)L

Jj=no

w(n) _ _w(no) _{’S—qummnﬂy(jm “GASG) T
fly(n)) — f(y(no)) fly(G+1)) FyGNFyG+1)) )

Jj=no

S (G + DIWG) | w()AL(G)
aps G+ FWONFwG T 1>>]'

(17)

Jj=no

o0
Using (8) that is >  ¢q(j)p(j) = oo. Choosing the positive quantity M so
J=no

M >0

q(j J+1 (y())
_+§: J+1 Zf J+1» 9
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(17) becomes

__w(n) S wOAWG))
) = Mt 2 TG+ ) 19)
Since y(n) is positive, then (19) implies —w(n) > 0 or Ay(n) < 0. Let
g9(n) = —w(n) = po(n)r(n)(—Ay(n))", (20)

then (19) becomes

o) 2 M7 + Y <

Jj=ni1

() f(y(G+1))

S g (=ALG))
TGNy +1))

f(y(n)). (21)

Let ,
K(k.7,g) fly(n)(=Af(y(5))) (22)

- - g.
FlyGNf (G +1)
Then for fixed k and j K(k, j,¢) is nondecreasing in g. Let v(n) be the minimal
solution of the equation

f ~Af(y(n)
v(n) = Z TSR (23)
By Lemma 2.1,
g(n) > v(n),
v(n) S (CASO)))G)
o) +];1f DFWG + 1)

v(n) = (CALG)vG)
Alfem) =2+ X GG+ 0y

fly(n)) FlyG+1)
v(n) 1 _ (ZAf(ym))v(n)
A[f(y(ﬂ))} T fy(n) fly(n+ 1)) (24)
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On the other hand,

[000) 7 _ Fly(r)olo) oL y(r)
f(y(n)) fly(n+1)) f(y(n

M) o(m)Af(y()

= T Fln + D) m) (25)

Combining (24) and (25),

A[ v(n) ] v(n)(=Af(y(n) _ Av(n)  v(r)Af(y(n))
Flynd flym)fyn+1)  fly()  fly(n+1))f(y(n))
Av(n)
T+ 1)
Av(n) =0
v(n+1) =v(n)
v(ny) = v(n).
By (23)
fly(m)(=Af ()
o) = Mt *;; f(y i +1) Y
v(n1) = mf(u(n1))

.S (wG +1) = (i) = (mf(u(m)))= Z [po(n;(n)} © )

asn — 0o (26), and using (14) implies that y(n) < —oo. This is a contradiction.
Hence y(n) is oscillatory. O



200 Sr.E. Sabestian, A.E. Hilda

In the following, we always suppose that H(t) € C?(R, R) and it satisfies
the following conditions:

(Hy) H(t) > 0 for t > ty, H(t) is bounded function;

(Ho) AH(t) = h(t),h(t) is bounded function.

Theorem 2.6. Assume that Af(u) >0, > rl/+(k) = oo holds
k=ng
p(n) < 0; q(n) >0, (27)
or )
. p\n
p(n) < 0; qn) <0 lim —= =M > 0. 28
(n) <0 Jim B (28)

Suppose that there exists a function H(t) that satisfies

> H(e() = oo, (29)
nh_)ngo sup v(n)r(n) < oo, (30)
where
p(n) = v(n+1)(q(n) — Ar(n)h(n)) — h(n)p(n), (31)
n—1 . .
_ N (PU) )
v =3 (i~ 1) )

Then every solution of (1) is oscillatory.

Proof. For the sake of contrary, (1) has a non oscillatory solution y(n).
Without loss of generality, we assume that y(n) > 0 for all n > nyg.
Let

n—1 .
_ N [RU)  G)
=3 56 - 7 .
Nt (Rl RGN pU) _ AG)
am=3 [ - wi) - 2 Loy ~we) @Y
Av(n)—M—M (35)
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Define

r(n)|Ay(n)|*~ Ay(n)
0] —|—r(n)h(n)} Fo(n+1)

(r(n)|Ay(n)|*tAy(n))

fy(n)f(y(n+1))

_ (r()|Ay(n)|*~Ay(n)Af(y(n)))

e+ 1) ATh)

Ab(n) = Av(n)[
(f( y(n))A

v(n)
A(r(n)|Ay(n)|*~tAy(n))
fly(n+1))
r(n)|Ay(n)|* tAy(n)Af(y(n))
S TRy AraG)]
n)

<- ((")) [vin)} + p(n)h(n)+
—p(n

n)|Ay(n)|* ' Ay(n) — q(n) f(y(n))
fly(n+1))
_ r(n)|Ay(n)|*tAy(n)Af(y(n)) (Vh(n
GG+ D) +(A<M‘D>
h(n) [ )}
H(n) Lv(n)
—p(n)|Ay(n)|*~ 1Ay( ) —aq(n)f(y(n))
”“*”{ Fly(n+1)
_r(n)]Ay(n)|* T Ay(n)Af (y(n))
fly(m)) f(y(n+1))

—i—v(n—{—l){

n+1)(

- Ar(n)h(n)}
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) [—p(n)\Ay(n)\alAy(n)

fly(n+1))
g(n)f(y(n))  r(n)|Ay(n)|* 'Ay(n)Af(y(n))
y(n +1)) fy(n)f(y(n+1))

)y et Dgl) f(y(n)
7y (o)) PR~ =S

)+ p(n)h(n) — q(myo(n -+ 1) + Ar(n)h(n)o(n + 1)

v(n+1

+ Ar(n)h(n)]

+ Ar(n)h(n)v(n + 1)

—h(n)t(n) — p(n)H(n)
H(n)A(n) < —h(n)E(n) — H(n)p(n)

