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Abstract: In this paper, the authors established the solution and generalized
Ulam - Hyers stability of n-dimensional additive functional equation

n∑
i=1

f

⎛
⎝ n∑

j=1

xij

⎞
⎠ = (n − 2)

n∑
j=1

f (xj)

in C∗−algebra, where

xij =

{ −xj if i = j,
xj if i �= j,

and n is a positive integer.
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1. Introduction

The stability of functional equations had been first raised by S.M. Ulam [27]
for what metric group G is it true that a ε−automorphism of G is necessarily
near to a strict automorphism?.
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In 1941, D. H. Hyers [11] gave a positive answer to the question of Ulam for
Banach spaces. In 1950, T. Aoki [2] was the second author to treat this problem
for additive mappings. Th.M. Rassias [25] succeeded in extending the result of
Hyers’ Theorem by weakening the condition for the Cauchy difference controlled
by (||x||p+ ||y||p), p ∈ [0, 1) to be unbounded. Taking into consideration a lot of
influence of Ulam, Hyers and Rassias on the development of stability problems
of functional equations, the stability phenomenon that was proved by Th.M.
Rassias is called Hyers-Ulam-Rassias stability one can refer [1, 8, 12, 15].

In 1982, J.M. Rassias [23] followed the innovative approach of the Th.M.
Rassias theorem [25] in which he replaced the factor ||x||p + ||y||p by ||x||p||y||q
for p, q ∈ R with p+q = 1. A generalization of all the above results was obtained
by P. Gavruta [9] in 1994 by replacing the unbounded Cauchy difference by a
general control function φ(x, y) in the spirit of Rassias approach.

In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy
difference was obtained by Ravi et al., [26] by considering the summation of
both the sum and the product of two p− norms in the sprit of Rassias approach.
The stability problems of several functional equations have been extensively
investigated by a number of authors and there are many interesting results
concerning this problem (see [3, 22, 26]).

C. Park [18] applied Gavruta’s result to Banach modules over a C∗−algebra.
Many authors have studied the structure of C∗− algebras for different types of
functional equations in various settings one can refer [5, 7, 19]. It seems that
approximate derivations was first investigated by K.W. Jun and D.W. Park [14].
Recently, the stability of derivations have been investigated in [6, 10, 16, 20, 21]
and references therein. Very recently the stability of cubic derivations was first
time introduced and investigated by M.E. Gordji et al., [10].

The functional equation

f(x+ y) = f(x) + f(y) (1.1)

is called the additive functional equation and it is the most famous functional
equation. Since f(x) = kx is the solution of the functional equation (1.1), every
solution of the additive equation is called an additive function.

The solution and stability of the following additive functional equations

f(x+ ay) + af(x− y) = f(x− ay) + af(x+ y), a �= −1, 0, 1, (1.2)

f(2x− y) + f(x− 2y) = 3f(x)− 3f(y), (1.3)

f(2x± y ± z) = f(x± y) + f(x± z) (1.4)

were studied by K.W. Jun and H.M. Kim [13], D.O. Lee [17], M. Arunkumar
[3]. Recently the solution and generalized Ulam - Hyers - Rassias stability of
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the functional equation

f(x) =

n∑
�=1

(
f (x+ �y�) + f (x− �y�)

2 �

)
, (1.5)

where n is a positive integer, which is originating from n consecutive terms of an
arithmetic progression was investigated by M. Arunkumar and S. Karthikeyan
[4].

In this paper, the authors introduce a new type of n-dimensional additive
functional equation

n∑
i=1

f

⎛
⎝ n∑

j=1

xij

⎞
⎠ = (n− 2)

n∑
j=1

f (xj) , (1.6)

where

xij =

{ −xj if i = j,
xj if i �= j,

and n is a positive integer.
In Section 2, the general solution of the functional equation (1.6) is given.

In Section 3, the stability of homomorphisms of the additive functional equation
(1.6) is present. The stability of deviations of the additive functional equation
(1.6) is discussed in Section 4.

2. Solution of the Functional Equation (1.6)

In this section, the general solution of the functional equation (1.6) is given.

Theorem 2.1. Let X and Y be real vector spaces. The mapping f :
X → Y satisfies the functional equation (1.1) for all x, y ∈ X if and only if
f : X → Y satisfying the functional equation (1.6) for all x1, x2, . . . , xn ∈ X.