H(n)p(n) < —h(n)l(n) — H(n)Al(n). (36)
Case (1): (¢(n)) oscillatory. Then there exists a sequence {k,}, n =1,2,3, ...,
oo as n — oo and s.t. l(k,) =0,n =1,2,3---. Finding summation of (36) on
both sides, we get
kn—1 kn—1
> HG)eG) < = D [RGG) + HG)ALG)) -
j=no j=no

From the product formula, we find

n—1

n—1
> (wnda(n) = [oe,m] = D wr1dy, +o
r=1

=1

kn—1 kn—1

<=3 [h0)e)] - 30 HGA)
- e

<= ) hGG) - {H(knw(kn) - ) HG+ 1>M<j>}
o o

<= 27 [ROG) + HG + DAG)] ~ H(k) (k)

< - [H(kn)g(kn)]
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X lim ZH ) < —H (kn)l(ky) < 0.

kn—+00
J=no

This is a contradiction to (29).

Case (11) £(n) is eventually positive. Taking summation on both sides of
(36), we get
ken—1
> HG)p() < —H(kn)l(kn),

j=no
which is a contradiction.
Case (ii1) ¢(n) is eventually negative, limsup ¢(n) > —oo. Then there

exists a sequence k,, n = 1,2,3... satisfies k, — oo as n — oo and such that
lim ¢(k, = limsup,_, ., y(n) = M; > —oco. Because H(n) is bounded function

Ky, —>00
then there exists a My > 0; s.t. H(k,) < Ma;n =1,2,3,.... According to (36),
we obtain

kn—1 n—1

> HGeG) < = X2 (hGG) + HG +DALG)) — (HEDE))

Jj=no

Taking limit (k,) — oo
oo < MlMQ.

This is obviously a contradiction. U

Theorem 2.7. Assume that (30) holds, Af(u) > 0, z l/a(k = 0o and
il
pn) <0, qln) >0, (37)
or
p(n) <0, q(n) <0 lim p(n) =M > 0. (38)

n—oo q(n)
Suppose further that there exists a function H(n) that satisfies (Hy), (H2) and

S.t.
> H(n)(@(n)) = oo, (39)

Jj=no
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where

@(n) = v(n+1)(g(n) + Ar(n)h(n)) + h(n)p(n) (40)

and v(n) is defined in (32). Then, every solution of (1) is oscillatory.

Proof. For the sack of contrary (1) has a nonoscillatory solution. Without
loss of generality we may assume that (1) has an eventually positive solution
(if it has an eventually negative solution, the proof is similar), then there exists
any >ng s.t. y(n) > 0 for all n > ny. Define

Al Ay(n)
l(n)=v(n)r(n)|—————=— — h(n)|. 41
() = o(m)r(n) [ o = b (41)
The rest of the proof is similar to that of Theorem 2.6. The proof is completed.
O
Theorem 2.8. Assume that Af(u) >0, > ll(k) = oo hold,
k=ng "¢
p(n) <0;  g(n) >0, (42)
p(n) <0; q(n) <0 lim p(n) =M > 0. (43)
n—oo q(n)

Suppose further that there exists a function H(n) that satisfies (Hy), (H2) and
S.t.

> Hime(n) = . (44)
en) =v(n+1) [ — Ar(n)h(n)| — p(n)h(n), (45)

where v(n) is defined in (32). Then every solution of (1) is oscillatory.

Proof. For the sake of contrary, (1) has a non oscillatory solution y(n).
Without loss of generality, we may assume that y(n) > 0 for all & > ng. Define

n)|*1 n
) = st 22 )

— v(n) (T(”)’Ay(;()g B ().

+ h(n)] (46)
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Nothing that y(n)f(y(n)) >0 for y(n) #0

o [T Ay )
Aln) = Au(n) | == +r(n)h(n)|
y(n)(A(r(n)| Ay(n)[*~1 Ay(n)))
+uln+ 1) (wn)y(n + D))
(r(n)|Ay(n)]*~L Ay(n) Ay(n))
Wyt 1) +Ar(n)h(n))
p(n)  h(n >] ((n)
r(n) ~ H(n)lv(n)
(n)|Ay(m)[*1Ayn))  (r(n)|Ay(n)|*)Ay(n)Ay(n)
y(n+1) y(n)y(n+1)
—i—Ar(n)h(n)}
h(n) £(n)  p(n) £(n)
Hn) v(n) * r(n) v(n)
[ym) (r(n)|Ay(n)[*~ Ay(n)) — (r
y(n+ y(n)

(n
(y(
h

+o(n+1)
A(

<

—

+ov(n+1)

()| Ay(n)|*~ ' Ay(n))

+ Ar(n)h(n)

—p(n)| Ay(n)|* Ay(n)
yn+1)
() _ AP A | 5y

tn) < g5 n) — o(n) (47)
Al(n)H(n) < —h(n)t(n) — p(n)H(n)

H(n)p(n) < —h(n)t(n) — Al(n)H(n). (48)

The rest of the proof is similar to that of Theorem 2.6, hence the proof is
completed. O
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Example 2.9. Consider the following difference equation

A{#Aw@ﬂ<—2Ax@)+<t+5%>x@):0.

It is obvious that v = 1;¢(t) =t + 2;p(t) = —2 and r(t) = t*. It is difficult to
distinguish whether every solution of the above equation is oscillatory. But by
Theorem 2.6, we find

[e.9] o0

(i) }jq@mo>:§:(j+§ﬁ<%)’
j=to i=to
- 1 (=2t + 1)
) -2(z) 2 g
o) > At

2T 142/t + 1/

Hence by the theorem, we can easily show that the given equation is oscillatory.
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