Proof. The proof is omitted as trivial.

Throughout this paper, letX and Y be normed algebra and Banach algebra,
respectively. Define a mapping F : X → Y by

F (x1, x2, . . . , xn) =f (−x1 + x2 + . . .+ xn) + f (x1 − x2 + . . .+ xn) + . . .

+ f (x1 + x2 + . . .− xn)

− (n− 2) (f (x1) + f (x2) + . . .+ f (xn)) ,
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for all x1, x2, · · · , xn ∈ X.

3. Stability of Homomorphisms of the Additive
Functional Equation (1.6)

In this section, the authors discussed the generalized Ulam-Hyers stability of
homomorphisms of the n−dimensional additive functional equation (1.6).

Definition 3.1. A C−linear mapping H : X → X is called Homomor-
phism on X if H satisfies

H(x1x2 . . . xn) = H(x1)H(x2) · · ·H(xn)

for all x1, x2, · · · , xn ∈ H.

Theorem 3.2. Let j ∈ {−1, 1}. Let α : Xn → [0,∞) be a function such
that

∞∑
i=0

α
(
(n− 2)ijx1, (n− 2)ijx2, , · · · , (n − 2)ijxn

)
(n− 2)ij

converges

and lim
i→∞

α
(
(n− 2)ijx1, (n − 2)ijx2, · · · , (n − 2)ijxn

)
(n− 2)ij

< ∞ (3.1)

for all x1, x2, · · · , xn ∈ X and let f : X → Y be a function satisfying the
inequality

‖F (x1, x2, . . . , xn)‖ ≤ α (x1, x2, · · · , xn) (3.2)

‖f(x1x2 . . . xn)− f(x1)f(x2) · · · f(xn)‖ ≤ α (x1, x2, · · · , xn) (3.3)

for all x1, x2, · · · , xn ∈ X. Then there exists a unique homomorphism function
H : X → Y such that

‖f(x)−H(x)‖ ≤
∞∑

i= 1−j
2

β((n − 2)ijx)

(n − 2)ij
, (3.4)

where

β((n − 2)ijx) =
1

n(n− 2)
α((n − 2)ijx, (n − 2)ijx, · · · , (n− 2)ijx) (3.5)
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for all x ∈ X. The mapping H(x) is defined by

H(x) = lim
k→∞

f((n− 2)kjx)

(n− 2)kj
(3.6)

for all x ∈ X.

Proof. Assume j = 1. Replacing (x1, x2, · · · , xn) by (x, x, · · · , x) in (3.2),
we arrive

‖nf [(n− 2)x] − n(n− 2)f (x)‖ ≤ α(x, x, · · · , x) (3.7)

for all x ∈ X. Hence from the above inequality, we have

∥∥∥∥f (x)− f ((n− 2)x)

(n− 2)

∥∥∥∥ ≤ 1

n(n− 2)
α(x, x, · · · , x) (3.8)

for all x ∈ X. Putting

β(x) =
1

n(n− 2)
α(x, x, · · · , x)

in (3.8), we arrive

∥∥∥∥f (x)− f ((n− 2)x)

(n − 2)

∥∥∥∥ ≤ β(x) (3.9)

for all x ∈ X. Now replacing x by (n− 2)x and dividing by (n− 2) in (3.9) and
adding the resultant inequality with (3.9), we obtain

∥∥∥∥f(x)− f((n− 2)2x)

(n − 2)2

∥∥∥∥ ≤ β(x) +
β((n− 2)x)

(n− 2)
(3.10)

for all x ∈ X . In general for any positive integer n , we get

∥∥∥∥f(x)− f((n− 2)kx)

(n − 2)k

∥∥∥∥ ≤
k−1∑
i=0

β((n− 2)ix)

(n− 2)i
(3.11)

≤
∞∑
i=0

β((n− 2)ix)

(n− 2)i
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for all x ∈ X. In order to prove the convergence of the sequence

{
f((n− 2)kx)

(n− 2)k

}
,

replacing x by (n − 2)mx and dividing by (n − 2)m in (3.11), for any m,k > 0
, we arrive ∥∥∥∥f((n− 2)mx)

(n − 2)m
− f((n− 2)k+mx)

(n− 2)(k+m)

∥∥∥∥
≤

∞∑
i=0

β((n − 2)i+mx)

(n− 2)i+m

→ 0 as m → ∞ (3.12)

for all x ∈ X. Hence the sequence

{
f((n− 2)kx)

(n− 2)k

}
is a Cauchy sequence. Since

Y is complete, there exists a mapping H : X → Y such that

H(x) = lim
k→∞

f((n− 2)kx)

(n− 2)k
, ∀ x ∈ X.

Letting k → ∞ in (3.11), we see that (3.4) holds for all x ∈ X. Now we need
to prove that H satisfies (1.6), replacing (x1, x2, · · · , xn) by ((n − 2)kx1, (n −
2)kx2, , · · · , (n− 2)kxn) and dividing by (n − 2)k in (3.2), we arrive

1

(n− 2)k

∥∥∥F ((
(n− 2)kx1

)
,
(
(n− 2)kx2

)
, · · · ,

(
(n− 2)kxn

))∥∥∥
≤ 1

(n− 2)k
α
(
(n − 2)kx1, (n − 2)kx2, · · · , (n − 2)kxn

)

for all x1, x2, · · · , xn ∈ X. Letting k tends to infinity, we see that

‖H(x1, x2, · · · , xn)‖ = 0.

Hence H satisfies (1.6) for all x1, x2, · · · , xn ∈ X. It follows form (3.3), we have

‖H(x1x2 . . . xn)−H(x1)H(x2) · · ·H(xn)‖
=

1

(n− 2)k

∥∥∥f((n− 2)kx1(n− 2)kx2 . . . (n − 2)kxn)

− f((n− 2)kx1)f((n− 2)kx2) · · · f((n− 2)kxn)
∥∥∥

≤ 1

(n− 2)k
α
(
(n− 2)kx1, (n − 2)kx2, · · · , (n − 2)kxn

)

→ 0 as k → ∞
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for all x1, x2, · · · , xn ∈ X. Hence

H(x1x2 . . . xn) = H(x1)H(x2) · · ·H(xn)

In order to prove that H is unique, we let J(x) be another mapping satisfying
(1.6) and (3.4). Then

‖H(x)− J(x)‖
=

1

(n− 2)k

∥∥∥H((n − 2)kx)− J((n − 2)kx)
∥∥∥

≤ 1

(n− 2)k

{∥∥∥H((n− 2)kx)− f((n− 2)kx)
∥∥∥+

∥∥∥f((n− 2)kx)− J((n − 2)kx)
∥∥∥}

≤ 2
∞∑
i=0

β((n − 2)i+kx)

(n− 2)(i+k)

→ 0 as k → ∞

for all x ∈ X. Hence H is unique. Thus the mapping H : X → Y is a unique
homomorphism mapping satisfying (3.4).

For j = −1, we can prove the similar type of stability result. This completes
the proof of the theorem.

The following corollary is an immediate consequence of Theorem 3.2 con-
cerning the stability of (1.6).

Corollary 3.3. Let λ and s be nonnegative real numbers. If a function
f : X → Y satisfies the inequality

‖F (x1, x2, . . . , xn)‖ ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ,

λ

{
n∑

i=1
||xi||s

}
,

λ

{
n∏

i=1
||xi||s

}
,

λ

{
n∏

i=1
||xi||s +

n∑
i=1

||xi||ns
}
,

(3.13)
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‖f(x1x2 . . . xn)− f(x1)f(x2) · · · f(xn)‖ ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ,

λ

{
n∑

i=1
||xi||s

}
,

λ

{
n∏

i=1
||xi||s

}
,

λ

{
n∏

i=1
||xi||s +

n∑
i=1

||xi||ns
}
,

(3.14)

for all x1, x2, · · · , xn ∈ X. Then there exists a unique homomorphism function
H : X → Y such that

‖f(x)−H(x)‖ ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ

n(n− 3)
,

||x||s
|(n − 2)− (n− 2)s| , s < 1 or s > 1;

||x||ns
n|(n− 2)− (n− 2)ns| , s < 1

n or s > 1
n ;

(n+ 1)||x||ns
n|(n− 2)− (n− 2)ns| , s < 1

n or s > 1
n ;

(3.15)

for all x ∈ X.

4. Stability of Deviations of the Additive Functional Equation (1.6)

In this section, the authors discuss the generalized Ulam-Hyers stability of
deviations of the n−dimensional additive functional equation (1.6).

Definition 4.1. A C−linear mapping D : X → X is called Deviation on
X if D satisfies

D(x1x2 . . . xn) = (D(x1)x2 · · · xn) + (x1D(x2) · · · xn) + · · ·+ (x1x2 · · ·D(xn))

for all x1, x2, x3, · · · , xn ∈ D.

Theorem 4.2. Let j ∈ {−1, 1}. Let α : Xn → [0,∞) be a function such
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that
∞∑
i=0

α
(
(n− 2)ijx1, (n− 2)ijx2, , · · · , (n − 2)ijxn

)
(n− 2)ij

converges

and lim
i→∞

α
(
(n− 2)ijx1, (n − 2)ijx2, · · · , (n − 2)ijxn

)
(n− 2)ij

< ∞ (4.1)

for all x1, x2, · · · , xn ∈ X and let f : X → Y be a function satisfying the
inequality

‖F (x1, x2, . . . , xn)‖ ≤ α (x1, x2, · · · , xn) (4.2)

‖f(x1x2 . . . xn)− (f(x1)x2 · · · xn)− (x1f(x2) · · · xn)− · · · − (x1x2 · · · f(xn))‖
≤ α (x1, x2, · · · , xn) (4.3)

for all x1, x2, · · · , xn ∈ X. Then there exists a unique deviation function D :
X → Y such that

‖f(x)−D(x)‖ ≤
∞∑

i= 1−j
2

β((n − 2)ijx)

(n − 2)ij
(4.4)

where β((n− 2)ijx) and D(x) are respectively defined in (3.5) and (3.6) for all
x ∈ X.

Proof. The proof is similar to that of Theorem 3.2. It follows from (4.3),
we have

‖D(x1x2 . . . xn)− (D(x1)x2 · · · xn) + (x1D(x2) · · · xn) + · · ·+ (x1x2 · · ·D(xn))‖
=

1

(n− 2)k

∥∥∥f((n− 2)kx1(n − 2)kx2 . . . (n− 2)kxn)

− (f((n− 2)kx1)(n− 2)kx2 · · · (n− 2)kxn)

− ((n− 2)kx1f((n− 2)kx2) · · · (n− 2)kxn)− · · ·
− ((n− 2)kx1(n− 2)kx2 · · · f((n− 2)kxn))

∥∥∥
≤ 1

(n− 2)k
α
(
(n− 2)kx1, (n − 2)kx2, · · · , (n − 2)kxn

)

→ 0 as k → ∞
for all x1, x2, · · · , xn ∈ X. Hence

D(x1x2 . . . xn) = (D(x1)x2 · · · xn) + (x1D(x2) · · · xn) + · · ·+ (x1x2 · · ·D(xn))

for all x1, x2, · · · , xn ∈ X.
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The following corollary is a immediate consequence of Theorem 4.2 con-
cerning the stability of (1.6).

Corollary 4.3. Let λ and s be nonnegative real numbers. If a function
f : X → Y satisfies the inequality

‖F (x1, x2, . . . , xn)‖ ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ,

λ

{
n∑

i=1
||xi||s

}
,

λ

{
n∏

i=1
||xi||s

}
,

λ

{
n∏

i=1
||xi||s +

n∑
i=1

||xi||ns
}
,

(4.5)

‖f(x1x2 . . . xn)− (f(x1)x2 · · · xn)− (x1f(x2) · · · xn)− · · · − (x1x2 · · · f(xn))‖

≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ,

λ

{
n∑

i=1
||xi||s

}
,

λ

{
n∏

i=1
||xi||s

}
,

λ

{
n∏

i=1
||xi||s +

n∑
i=1

||xi||ns
}
,

(4.6)

for all x1, x2, · · · , xn ∈ X. Then there exists a unique deviation function D :
X → Y such that

‖f(x)−D(x)‖ ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ

n(n− 3)
,

||x||s
|(n − 2)− (n− 2)s| , s < 1 or s > 1;

||x||ns
n|(n− 2)− (n− 2)ns| , s < 1

n or s > 1
n ;

(n+ 1)||x||ns
n|(n− 2)− (n− 2)ns| , s < 1

n or s > 1
n ;

(4.7)

for all x ∈ X.
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